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A NOTE ON PROXIMITIES AND PAIRWISE REGULAR SPACES

By M.K. Singal and Sunder Lal

1. Introductory econcepts
Let X be a non-empty set. For a binary relation ¢ defined on P(X), the power

set of X, consider the following axioms:

1. (4, B)&o—=>(B,A) &7,

2. (AUB,C)eo=A,0) €0 or (B,C) €0,

27 (A, BUC)Ed =4, B)&0d or (A4,C) €,

3. ANE = ¢——(4,B) €7,

4, (AL B)Ei—AF ¢ # B, | |

5. (A, B)&&o—dFE & P(X) such that (A, E) & ¢ and (X—F, B) &0,

5. (x, B)¢€o0—dF & P(X) such that (x, E)& ¢ and (X—E,B)&0,

5. (4, B)€Ed and (b,C) &0 for all b& B—(A4,C) € 0. |

A relation 0 satisfying 1,2,3,4 and 5 above is said to be an EF-proximity. 0
catisfying 2,2°,3,4 and 5 is called a gquasi-proximity. If 0 satisfies 1,2,3,4 and 5°
then we call it a local prox:imity where as 0 satisfying 2,2’,3,4 and 5 is termed
as a PR-proximzty. Similarly if o satisfies the set of axioms 1,2,3,4 and 5”
(respectively 2,2, 3,4 and 5”) then it is called an LO-(respectively an LE-)
proximity. If 0 satisfles the axiom

6. (x,y) E0—=—x=y,
then it is said to be separated.

If 0 is any proximity on X, then 0 —1 defined by
(A, B) € 07Yiff (B, 4A) €9,
is also a proximity of the same type. We call 0 ~1 the con jugate of 0.

To each ¢, there is associated a topology & (0)={ACX|x € A——x, X—A) &
0}. We call & (0), the topology induced by 0. It is known that if 0 1s an EF-
(respectively Local, LO-) proximity then .7 (9) is completely regular(respectively
regular, R,) and conversely given any completely regular(respectively regular,
R,) topology 4~ on X it is possible to define an FEF-(respectively local, LO-)

proximity on X such that % (6)=.7 . If 0 is a quasi (respectively, PR-, LE-)
proximity on X, then .7 (0) need not satisfy any separation axiom. Further




26 M.K. Singal and Sunder Lal

given any topology 9 on X it is possible to define a quasi-(PR-, LE-) proximity
‘on X such that 9~ (0)= .97,.97(0) is T, iff J is separated.

Given two proximities ¢; and J, on X, we say J, is finer than 0, and write
0, =0, if (A, B)€0;—>(4,B) €0, 1t is known that finer proximities induce
finer topologies.

If 97 e=md  are two topologies on X, then the ordered triple (X, 97, %) is
called a bitopological space [1]. It is said to be (a) pairwise R, [5] if for every
reGe I, H-cix) CG and xeGE F — 9] -cl{x}CG. (b) pairwise regular
[1] 1f every point of X has 7, neighbourhood base consisting of % -closed sets
and a % neighbourhood base consisting of .97 -closed sets; (¢) pairwise completely

regulay [3] if for each 7 closed set FF and x& X —F there exists f:X—
[0, 1] which is, Z -upper semi-continuous (usc) and .7 -lower semi-continuous
(Isc) such that f(x)=0 and f(F)=1 (+#1,7,7=1,2) : (d) pairwise normal [1] if
for every ;) -closed set A and % -closed set B with A\ B=¢ there exist a .7 -
open set U containing 4 and 9] -open set V containing B such that U N V=4¢.

Let (X, 97,7 ) be a bitopological space and f a real valued function on X which
is 1 -usc and J; -lsc, then {x E X ! f(x) <0} is called a % -zero set (w.r.t. .55 )

and {x € X : f(x) >0} iscalled a F] ~zero set (w.r.t..% ). Theset {x& X : f(x)>0}
is called a 7 —cozero set (w.r.t. 97) and {x& X : f(x)<0} is called a 7] -cozero
set (w.r.t..% ). Similar definitions are made in case when f is 9} -Isc and % -usc.
A bitopological space (X, .97,.% ) is pairwise completely regular iff .97 -zero sets.
form a base for 7 -closed sets and .7 -zero sets form a base for .7, -closed sets.

2. Pairwise Ry and pairwise regular spaces

If ¢ is an LE-(Quasi-or PR-) proximity on X, then (X, ﬁ"(&),f(ﬁ—l)) is a
bitopological space. Lane [4] has shown that this bitopological space is pairwise

completely regular if 0 1s a quasi-proximity. He also proved that given a pairwise

completely regular space (X, &, &), there exists a quasi-proximity ¢ on X such

that 9 (0)=% and & (é‘_l):é’. A proximity satisfying the later condition 1is
aid to be a compatible proximity on (X, #,Z). Here we consider similar problem

when ¢ is an LE and a PR- proximity.

THEOREM 2.1. IfJ is an LE-proximity, when (X, 7 (9),.7 (0 —1)) 1S necessarily
pairwise R,. Conversely a compatible LE-proximity can te defined on e pairwise

R,-space (X, Z#,T) by setting
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(A, B) €7 iff &-cl ANF-cl B +# ¢.
PROOF. That (X, 7 (0,7 (0 _1)) 1s pairwise R, follows from the fact that

(x, p EIT—,2)E0 _1(Theorem 3.3 of [2]). To see that ¢ defined above is
an LE-proximity it is sufficient to verify the axiom 5” only. Let (A4, B)&EJ and

(b,C) €0 for each b& B. Then &Z-cl AN -cl B# ¢ and &-cl {p} NP-cl C# ¢
for each & B, i.e., there exists a c& “Z-cl C such that c & £Z-¢l {b}. Since X

is pairwise B, we have b& Z-clic} C Z-cl C and hence &-cl AN Sl C#¢
showing that (4, C)&€0d. Since (x, A)Ed iff -clixiNFCclA# ¢ iff x&
F-cl 4, it follows that F=.9"(0). Similarly &=9"(0"1. “

THEOREM 2.2. Let(X, &,Q) be a pairwise R, space and let 0, be any compatible

LE-proximity on X, then
1. (A, B)eEd; iff (Qcl A, P-cl B) €0y,
2. 0, is coarser than the LE-proximity 0 defined in T heorem 3.1.

PROOF. (1) is simple. For (2) (4, B) € 6<>@-cl ANF -l Bp—>(Zl A,
F -l B) €6,E=(4, B) €0,

THEOREM 2.3. If 0 is PR-proximity on X, then (X, I (), 9~ 0 is
necessarily pairwise regular. Conversely a compatible PR-proximity 0, can be

defined on pairwise regulqr space (X, P,T) by setting,
(A,B) €9, iff Z-cl AN F-cl B# .

PROOF. Let A&7 (0) and x&A. Then (x, X—A) €€ ¢ and so there exists BCX
such that (x,, X—B)€&£ 9 and (B, X—A) €& i.e.,
¥ & I (0)-cl (X—B) and 7 (0 ")-cl BCA.
Therefore x&.9(9)-int B CF (™ ")-cl BCA.
Similarly if A€ .7 (0 _1) and x & A4, then there exists BC X such that z&
F (0" D-int BC .9 (9)-cl BC A.

‘To prove that ¢, defined above is a PR-proximity it is sufficient to verify (5")
only. Let (x, A)€¢,, so that x €& F-cld. Let BCX be such that B&€ &, x&B
C&-cl BCX—9%-cl A. Clearly (x, X—B) €&, and (B, 4) €& J,. The compatibility
follows from Theorem 2.2 and the fact that every pairwise regular space 18

pairwise R,.

REMARK 2.1. Every pairwise completely regular space is pairwise regular and

therefore admits of a compatible PR-proximity. This also follows from the fact
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that every quasi-proximity is a PR-proximity. But a completely regular space
admits of compatible PR-proximities which are not quasi-proximities. For example
on a palrwise regular space which is not pairwise normal J, i1s a PR-proximity

which is not a quasi-proximity (Theorem 3.10 of {2]). One more such PR-
proximity is constructed in Theorem 2.7. |

REMARK 2.2. Every pairwise regular space is pairwise R, and therefore
admits of a compatible LE-proximity. This also follows from the fact that on a

pairwise regular space J; defined in Theorem 2.3 is an LE-proximity.

We now show the existence of a PR-proximity on a pairwise regular space

which is not an LE-proximity.

THEOREM 2.4. Orn a patrwise regular space (X, Z,7), (A, B) &Eo, off U
F, Ve . ACU,BCV and U N\ V=¢ defines a compatible PR-proximity.

PROOF. Again it is sufficient to verify the axiom 5" only. Let (x, 4) €& J  and
et UE F, VE& be such that x €U, ACV and UNV=¢. Let U, € F and
V, €& be such that x€U,;, X-UCV; and UNV,=¢. Clearly (x, X-U)€&d2
and since U € & is such that UNV = ¢, ACV € &, (U, A) &J.. For compatibility
part let xEAE T (52). Then (x, X—A) €& 0, and therefore there are sets U &
L. V& & such that x€UCX-VCA. Therefore 5 (9,) CP. If A& S and «
& A, then by pairwise regularity we can separate x and X—A4 by & and &
-open Sets and therefore (x, X—A) & 0.

REMARK 2.3. Let (X, %,&) be a bitopological space. If ¢ is a compatible
quasi-proximity or LE-proximity then we have

(4, B) €0 iff (&-cld, &-clB) € 0.

But this is not the case if ¢ i1s a PR-proximity.

Let X be an infnite set and p be a fixed point of X. let F={U:X-U is
finite or p & U}. Then & is a regular topology on X. Consider the pairwise regular
space (X, #,7). Let A and B infinite sets such that X—A4 and X—B are not
- finite, ANB=¢ and p& A,p& B. Then A and B are open and so (4, B) &7,
the PR-proximity of Theorem 2.4. Also Z-clA=AU{p}, F-clB=BU{p} and
so (#-cl 4, -l B) € 52.* Here 0, 1s not an LE-proximity. For if it were, the
compatibility condition would imply (4, B) € 0,&>(F-cl4, F-clB) €7,.

In following theorems we discuss the relations between J,; and J,.
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DEFINITION. A bitopological space (X, %, &) is said to be pairwise extremally
disconnected if &-closure of each Z-open set is #-open and #-closure of each
-open set is &-open.

The following Theorem can be proved easily.

THEOREM 2.5. A space (X, P,&) is pairwise extremally discomnecled iff Al
B=0¢, where A is S -open, B is &-open implies &-cl ANF-cl B=yg.

THEOREM 2.6. Let (X, <,&) be a pairwise regular space and let J, and 7,
be defined as in Theorems 2.4 and 2.5 respectively. Then

1. §, =0, iff (X,Z,&) is pairewise extremally disconnected,

2. 0,>0, iff (X,4,&) is pairwise normal.

PROOF.1. Let X be pairwise extremally disconnected and that (A, B) € 0,.
By the definition of J, there exists U&€ &, V&& such that ACUCX-V
CX—B which implies &-cl AC&Z-cl U, F-cl BCYL-clV and Z-cl UNFL-clV
=¢, since UMNV=¢ and X is pairwise extremally disconnected. Clearly (4, B)
€ 0,. Conversely let ,=>0, and let A and B be sets such that A€&Z,B€ S
and ANB=¢. By the definition of J,, (B,A)&J, and therefore by the
hypothesis (B, 4) & d, i.e., &-cl B[\ -cl A=¢ and so X is pairwise extremally
disconnected.

2. Let X be pairwise normal and that (A4, B) &J,. By the definition of 7},
Z-cl AN -cl B=¢ and by the hypothesis there are sets U&€ £, V& & such
that &-cl ACU, Z-cl BCV and UNV=¢. Therefore (4, B) &J,, i.e., d0,>0;.
Conversely suppose d, >0, and that A=&-cl A, B=%-cl B, ANB=¢. Clearly
(4, B) € d; and by the hypothesis (4, B) & d,, i.e., there exist sets U and V' such
that ACU e &, BCVe&Z, UNV=¢.

COROLLARY 2.1. A pairwise regular space is pairwise extremally disconnected,
pairwise normal iff 9,=0,.

COROLLARY 2.2. A pairwise regular pairwise connected space admits of at least
two distinct compatible PR-proximities which are comparable iff the space is pairwise
normal.

COROLLARY 2.3. A pairwise regular space which is not pairwise normal admits
of at least two distinct compatible PR-proximities which are comparable iff the
space is pairwise extremally disconnected.

On a pairwise completely regular space we have a PR-proximity which is not



30 M.K. Singal and Sunder Lal

a quasi~proximity.

THEOREM 2.7. Let (X, Z,&) be a pairwise completely regular space. Define
(A, B) & 0y iff there is a F-cozero set U and a &-cozero set 'V such that ACU,

BCV, UNV=¢, thern 0, is a compaiible PR-proximity on X.

PROOF. We need to verify the axiom 5 only. Let (x, A) € J; and let U,V be
disjoint cozero sets containing ¥ and A respectively. Since £ -cozero sets form a
base for “F-open sets, x & X —U—there exist a #-cozero set R and a &-cozero
cet S such that x& R, X—UCS and RNS=¢. Clearly (x,X—U) & J, and(U, 4)

& 0,

To see that J (0)=2,let A& 7 (03) and x € 4, then (x, X—A) & J, and so
there exist a Z-cozero set U and a &-cozero set V such that x & UCX -V CA,
ji.e., Ae ZF. Conversely if AE .Z and x € A then there exists a F-usc, &-lsc

function f:X—[0,1] such that f(x)=0, FfAX-A4)=1, i.e, xE {x e X f(x)
<—é—} and X—AC{xE X . —12—<f(x)}. But {xEX‘  f(x) <—é—'} is J-cozero set
which 1s disjoint from {xe X x> -—%—} a &-cozero set. Therefore (x, X—A) &
d5 i.e., AE T (03). Thus I (0x)=F. Similarly J (05)=2.

DEFINITION. A bitopological space (X, &#,&), is said to be pariwise basically
disconnected i1t &-closure of each & -cozero set is Z-open and Z -closure of each
&~-cozero set is &-open.

Following theorem can be proved in a similar manner as Theorem 2. 5.

THEOREM 2.8. A space (X, F,&) is pairwise basically disconnected iff ANB=
©, where A is F-cozero set, B is &-cozero set, implies &-cl ANF-cl B=4g.

Thus a pairwise completely regular space admits of at least three compatible
PR-proximities dy, d, and 0.

The proof of the following is similar to the proof of Theorem 2.6.

THEOREM 2.9. Let(X,Z,T) be a pairwise completely regular space and let
0, and 0, be defined as in Theorems 2.4 and 2.8. Then

1. 0, =05 iff X is pairwise basically disconnected,
% 0920, tff X s pairwise normal.

CQROLLARY 2.4. For a parrwise completely regular space X, the following are
equivalent.
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(1) X s pairwise normal,
(i1) 04 =04,
(i11) 9, = 0d;.

REMARK 2.4. On a pairwise completely regular space (X, Z,&), let , denote
the PR-(in fact quasi-) proximity defined by (A4, B) €& J, iff there exists a map f
which is Z-usc, &-1sc such that f is zeroon A and 1 on B. Thus on a pairwise com-
pletely regular space we have four compatible PR-proximities. In general J, = 05 >
J, lf the space is pairwise normal, then d,>0J,>J; and d;>9,. If it is pairwise
extremally disconnected, then J; >J, and on a pairwise basically disconnected
space d; = 05. On a pairwise normal bi T',-space J,=0, and d, > 0;. Therefore
on an pairwise extremally disconnected pairwise normal bi T;-space 0,=0,=05=0.
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