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INTEGRABILITY THEOREMS FOR TRIGONOMETRIC SERIES 

By Babu Ram 

1. Let f(x) be a function defined by 

(1.1) 
aA ∞ 

f(x) =냥+ ~ an cos nx. 
- n=l 

where {an} is a sequence of positive coefficients. 
1+δ • We define a non-negative function φ(x)=xr/J (x) such that φ(X)IX!T mcreasm응 

when x is increasing from zero to infinity, where δ> 0 is a sufficiently smaIl 

constant depending on φ and that there exists a positive constant k> 1, depending 

on φ， such that φ(x)/상 is decreasing when x is increasing from zero to infinity. 

It follows that φ'(x) exists almost everywhere in any finite interval and that 

(1.2) (1 +δ) r/J(x) <φ'(x) <k r/J(x). 

Suppose further that ψ(x)=째(x) is a non-decreasing positive function such 
1 ;U 

that ψ(x)lx.-
V is decreasing as x is increasing in (0, π) for a sufficiently smaIl 

constant å'> 0 depending on ψ. It is clear that 1fJ" (x)>O. where ￥r'(x) exists 
almost everywhere in (0, π) and that 

(1. 3) ψ'(x)드(1-δ') (x). 

Shah [7] and Szász [8] generalised the notion of decreasing null sequence in the 
form of quasi-monotonic sequence in the following fashion. 

A sequerice {a,,} of positive numbers is said to be be quasi-monotone if 

an+1드a11(1 +αIn) 

for some constant α는o and all n> no(α). We may suppose α to be an integer. 

An equivalent definition is that {an} is quasi-monotone if and only if n -ß an•O 

for some β>0. 

An easy consequence of this definition is that every monotonic decreasing null 

sequence is also quasi-monotone. However. the converse need not be true. 

2. Concerning the integrability of trigonometric series for LP class. Hardy and 

Littlewood [5. 6] established the following classical theorems. 
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THEOREM A. If an ! 0 and l<p<∞• then 

f(x) E LP(O. π〕
zf and only zf 

증 ηp-2 a~<∞. 
n=l “ 

The theorem holds for sine series also. 

THEOREM B. If f(x)늘o and f decreases. 1 <P <∞ and a" are the Foμ7z·e7 COSt-% ‘ 

coefficients of f. then 

흘 lιI P <∞ ’‘=0 ,. 

zf and onl y zf 

xP-
2
f(x/ E L(O. 1r). 

A similar resuIt holds for sine series. 

In 1956. extending Theorem A. Chen [2] proved the folIowing theorem. 

THEOREM C. Suppose that aη • o and that f(x) is defined by (1. 1). Then foγ 

P> 1. O<r<l. 

x -r [f(x)] P ε L(O. π) 

zf and only zf 

숭상+P-2 ak <∞ 
n=l ,. 

The resuIt holds for sine series also. He further observed that Theorem C remains

true even if an is ultimately positive and decreases steadily to zero as n tends to , 

infinity. 

Later on. Chen [4] proved the following theorem which generalizes not only the 

power-function multipliers but also the LP classes. 

THEOREM D. Let f(x) be defined by (1. 1). μ，here an • O. T hen a necessary 

condition for 

φ [I f(x) 1] /ψ(x) ε L(O. π) 

is that 

< 
J 
-
쩌
 

%1 

-
ω
 

φ
 -
ψ
 

-% ∞
 ε
 

m. 

• 
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It may be mentioned here that the sufficiency part of this theorem also holds 

[31 , since the conditions imposed on φ imply that φ(x)/x is increasing as x in

creases from zero to infinity. 

3. In the present paper we relax -the condition aR • o of Theorem D by assuming 

only the quasi-monotonicity of {a
ll
}. We also prove the sufficicncy of Theorem 

D under a weaker hypothesis. In what follows we shall prove the following 

theorems. 

THEOREM 1. Let {a,.} be a φositz've sequence such that {n-βan} z's ηzoηotonically 

decreasing for some non-negatz"ve integer β. Theχ a necessary condition for 

φ [If(x) 11 /ψ(x)EL(O，7r) 

z's that 
00 φ(nan) 

%2qr(1/%) 
<∞， ε

 짜
 where 

。。

f(x)~ z at cos m. 

THEORlihi 」. Let {a”} be a posz·tz·νe， null seqμence sμch 

tonically decreasing for some non-negaHν'e integer ß. 1 f 

that 
} 

n 
a 

g 

매
 

% { 
zs ηzono-

(3.1) 
c。

E lab-aμ1 1드K용 a" 
k= 1l … … , • … 

∞ φCn.:d 
E ') “ <∞， 
11=1 n“ 17( l/n) 

(3.2) 

then 

φ [If(x) 11 /ψ(x) ε L(O, π) ， 

where 
。。

f(X)N E a" cos nx. 
n=l ” 

It is clear that if 와 • 0, thcn {a
ll

} is a quasi-monotonic sequence and that (3. 1) 

ho1ds. Hence Theorem 2 is a genera1ization of the sufficiency part of Theorem Di 

4. We shall require the following lemmas for the proofs of theorems. 

LEMMA 1 [31. Let φ(x) be the function defined z'n ~ 1 and let ak는O. Then 

‘ K denotes a positive constant not necessarily the same at each occurence. 
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g 

〕
싸
 

∞ φ(홉i ak) 

CÞ(n) 
∞ φ(na.) 

르K(φ) 흘l갱다r ’ 

where K(φ) is a constant deþending 0η φ. 

LEMMA 2 [4]. Let a는0， 

x 

F(x)=j f (t) dt (f(t)는0). 

Then 
a a 

0 

φ [F(x)!x] 
dx드K(φ) 

ψ(x) 
dx , 

0 

where K(φ) z.s a þositz"ve const，αzt ， deþendiχ:g on φ. 

LEMMA 3. Let a늘0， 

F(x) =꽃 I f (t) dt (f(t)르이. 

Then 
a 
φ [F(x)!x] 

dx<K(φ) 
ψ(x) 0 

a 

0 

• x , d 
… … 
-
찌
 

% … -m 
n 

φ
 -

PROOF. Let f n and F n be defined by 

(4.1) 
( f(x) 

fn(x)=r~ 
(1!n르X르a) 

(0드x<1!tt) 

x 

(4.2) Fn(x) =꽃 j fn( t) dt. 

lntegration by parts yields 
a a 

0 

φ [F/x)lx] 

ψ(x) 
dx= 

aφ [Fla)la] 

1Jf(c) T 

x ,a 쩌
-
-

、
찌
 
-

/\ 

--
Ft 
-@ 

φ
 

-
，ψ 

、
찌
 
-

/l\ 

-

F 
-

x d 씨
.
 
-

// 

-ω
 

-2 따
 -
씨
 

째
 
-wτ

 -
mx 

-+ 
0 

-
~ F‘_(x)φ， [F_(x)lx] 

“ ’ T ,. /'~.、" dx. 
0 

• 
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Differentiating (4.2) with respect to x we have 
f_(x) FJx) 

(4.3) F.싸)= . ，능-뚱--. 

Therefore by (4.1) , (4.2) and (4.3) we have 

a φ [F_(x)/x] ~ F_(x)φ’ [FM(x)/x] -
~> .. , dx=2 l' .. “ 
ψ(x) U A<-'" J Xψ(x) -

0 
’ 

a x￥T'(X)φ [F_(x)/x] 
+1 “。 dx

[ψ (x)] ι 
0 

~ I1(x)φ， [Fn(x)/x] ? 

- ’ x1Jf(x) μx. 
1/n 

Hence by the definition of φ(x) and (1. 2) it follows that 

a φ [F_(x)/x] ';. φ [FM(x)/xl 
(4.4) I 하(x) dx르2(1+δ)J ψ(x) dx 

o 0 

x ,a 써
서
 
-

//1 

-

、
잉
 
[

/
l、

-
、
←

먼
 

? 

A
ν
j
 「

、
찌
 
-

f 
-

a 
l 

·
싸
 

얘
 

Let t르1. Then, 

(4.5) 

rþ(x) being increasing, 

f(x) 
」꽃ι rþ{Fη(x)/x} 

we have 

-1 r. f(x) =t- L It J'조一 ø {F,z(x)/X} 

r. f(x) 드t- L Max I t J강'J . rþ {t!(X)/X}, rþ{Fn(x)/x}{Fη(x)/x} 

드t- 1 [φ (tf(x)/x} +φ {Fη(x)/x} 1 

드tk-1 φ [f(x)/xl +t- 1φ [F,/x)/xl. 

Thus, by virtue of (4. 5) we obtain 

써
시
 

J/,t· 、
찌
 
-

/l\ 

-/ 

F” : φ
 -

a 
· 
새
 o 

」
.

if‘ 얘
 

% H /
，
‘
、

a 
r φ [f(x)/x1 ..1 

dx드kt l d ’ ψ(x) “ 

Now taking an arbitrary fixed and sufficiently large value of t, in order to make 

1+2a-Kt-1>0, we observe that 

a φ [Fjx)/X] a 

‘풍←， dx드K(φ) 
와E강쓰L 셔f 

1Jf(x) ~h 

0 
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Since K(φ) is independent of n, taking the superior Iimit on the 1eft we have 
a 
φ [F(x)!x] 

dx드K(φ) 
ψ(x) 0 

O 

a 

φ [f(x)!x] ι 
갇Tr ，-ττ---U A. 

Thus the 1emma 3 is proved. 

LEMMA 4. Let φ [1/(x) 1] fψ(x)εL(O，7r)， where 
00 

I(x)'" ~그 an cos nx. 

Assμme that the Fourz"er co짜ficz"ents 와 01 1 are non-negative. De.η·%e 

(4.6) 

Then 

(4.7) 

n 

A(n)= :E a;. 
j= [n12] J 

뚱、 ￥r[A(n)] /~ 
’-‘… 
섣l %2ψ(1/%) --

PROOF. Without any 10ss of generality we assume that ao=O. Let 

x 

지(x)= J I(μ) du, 

x 

j팅(x)= J ItCμ) dμ. 
Then by virtue of integration of Fourier series of 1, 

for any integer n. 

12(x) = 흑l 와 (l-cos 찌 j-2 

n ~ 

늘 z a.(1-cosjx)j-‘, 
;= [n12] J 

Usi맹 the ineq빼ty (l-cos nx)는좋(썼i for 7r![4(n+ 1)] 드X드π"I(4n) , we obtain 

(4.8) A(n)드Kn2 자(x). 

'Then, by means of 1emmas 2 and 3, it follows that 

증 폭댄낀L드K 숭 한%찢(x)] 
n= 1 n'"ψ(lIn) n=1 n~ψ(1!n) 

π1(4서 r φ [x-장~(x)] 
드K :E I OT': '" =1 J ψ(싸 dx 

π/ [4(11+ 1)] 



/ 
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=K 
π14 φ [x -2 f;f\(μ)dμ] 

7[f(x) 
dx 

0 

M4 φ [x -1 1λ (x) 1] 
드K(φ) I ‘” /l 、 dx 

W4 φ [x-lr~lf(μ) Idu] 
=K(φ) I J;r{/ 、 dx 

끼4 φ [lf(x)l] 
드K(φ) ! ,?/ 、

<∞. 

This completes the proof of Lemma 4. 

5. Proof of Theorem 1 

Since {n-β an} is monotonically decreasing, we have 

-β a a=a n . n 
n n 

β-1 
<Kn 

n Q 

Z그 j-μ a. 
j= [n/21 J 

<Kn-1 
n 

L: a. 
j= [nl21 J 

=Kn-1 A(n). 

Hence, by virtue of Lemma 4, we have 

∞
 ε
」
까
 

φ(nan) 

%2ψ(1/n) 

。。

르K2그 
n=1 

와쁘낀l 
n

2
'lJf(1/n) 

<∞. 

Theorem 1 is thus established. 

6. Proof of Theorem 2 

The condition (3. 1) implies that {an} is sequence of bounded variation. Henc e 

the Fourier series of f converges for x> 0 [9, Vol. 1, p. 4]. That is, 

f(x)= ~. ak cos kx 

。o 0。

= L그 ι cos kx+ L그 ι cos kx. 
k=l ‘ k=n+l -

t 
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If Dη(x) denotes the Dirichlet’s kernel, then using partial summation we obtain 

。o 0。

kg1 1 % cos kx= 륜 (ak -ak+ l)Dk(x) -anD/x). 
=η+1 k=n 

Hence, for any integer n, we have 

I/(x) 1 드Sn+ ~ .. lak-ak+ ll IDk(x)I+lanl 1D,,(x)/ 
Il=η 

00 , 
=S감0(1/x) g lak-Qk+1l +o(x-낯)， 

R=n 

where 

Then, 

” S .. = 1: aL • 

“ k=1 ~ 

on account of (3.1) , it foIIows that 
π/ι 

φ [1/(x) 1 1 Ã~ 
1Jf(x) “‘ 

0 

00 πρa φ [1/(x) / 1 -1.. 

ψ(x) “ = ~그 
,,=2 rr/Cη+1) 

。。

π111 

<2:그 
n=2 π1(11+ 1) 

x ,d 
n
μ
 
-

a 
-/

이
 
-

、
찌
 
-

ν
 -/

이
 
-

H 

-
찌
 

싹
 

-w 、
찌
 一

ν
 -

/
이
‘
 

-

+ 
-

Qu 

-

∞ φ [S .. +nι] 
드Kz그 ? n=2 n‘ψ(1/n) 

Since {n-β an} is a monotonicaIly decreasing sequence, we have 

‘ • 

” ” -β a S .. = 1:aL = 1: k -,., a L k 
“ k=1 ~ k-l ‘ 

늘%-β a~ 숭 밟 
,. k=1 

>K %-β a ;+1 
=K n an• 

Therefore we have 
π/2 

φ [l /(x) 11 
1Jf(x) 

∞ φ(SM) 
dx 드 K 1:-호----. 

n=2 n ψ(l/n) 
O 

Now 싸 1Jf(1/n) has the same properties as that of φ(n). 

Therefore, using 1, we have 
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갱와띤깐μ 
7Jf(X) 

0 

Similarly it can be shown that 
π 

φ 

1':/2 

。。

dx < K(φ) 2: 
η=;:; 

dx <∞. 

This completes the proof of Theorem 2. 

φ(nan) 

%ιψ(l/n) 
<∞. 
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