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A NOTE ON PROXIMITIES AND PAIRWISE REGULAR SPACES 

By M. K. SingaI and Sunder LaI 

1. Introductory concepts 

Let X be a non.ernpty set. For a binary relation δ defined on P(X), the power 

set of X , consider the folIowing axiorns: 

1. (A, B) ε δt二>(B， A) ε δ， 

2. (AUB, C) ε δζ=>(A， C) ε δ or (B, C) ε δ， 

2' (A, BUC) ε δζ二>(A， B) ε δ or (A, C) εδ， 

3. AnB ￥ rþ >(A, B) ε δ， 

4. (A, B) E δ~>A~Ø~ B , 
5. (A , B) 종 δ~>3E ε P(X) such that (A, E) 줌 δ and (X-E, B) 풍 δ， 

5'. (x, B) ~ δ===>>3E ε P(X) such that (x , E) 종 δ and (X -E, B) 종 δ! 

5". (A , B) ε δ and (b, C) ε δ for a lI b ε B >(A, C) ε δ. 

A relation δ satisfying 1, 2, 3, 4 and 5 above is said to be an EF -proximzïy. δ 

satisfying 2, 2', 3, 4 and 5 is calIed a quasi-，γoxz"mity. If δ satisfies 1, 2, 3, 4 and 5' 

then we calI it a local proxiηzz"ty where as δ satisfying 2, 2', 3, 4 and 5' is terrned 

as a P R-proxz'mz"ty. SirnilarIy if δ satisfies the set ofaxiorns 1, 2, 3, 4 and 5" 

(respectively 2, 2', 3, 4 and 5") then it is calIed an LO-(respectively an LE-) 

ψroxùnzïy. If δ satisfies the axiorn 

6. (x,y) ε δ~>x=y， 

then it is said to be separated. 

If δ is any proxirnity on X , then δ-1 defined by 

(A , B) ε δ-liff (B, A) E δ， 

is aIso a proxirnity of the sarne type. We calI δ-1 the conjχ:gate of δ. 
To each δ， there is associated a topology ‘5T(δ)={ACXlx ε A >(x, X-A) fE. 

δ}. We calI ‘5T(δ) ， the topology 쩌duced by δ. It is known that if δ is an EF

(respectively LocaI , LO-) proxirnity then .!J←(δ) is cornpletely regularCrespectively 

regular, Ro) and conversely given any cornpletely regular(respectively regular, 

Ro) topology ‘5T on X it is possible to define an. EF-(respectively locaI, LO-) 

proxirnity on X such that ‘5T(δ)= ‘5T. If δ is a quasi (respectively, P R-, LE-) 

'Proxirnity on X , then ‘r(δ) ‘need not satisfy any separation axiorn. Further 
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given any topology ‘r on X it is possible to define a quasi-(PR-, LE-) proximity 

on X such that ‘r(δ)= Y， Y(δ) is T1 iff δ is separated. 

Given two proximities 띤 and O2 on X , we say ð1 is lineγ than δ2 and write 

δ1 는 δ2 if (A, B) ε δ1===>(A， B) ε O2• It is known that finer proximities induce 

finer topologies. 

If 져 &~d ..9; are two topologies on X , then the ordered triple (X, 킹， 킹) is 

calIed a bitopological space [1]. It is said to be (a) þairwise Ro [5] if for every 

x ε G ε ..9í, ..9;-cl {x} C G and xε GE .3갖 ~> ..9í -cl {x} CG. (b) þairwise regular 

[1] if every point of X has ..9í neighbourhood base consisting of .3캉 -closecl sets 

and a ..9; neighbourhood base consisting of ..9í-closed sets; (c) þairwise comþ!etely 

regular [3] if for each .3; closed set F anù x ε X - F there exists 1: X-• 

[0, 1] which is, 캉-upper semi-continuous (usc) and 캉-lower semi-continuous 

CIsc) such that l(x)=O and I(F)=l (z" opj, i,j=l,2): (d) þairwise normal [1] if 

for every ..9í -closed set A and 킹-closed set B with A n B=cþ there exist a 쭈

open set U containing A ancl 껴-open set V containing B such that U n V=cþ. 

Let (X,..9í,..9;) be a bitopologicaI space and 1 a reaI valued function on X which 

is ..9í -usc and .3중-Isc， then {x ε X : I(x) 드 이 is calIed a ..9; -zero set (w. r. t . ..9í) 
and {x ε X : I(x) 는 O} is calIed a ..9í -zero set (w. r. t . .3갖). The set {x ε X: I(x)>o} 

is caIled a ..9; -cozero set (w. r. t . ..9í) and {x ε X : I(x) <O} is caIled a ..9í -cozero 

set (w. r. t. 쭈). SimiIar clefinitions are made in case when 1 is 칸-Isc and ..9;-usc. 

A bitop이ogicaI space (X, 져， 킹) is pairwise com pletely regular iff 킹-zero sets 

form a base for 껴-closed sets and ..9; -zero sets form a base for 쭈-closed sets. 

2. Pairwise Ro and pairwise regular spaces 

If δ is an LE-(Quasi-or P R-) proximity on X , then (X, Y(δ) ， YCδ-1)) is a 

bitopologicaI space. Lane [4] has shown that this bitopologicaI space is pairwise 

completely regular if δ is a quasi-proximity. He aIso proved that ，~dven a pairwise 

complete!y regular space (X, ‘9 , tJ), there exists a quasi-proximity δ on X such 
-1 

that Y(δ)= ‘9 and Y(δ )=(J. A proximity satisfying the Iater çondition is 

ιaid to be a comþatz"ble proximity on (X, ‘9 , tJ). Here we consider similar problem 

when δ is an LE and a PR- proximity. 

THEOREM 2. 1. 11 δ is an LE-þroxz"mzïy, μIhen (X, YCδ)’ ‘rcδ-1)) z-s yzecessaγily 
pairwise Ro. Conversely a comþatible 

Ro-space CX, ‘9., tJ) by setting 

LE-proximzïy can ée delil1εd on a pairμ’Z.se 
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CA, B) ε δ 짜f ß-cl An?-cl B 낯 rþ. 

PROOF. That CX’ ‘rcδ)’ ‘rcδ-1)) is pairwise RO follows from the fact that 

Cx, y) E 0< >Cy, x) ε δ-1(Theorem 3. 3 of [2] ). To see that δ defined above is 

an LE-proximity it is sufficient to verify the axiom 5" only. Let CA, B)εδ and 

Cb, C) ε δ for each b E B. Then ß-cl An ‘.9"-cl B ~ rþ and I!f-cl {b} np-cl C ~ rþ 
for each b ε B , i. e. , there exists a c ε .9" -cl C such that c ε I!f-èl {b}. Since X 

is pairwise Ro we have b ε ‘.9"-cl {c} C ‘9" -cl C and hence ß -cl A n ‘.9"-cl C ~ rþ 

showing that CA, C) ε δ. Since Cx, A) ε δ iff ß-cl {x} n ‘.9" -clA ~ rþ iff x ε 

? -cl A, it follows that .9" =‘rcδ). Similarly d=‘rcδ-1). 

THEOREM 2. 2. LetCX, ‘.9", d) be a paz"rwz"se Ro space and let δ1 be any compa#ble 

LE-proxz"mz"ty on X , then 

1. CA, B) ε 01 z!1 CQ-cl A , P-cl B) ε δl’ 

2. 이 Z"S coarser than the LE-proxz"mity δ delined in Theorem 3. 1. 

PROOF. (1) is simple. For (2) CA, B) ε δ수=>I!f-cl An .9"-cl B~rþ~Cß-cl A. 

? -cl B) E δlζ=>CA， B) E δl' 

THEOREM 2.3. 11 δ z.s PR-proximz"ty 01Z X , then CX, ‘rcδ) ， Y"Cδ-1)) is 

necessarily pairwise regular. C01Zversely a compatz"ble PR-proxiηz#y δ1 can be 

de/z"ned on pairwise 1’egular space CX, ‘9", d) by setUng, 

CA, B) E δ1 iff ι?'-cl A n ‘9"-cl B ~ rþ. 

PROOF. Let AεY"Cδ) and xεA. Then Cx, X - A) 종 δ and so there exists BCX 

such that Cx. X - B) 풍 δ and CB, X -A) 종 δ i. e. , 

x ~ Y" Co) -cl CX - B) and ‘rcδ-l)-cl B-A

ThereÎore xε:rCδ)-int B ζY"Cδ-l)_cl BCA. 

Similarly if A ε ‘:rCδ 1) and x ε A, then there exists B C X such that xE 

‘rcδ-l)-int B C ‘rcδ)-cl B C A. 
To prove that δ1 defined above is a P R-proximity it is sufficient to verify C5') 

only. Let (x, A)풍낀， so that x 줌 ‘9"-clA. Let BζX be such that B ε .9", xEB 

cd-cl BζX- ‘9" -cl A. Clearly (x, X - B) 중 δ1 and (B, A) 종 δl' The compatibility 

follows from Theorem 2.2 and the fact that every pairwise regular space is 

pairwise Ro. 

REMARK 2. 1. Every pairwise completely regular space is pairwise regular and 

therefore admits of a compatible PR-proχimity. This also follows from the fact 
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that every quasi-proximity is a PR-proximity. But a completely regular space 

admits of compatible PR-proximities which are not quasi-proximities. For example 

on a pairwise rßgular space which is not pairwise normaI 진 is a P R-proximity 

which is not a quasi-proximity (Theorem 3.10 of [2]). One more such PR

proximity is constructed in Theorem 2.7. 

REMARK 2. 2. Every pairwise regular space is pairwise Ro and therefore 

admits of a compatible LE-proximity. This aIso foIlows from the fact that on a 

pairwise regular space 이 defined in Theorem 2.3 is an LE-proximity. 

We now show the existence of a PR-proximity on a pairwise regular space 

which is not an LE-proximity. 

THEOREM 2. 4. On a pairμlise regulαr space (X , ‘9 , t2'), (A, B) tE δ2 찌f 3U ε 

‘9 , VE t2': ACU, BCV and U n v=ø de，껴nes a compatible P R-proximity. 

PROOF. Again it is sufficient to verify the axiom 5' only. Let (x, A) 종 ζ and 

Iet UE ‘9 , V ε t2' be such that x ε U， A C V and U n V=ø. Let U1 ε g and 

V1 E tl be such that x ε U1' X'-UCV1 and u1nv1=ø. ClearIy (x , X-U) 종 δ2 

and since U 드 ‘9 is such that unv = ø , AζV E t2', (U, A) tE 진. For compatibiIity 

part let x E A ε ‘:T(δ2). Then (x, X - A) tE δ2 and therefore there are sets U ε 

.5P, V E t2' such that x ε ucx-VζA. Therefore ‘:T(δ2) C P. If A ε g and x 

E A, then by pairwise reguIarity we can separate x and X - A by g and t2' 

-open sets and therefore (x , X - A) 종 δ2. 

REMARK 2.3. Let (X , ‘9 , tl) be a bitopological space. If δ is a compatible 

quasi-proximity or LE-proximity then we have 

(A, B) ε δ iff (t2' -clA, ‘9-clB) ε δ. 

But this is not the case if δ is a P R-proximity. 

Let X be an infnite set and p be a fixed point of X . . let ‘9= {U: X-U is 

finite or p 졸 U}. Then ‘9 is a regular topology on X. Consider the pairwise regular 

space (X, ‘9 , g). Let A and 13 infinite sets such that X - A and X - B are not 

. finite, AnB= ø and p 줄 A， p 졸 B. Then A and B are open and so (A, B) $.δ2 

the P R-proximity of Theorem 2. 4. AIso ‘9-clA=AU {p}, ‘9-clB=BU {p} and 
so (g-cl A, g-cl B) ε δ2. Here δ.2 is not an LE-proximity. For if it were, the 

compatibility condition would imply (A, B) ε δ2수수(‘9 -clA, g -clB) ε O2• 

In following theorems we discuss the relations between δ1 and δ2. 
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DEFINITION , A bitopological space (X • .fJI. (J) is said to be paz'rwz'se extremally 

d isconnected if (J -closure of each .fJI-open set is .fJI-open and ‘9' -closure of each 

(J -open set is (J -open, 

The following Theorem can be proved easily, 

THEOREM 2, 5, A space (X • .fJI. (J) z's paz'rzνise extremally disconnected ill An 

B=rþ. ψhere A is .fJI-open. B is (J-open impUes (J-cl An ‘9'-cl B=rþ. 

THEOREM 2, 6, Let (X. ‘9'. (J) be a pairwise regular space and let δ1 and δ2 

be defined as in Theorems 2, 4 and 2, 5 respectively, Then 

1. 이 는 δ2 iff (X, ‘9'. (J) is pairewise extremally disconnected. 

2, O
2 르 δ1 iff (X • .fJI. (J) is pairwise normal. 

PROOF. 1. Let X be pairwise extremally disconnected and that (A. B) 종 δ2· 

ACUCX-V By the definition of δ2 there exists U ε .fJI, v ε (J such that 

CX - B which implies (J-cl Aζ(J -cl U. .fJI-cl BC‘9' -cl V and (J -cl U n .fJI-cl V 

= rþ. since U n V = rþ and X is pairwise extremally disconnected. Clearly (A. B) 

졸 이. Conversely let δ1르δ2 and let A and B be sets such that A ε (J. B ε ‘g 

and AnB= 껴. By the definition of δ2' (B. A) 줄 δ2 and therefore by the 

hypothesis (B,.4.) 종 이 i.e.. (J-cl Bn .fJI-cl A=rþ and 50 X is pairwise extremally 

disconnected. 

2. Let X be pairwise normal and that (A. B) 졸 δl' By the definition of δ1’ 

(J-d An .fJI-cl B=rþ and by the hypothesis there are sets U ε ‘9'.V ε (J such 

that (J-cl ACU • .fJI-cl BCV and unv=rþ. Therefore (A. B) 졸 δ2’ i. e. , δ2 는 이· 

Conversely suppose δ2 는 진 and that A= (J-cl A , B= .fJI-cl B, AnB=rþ. Clearly 

(A.B) 줄 이 and by the hypothesis (A. B) 종 δ2’ i. e. , there exist sets U and V such 

that AζU ε ‘9'. BCV E (J. unv=rþ. 

COROLLARY 2. 1. A paz'rwise regμlar space is paz'rwz'se extreηzally disconnected. 

paz'rwise normal 짜f δl = δ2' 

COROLLARY 2.2. A paz'rwise regulaγ paz'rwz'se connected space adm#s 01 at least 

two d z'stz'nct compatz'ble PR-P1’ox샤z#ies μ7hz'ch are compm’able z'.fl the space z's paz'rwz'se 

normal. 

COROLLARY 2.3. A paz'rwise regular space which z's not paz'rwise normal admits 

01 at least tμ10 distz'nct compa#ble PR-proxz'mitz'es which are compm’able zfl the" 
space is paz'rwz'se extremally disconnected. 

On a pairwise completely regular space we have a PR-proximity which is not 
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:a quasl-proXlmlty. 

THEOREM 2.7. Let (X , ‘:7, (1) be a paz"rωise completely regular space. Define 

(A , B) 종 δ3 z1f there is a ‘:7 -cozero set U and a tJ -cozero set V sιclz tlzat ACU, 
BCV, unv=lþ, then δ3 is a compatible P R-p1’oximity on X. 

PROOF. We need to verify the axiom 5' OIÙy. Let (x, A) fE δ3 and let U, V be 

,disjoint cozero sets containing x and A respectively. Since ‘9 -cozero sets form a 

base for ‘9 -open sets, x fE X - U ,>there exist a g -cozero set R and a tJ -cozero 

~et S such that x ε R， X-UCS and Rns=lþ. Clearly (x， X-U) 중 δ3 and(U, A) 

종 δ3' 
To see that ‘!T(δ3)= ‘9 , let A ε ‘!T(03) and x ε A , then (x, X - A) 종 δ3 and so 

there exist a ‘9 -cozero set U and a tJ -cozero set V such that x E UζX-VCA， 

i. e. , A ε ‘9. Conversely if A ε g and x ε A then there exists a ‘9 -usc, tJ -lsc 

function f: X-• [0, 1] such that f(x) =0, f(X-A)= l, i. e. , x학ε X : f(x) 

<웅 and X-AC x ε X: 웅 <f(x) . But xEX :f(x) <울’ is g -cozero set 

which is disjoint from !x ε X: f(x)> 웅 f a tJ -cozero set. Therefore (x, X - A) 종 
δ3 i. e. , A ε ‘!T(δ3)' Thus .Y‘(δ3) = g. Similarly ‘!T(δ3’)=tJ. 

DEFINlTION. A bitopological space (X, ‘9 , tJ), is said to be pariwise basically 

disconnected if tJ-closure of each g-cozero set is ‘9 -open and g -closure of each 

,tJ -cozero set is tJ -open. 

Following theorem can be proved in a similar manner as Theorem 2. 5. 

THEOREM 2.8. Aspace (X , ‘9 , tJ) z's pairwise basically disconnected zff AnB= 

</J, whe1'e A is ‘9-cozero set, B z's tJ-cozero set, implies tJ-cl An ‘9-cl B=lþ. 

Thus a pairwise completely regular space admits of at least three compatible 

PR껴·oximities δl' δ2 and δ3' 

The proof of the folIowing is similar to the proof of Theorem 2. 6. 

THEOREM 2.9. Let(X, ‘9 , tJ) be a pairwise completely regular space and let 

δ1 and O2 be dejined as in Theorems 2.4 and 2.8. Then 

1. δ1 는 δ3 짜f X is pairwise basically dz'sconnected. 

끼. δ3 늘 δl 짜f X is pairμise 7ZO7??tα，. 

COROLLARY 2.4. For a pairwise completely regular space X , tlze following are 

，eqμz'valent. 

‘ 
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(i) X is þairzvise ηormal， 

(ii) 03 늘까， 

(iii) δ2 르 δ1. 

31 

REMARK 2.4. On a pairwise completely regular space (X, ‘9 , t!l), let 04 denote 

the PR-(in fact quasi-) proximity defined by (A, B) 종 δ4 iff there exists a ma p f 
which is ‘9 -usc, t? -lsc such that f is zero on A and 1 on B. Thus on a pairwise com-

pletely regular space we have four compatible PR-proximities. In general δ2 늘 δ3 르 

δ4. If the space is pairwise normal, then δ2 는 δ4 르 δ1 and δ3 는 이. If it is pairwise 

extremally disconnected, then δl 늘 δ2 and on a pairwise basically disconnected 

space δl 르 03• Ona pairwise normal bi TCspace δ1=δ4 and δ2 는 δ1. Therefore 

on an pairwise extremally disconnected pairwise normal bi T 1-space 이=02=δ3=δ4. 
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