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HYPERSURFACES IN MANIFOLDS WITH
SASAKIAN 3-STRUCTURE

By YEONG-WU CHOE

§60. Intreduction

Yano and Okumura [6] have defined the concept of an (f, g, u, v, 1) —structure
in an even dimensional Riemannian manifold. Hypersurfaces with this structure
in a Sasakian manifolds have been studied by Yano and Okumura [6], Yama-
guchi [4] and Watanabe [3] and many authors. In particular, they proved
that, if the (f, g,#, v, ) -structure induced on a hypersurface of a Sasakian
manifold is normal, the hypersurface is totally umbilical.

In this paper we define what we call a 3-structure in a hypersurface of a
Sasakian 3-structure manifold and study the normalities of this 3-—structure.

§1. Sasakian 3-structure manifold

Let M be an n—dimensional differentiable manifold covered by a system of
coordinate neighborhood {U; y*}, where here and in the sequel, the indices &,
A, , v, - Tun over the range {1,2, -, 2}. In this differentiable manifold M, a
set (,&, p) of three tensor fields ¢,& and p of type (1,1), (1,0) and (0,1)
respectively is called an almost contact structure, if it satisfies the following co-

nditions:
1v $"62=0, 61°p:=0, &lp,=1,
(1. 2) ¢2‘ uiz—avk +pv§‘,

where ¢;* is necessarily of rank z—1.

When a manifold admits an almost contact structure, it is called an almost
contact manifold and is necessarily of odd-dimensional. There exists in any
.almost contact manifold a Riemannian metric Z;, such that

1.3) g A;§I=Pn g Zt¢u1¢v‘=§' ﬂv—‘gy&:

and such a Riemannian metric &, is called a Riemannian metric associated with
the given almost contact structure (¢, &, p). An almost contact manifold is called
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an almost contact Riemannian manifold, when it is endowed with an associated.
Riemannian metric g;,.

An almost contact Riemannian manifold is called a Sasakian manifold (or a
normal contact Riemannian manifold) if a certain tepsor field constructed from
the structure ($, &, p, ) vanishes. However, an almost contact Riemannian ma-
nifold is normal if and only if the conditions

(1' 4) szf—‘?f’zn Vﬂ¢lﬁ=$1§5ﬂ~§K§'1ﬂ’ ¢2A‘=§/m¢lﬂ

are satisfied, where in the following we use a notation &; in stead of p;. In a
Riemannian manifold (M, g), a Sasakian structure (¢, ¢, p, ) is sometimes de-
noted simply by &. .

We now assume that there are three Sasakian structures (¢,£,%), (¢, )
and (0,{,&) in M. Then, such a set {&,7,{} of three Sasakian structures &
and 7 is called a Sasakian 3-structure (or normal contact metric S-structure) i
it satisfies the following conditions:

(1.5) E=9L=076,=0,

(1.6)  GFP=—0rP=E, Orf'=—¢ V=1, ¢ p=—¢ =15,

1D il F=qiF+ ks, 00 =+ €S, g f=0r+Enf.

In such a case, the manifold M is necessarily of dimension n=4m-+3 (m=>0)
(cf. [2]) and is called a Sasakian 3-structure manifeold.

§2. Surfaces in Sasakian 3-structure manifolds

In this section, we consider hypersurfaces in a Sasakian 3-structure manifold
M. Let M be a (4m+2)-dimensional differentiable manifold covered by a sys-
tem of coordinate neighborhood {U; 2%}, where here and in the sequel, the in-
dices %, 1, j, k, --- run over the range {1,2, :-,4m+2}, and assume that M is di-
fferentiably immecsed in M as a hypersurface by immersion i: M —> M, which.
is represented by the equations

yr=y(z)
in each coordinated neighborhood U of M. If we put
Byf=0,y* (0;=0/0s%),

then By define a local vector field in U for each fixed index i and 4m+2 vec
tor fields B span the tangent plane to M at each point of . On putiing
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2ii=8g1BiBy",
we see that g;; define in M a Riemannian metric which is called the induced
metric,

As is well known [1], a contact manifold is always orientable. We assume
that the hypersurface M is also orientable and 4m+42 tangent vectors B are
chosen in such a way that Bj?, -+, Byni2' form a frame of positive orientation in
M. Then we can choose a globally defined field of unit normal vectors C* in
such a way that 4m-+3 vectors C%, By, *-+, Bymyo® form a frame of positive orien
tation in M. Then, we get

g’l;Bizc‘=0, C)'C,z:l,
Bi ;B j1=5 ji, Bz zBi‘zﬁ 35"‘ CAC‘,
where we have put
B =gBfg#,  Ci=guC~
The transforms ¢*B;*, ¢2*B;* and 0;°B;* of B;? can be expressed respectively
as
(2.2) ¢ B:*=0;*By* +u,C,
Ox*Bi=¥ *By* +v,C*,
1] ;‘B,-“=9,—”B;.‘ +10;C* s
where ©;%, & and 8" are tensor fields of type (1,1), and u;v; and w; 1~
form of M.
The transforms of C? by ¢z, ¢* and 8;* can be put respectively

(2.3 ¢ Cr=—u'BF, $fC'=—vBF, 0;C'=—wBy,

where wi=gJiu; vi=giv; and wi=giw;

Taking account of (2.2) and (2.3), we have

(2.4) i=B:0,By, UTi=F lsbﬂlBiu’ GiizBilﬂﬂzBf”’
(2.5) u;j=BioC,,  v;=BC,,  w;=BiC,.
If we put

2.6) & =PBFEit+aCr, =B+ pCr, {s=B# +yC,
then by virtue of (1.1), (1.2), (2.4), (2.5) and (2.6) we easily find the
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following equations (2 7)~(2 10):

27 ;=0 gy—=—0;;,

@28 O MByi— — 5+ + £,
29 . EPi=—au;,  uPf=af,
£2. 10) . - wu=5%=1—a?  u¥=0,

smd for anecther two Sasakdan structures the similar relations are obtained.
The equations (2. 8)-(Z 10) show that (®,g,%,&,a) is a so called (f. g, %,

v, l)ﬂﬂqcture in M- (See [6]). Thus we have now three (f, g, #, v, 1)-structures

@zu6a), W,gv,78) and (6,5,w,0,7) in M.

Applying again @,% and 6 to (2 2) and taking account of (1.7), (2. 3) and

(2.6), we get
T/8=+0i+vw'+nl, 8 Ti=—0;i+wr'+i,

(2- 11) 9_,'@1,‘.= +¢’,-"+w,u‘-[—§,€", Q,-"Gh"=~@'_,-"+u,w"+§,i",
@j"ﬂ";,‘= +6ji+uﬂ7i+$jﬂi, W,f‘@;,"*;—ej"-i-vju"-%-nﬁ'}
v0f=—u;+pl;,  wH f=ujtry;

(2.12) wPji=—v;+7E;, #0=v;+af;,
a,-lFf: -Wj+a'77j’ U4 ji=wj+ﬁsj'

Applying again ¢, ¢ and 8 to (2.3) and taking account of (1.7), (2.2),

{2.3) and (2.6), we find

(2.13) a'v;=—af, vw=-0, wu=—ra

Applying ¢, ¢ and 0 to (2.6) and using (1.6), (2.2), (2.3) and (2.6),
we obtain

10i=¢;—Pw;,  LHi=—&—rv;

(2.14) f=n—ru;  $B8i=—n—aw,
‘ §li=l—av;  9@f=—C—Bu;
(2.15) , Pi=—wip=a, w&=—ull= wn= —v=r.

The triple {(9,2,%,6,a), T,8,v1,8), 6,8 w1} of (f g u,0, N)-str
uctures satisfying (2. 11)-(2.15) is called a 3-siructure. We denote by {4}
the Christoffel symbols constructed from the given Riemannian metri¢ %;, in M
and by {;%} those constructed from the metric g;; induced in the hypersurface M.

We denote by %j; the second fundamental tensor of the hypersurface M and
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put ki;=g"*h;;. Then, the equations of Gauss and Weingarten are given resp-

ectively by
(2. 16) ¥ :Bi=0;BA+ {,A} By B#— {3 Bit=h;C%,
(2. 17) VJCA - aj(:'2 + {1‘2,,} BJ.”C#: —’hjiB,'l.

Differentiating (2. 4), (2.5) and (2. 6) covariantly along M and iaking acc-
ount of (2.16) and (2.17), we have

2. 18) 7=+ b — g 5+ 88,
(2.19) Vju;i=—h;Qf—ag;,
(2. 20) V&= t+ah;,

and for another two Sasakian structures the similar relations are obtained.

§ 3. Hypersurfaces with 3-structure

As preliminalies, we recall the definitions of quasinormal and normal of an
{f, g, u, v, A)-structure.

We now put

S[9, 01;"=[0, 01+ W pt;~V ) wt+ (F £,—V:£) %
B.n SIZ, 61, =17, 81+ ¥ mi—FVo)w'+ Faw;— 7 w)ov*
+ W=V )+ L~ L) p,

where [@, @] is the Nijenhuis tensor formed with @ and [#, 6] the Nijenhuis
tensor formed with ¥, © respectively. Similarily, we define S[¥, @], S{6, 61,
S[6, @] and S[®, ¥] for the other tensors.

An (. g,u,v, )-structure (D, g, «,&, &) is said to be quasi-normal if the co-
ndition. ’
(3.2) S8, 07—~ (@ Ps— P/ Pijp) =0
is satisfied, where

3.3 Ciin=V B~V Op;— V1P
The structure (@, g,%,&, @) is said to be normal if this structure satisfies
(3. 4) S [ﬁ’ ¢] =0.

In the following we study some properties on a hypersurface with the indu-
ced 3-structure of a manifold with Sasakian 3-structure.
Substituting (2.18), (2.19) and (2. 20) into (3.1), we get
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(3.5 - S[@®, 1= (D — kD)o, — (Dith— b ) u;,
(3.6) S, 6];:*= @ b —hj/THyw,— @b —hT ) w;
-+ Bk —h65) v~ 0k — '8, v;.
By the first equation of (3.5), (3.4) is equivalent to the commutativity of
® and k on a hypersurface of a Sasakian manifold.
The following Lemma A is known ([6]).

LemMMA A. Let M(C>2) be an orientable connected hypersurface of a Sasakian
manifold M. If one of ®, ¥ and © commute h and o®+1 (resp. [*+1 or 7°
#1) almost everywhere, then the hypersurface M is totally umbilical,

Substituting (2 1_8) _into (3.4), we find @;;,=0. Thus the equation (3.3)
shows that the structure (@, g, %, &, @) is normal on the hypersurface M.

So we have the following from Lemma A and (3.5)
: PROPOSITION 3. 1. Let M be a hypersurface with a 3-structure {(®, g, u, &, a),
@, g07n08), O.gwl ) of aSasakian manifoled. If one of 3(f, g, u,v, 1)~
structures (90, g,4,6, ), @, g,v,%,8) and (8,8, w, L, 1) is a normal on M,
then the others are so also.

PrOPOSITION 3. 2. Under the same assumptions as those in Lemma A, all of
Sle, @1, SL¥, ¥l, S[6, 81, S[¥, 61, S[6, O] and S[P, T] are vanished.
Now we prove

PROPOSITION 3.3. If the vectors u*,v" and w* for the induced 3-siructure on
a hypersurface of a Sasakian 3-structure manifold are linearly independent alm
ost everywhere, and if S[¥, 81=0, then ¥ and © are normal.

Proof. From the secqnd equation of (3.2), we have
@ b —hfT Pywi+ 8k — b6, v;
(3- 7) = (withth‘"hifwth) wj‘l' (ei'hth_'hiteth) Uj.
Transvecting (3.7) with o/ and w' respectively and using (2.10) and
(2.13), we obtain

3.8) @ fhea—hiT ) (—Br) + Bk —18,,) (1— 57)
s =Fomrwa,.
3.9) @ fhep— 8T ) A—75) + (O — k0, (— BY)

— A
=f"vpu+ 7" wiw,
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where #, 87,7' and 7” are defined respectively by
Bva=v (Brhy—hi6.), 7'wi=v @ they—hiT ),
B"vy=w (B:thy—hi'0y3), T wi=w T hy—hT ).
Eliminating the terms of wjw, from (3.8) and (3.9), we get
LA=7 +8rr" 1@ fhy+ b)) —[(A—7" +Brr']
X (07hep+Bthy) = (77 —B'7") v
from which, by transvecting gi*, (8"’ —p'7") (1— %) =0.
Since v* and w* are linearly independent almost everywhere, i.e.,
1-8 =g
—-8r  1-7*)
This together with (3.8) and (3.9) show that & and 6 commute with &

Hence ¥ and ® are normal structure.

#+(Q  almost everywhere.
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