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ON DIAZ-METCALF’S COMPLEMENTARY TRIANGLE INEQUALITY 

By S. M. KhaleelulIa 

1. Introduction 

Let E be a vector space over the field K of real or complex numbers. Nath 

[3] defines a generalized semÏ-inner product (abbreviated to g. s. i. p.) on E as a 

functional [x , y] on E X E with the folIowing properties: 

(1) [x+ y , z] = [x, z] + [y, zJ. [ÀX. y] = A. [x, yJ. for a lI x , y , z in E and λ in K , 

(2) [x, x] > 0 for x~O， 

(3) I [x, y] I 드 [x , x]l/P [y, yJ (P-1)/P, 1 <p<∞. 
E , equipped with a g. s. i. p. , is calIed a g. s. i. p. space, and a g. s. i. p. induces 

a norm on E by setting Ilxl = [x, x]l/P• A normed vector space can be made into a 

g. s. i. p. space, as has been shown in [3]. 

If we put p= 2 in the above definition, we get semÏ-inner product of Lumer [2]. 

1n the present note, we extend Complementary Triangle 1nequality of Diaz 

and Metcalf [1] to g. s. i. p. spaces and in particular to semÏ-inner product spaces. 

2. Main Result 

Let E be a g. s. i. p. space, and suppose a is a unit vector in E 

THEOREM 2. 1. If O:5:r :5: Re [xi' aJ / [작， Xi] 1/P, xigE, xt#0, 

l<p<∞， then 

i= 1, 2, …, n, 

(￥) r( [xl' x1J 1/P +… + [Xn' Xη]l!P) :5: [x1 +…+Xn, X1 +…+X셔 l/p 

μlhere the equalz'ty holds iff 

PROOF. 

(용￥) X1+ … +Xn=7( [Xl, xl] 1/P+ … + [%· %] l/P)a. 

1/ P I I r _ _, 1/ P 
r( [X1' x1J" Y +…十 [Xn' Xη1 "Y) :5:Re [X l' a] 十…+Re [Xn' a] 

= I Re [x1' a] +…+ Re [Xn' a] I 

= IRe [X1+ …+Xn' a] I 

드 [X1+ … +Xt, xl+ ---+x셔 l/P[a, a] (P-l)/p 

and 

、
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= [X1 + … +Xn， X1+ …+X셔 
l/p 

If (웠) is satisfied, then cIearly equality in (*) holds. Conversely assume that 

the equality in (션 holds. Then it holds at every intermediate inequality in the 

argument just given, i. e. , we have 

(a) X1+ …+Xn= [X1+ …+Xn' al a, 

(b) 1m [X1 + … +Xη， al = α and 

(c) Re [전， aJ =r [진， xz] 1/P, t= 1, 2l …, n. 

Hence, 

[X1 +…+진， a] =Re[XI+---+x,, a] 

=Re [xl' al +…十Re [x
ll

' al 

=r( [xl' x111/P +…+ [xn' x Il
11/P) , 

which gives (웠) in view of (a). This completes the proof. 

COROLLARY 2.2. Under the hypothesz"s 012.1 , we have 

(1 )r; ([x1' x11 … [Xn， x”])1/”드n-P [x1 +… +X'I' x1 + …+xnl 

(2) 7(( [Xl, xl] k/P+---+ [XR, x,z] k/P)/%)l/kS%-1 [Xl+---+진， x
1
+…+Xu] l/P 

μIhere k <1 and k~O. Equality Z"n (1) (or Z"n (2)) holds zll x1 +…+x“=r([Xl,xl] 1/P 

+ … + [Xn, xn] l/P)a, a?Zd [X1, xl] = --- = [Xη ， xη]. 

PROOF. From ([4J , page 26) , we have 

( [Xl, xl] UP--- [Xt Xη] l/P)l/R | -l 1/P l/P 
..s;;.n "([x"x,l""+ … + [x .. , xJ" Y) 

(( [x
1
' x11 k/p + … + [%, x,J k/P)/%)1/k l l ’ 1 

with equality iff [xl' xl1 = … = [xn, xnl. The result follows in view of 2. 1. 
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