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RESTRICTED DOUBLE AUTOMORPHISMS OF THE SPACE
OF ANALYTIC DIRICHLET FUNCTIONS

By P. K. KAMTHAN AND S. K. SINGH GAUTAM*

1. (a) Introduction. Let C be the complex plane equipped with its usual topology.
Let X be the family of all Dirichlet functions with abscissa of convergence and absolute
convergence greater than or equal to A>0 (see [4], page 33). For each f<=X, define

P(G,f):;lanle"‘", where f{(s) :—‘il?a,,e“n, s:=g+1t ¢ C,

where ¢ is arbitrary and <A. Clearly, this defines a semi-norm on X. Denote by (X,
0), the space X equipped with the locally convex topology U generated by the family
{po,-++) : 6<CA} of semi~norms. We consider another space (Y, @), YCX, equipped
with a certain Fréchet topology @ which is stronger than the topology induced on Y by
0. The main aim of this paper is to construct restricted double automorphisms (see defi-
nition below) on X and Y. Throughout we assume that X and Y stand for locally con-
vex spaces mentioned just now unless something else is stated regarding them.

If X is a topological vector space and Y is its subspace equipped with a topology stro-
nger than the induced topology on Y from X, then an automorphism T on X and Y me-
ans a linear homeomorphic mapping of X onto itself while a restricted double automorp-
kism on X and Y is a mapping T such that T is an automorphism on X and T'|Y (res-
‘triction of T on Y) is an automorphism on Y.

A base in the space X is a sequence a, in X such that every element f in X i1s uni-
quely represented as follows:

(1.1 f =n};1a,am

where {a,} CC. A basis {a,} in X is said to be proper base if for all sequences {a,} of
complex numbers

Sa.x, converges in X <= Z{'a,ﬁ,, converges in X,
n=1 8=

where §,(s) =¢**». A characterization of a proper base has already been established by
us in our paper [3] in terms of the following conditions:

(o) lim_‘sgp _—_w___logpl(la, i) <A, for all o¢<<A;
and
® lim {im inf 1E20S) 4> 4,
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In the construction of a continuous linear map on X that we have in our mind, we
shall need the following result which we have proved elsewhere in [2]:

LEMMA 1. A necessary and sufficient condition that there exists a continuous linear trans-
Sormation T : X—X with T é,=a,, n=1,2, - is that the condition (a) holds.

1. (b) Construction of cortinuous linear map on X.

We now proceed to construct a continuous linear map on X. Let {a,} be a proper base-
for X and {¢,} X be any sequence satisfying

(a") lim sup -l«og—plgifé—”)-»<A, for all <A,

Ao

Then for each fEX, there exists a unique sequence {a,} of complex numbers such t1::

N
Zlana,. —fin X, as N-»oo,

and

1.2 Jim sup ngla"" <A

Now by (a’), given 6< A, there exists e2>0 and an integer N;=DNj(o, &) such that

(0, )= 2% for all n>N;

-——”’;l‘anfﬁ(d, ¢,) converges in (X, 0) for each o<A.

Hence ila,,gé,, is absolutely convergent and so convergent in (X, ¥). Thus with the abo-
ve conditions imposed on {a,} and {¢,!, we can define a mapping P : X — X, as follows.

3 P(f) =S adn = La

It is seen that P is continuous, for taking into account (@), there exists a ;<A such.
that

(0, 6n) <&'=, for all n>N,
and hence there exists a constant k>0, such that
po, b,y <khet’s, for all n>1
=kp(6y, 0,), for all n>1.

Now, since {a,} and {J,} are proper bases for X,

E% aﬁ e Zan Cy
=1 a=1
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is a topological isomorphism (see lemma 1 and Theorem 2. 2, [2]). Hence there exist con-
stants k;, M and numbers g5 and ¢35 such that

P(01, 02) <hap(ay, @) 5 and p(as, @) <Mp(03, 6a)-
Hence
10, 9.) <kp(a2, @), k=hiks

= IpfI<EE el plor, @)
:k%ﬁ(o’z, @) :kM’;P((T& @,0n)
=kMp(os, f)

—=> p is continuous,

2. Continuity condition for mapping of X into Y.

In this section our concern lies in determining when the map P becomes a continuous
linear map from (X, @) into (Y, @). Let us assume that {||-}},, v=1,2,---}

stands for
the family of semi-norms which generate the topology.

THEOREM 1. A necessary and sufficient condition for P to be a continuous linear map
from (X, T) into (¥, @) is that all ¢, belongs to Y and

(2.1) lim sup ,,vleg\zllqép.l,l,»,<A (v=1,2, ).

The expansion in (1.3) then converges in Y for all fEX.
Proof. Let ¢,=Y and (2.1) hold good. Then there exists ¢2>0, such that
lgall , Lot 2,

for all n>N. We can find a constant £ such that

(2.2) lpll,<keA=04a  for all n>1.
Now any f&X can be represented as

f= Zan,
where {a.) is a proper base for X. Therefore by (1.2), choosing 6<e, it follows that
la,] <eCA™ 4 for all #>N..

Hence the series )jj_’l a.$, converges (indeed absolutely) in (Y, &). Hence the map P:

(X, 8)—~(Y,@) is well defined. Let [|-]l, be an arbitrary given hut fixed semi-norm on
Y. Then for this v, we have by (2.2), for f&X
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“Pf”xzék ii [a”[e(A‘s)xn

=kp(A-e, ).
Hence P is a continuous linear operator from (X.B) into (Y, @).

Conversely, assume that P is a continuous linear operator from (X, %) into (Y, @).
Clearly then {¢,} CY. Consider any sequence {a,} CC, such that, ifl a,, converges in
(X, 0.

= a,a,~0 in (X, 0)

= P(a,a,)—0 in (Y, @).
Hence
(2.3) |@,!li@all,—0 as #—o0, for each v=1,2, -

Suppose (2.1) is not true. Then for some semi-norm [-[|,, there exists a sequence
{r, with r<<ry<l---<ry—A as [-»co such that

@49 _log_l‘ifﬂlﬂz_>n.
Define a sequence {a,} of complex numbers as follows:

s n=n, l:l’ 2, aen

1
o= 1 TolL,
0 n¥Fn, [=1,2 -

Then from (2.4) and this choice of @, it follows that

lim sup log—x’itl,L <-A

= i}la,.a,, converges in (X, &)
== |a,|l¢ll,—0 as n—oo in (Y, @), by (2.3).

But this is contradicted by the fact that |a,|lld.ll,=1, for n=n; This completes the pr-

oof.
If we restrict the class Y, then a simpler condition for P to be continuous linear map

can be established as stated in the following theorem.

THEOREM 2. Suppose Y consists for all functions g(€X) of the form g= ga,gs,, for
which sup [p(o, )10, and the topology on Y is weaker than that determined by the

sup norm. If the functions ¢, (n=1,2, ) belong to Y and are uniformly continuous in the
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half-plane <A, then P is a continuous linear mapping from X into Y.
Proof. Let P, (—o0o<u<(0) be a mapping from X into Y defined by
(P.f)(o+it)=Pf(p+o+it), <A,
Thus

(Pf)(o+it) = 3 agilo+in),
where
¢i(o+it)=¢,(c+p+it), o<<l, n=1,2 .
From the condition (a’) we get,

log H¢i”,g,_<A.

lim sup —— o
n—too 7

In fact, since the topology on Y is weaker than that induced by the sup norm, therefore
given any v, there exists a constant £, such that

o), < kg,

v 2=

where

igill= sup lsup |¢“(oi)1}.

ot

Hence given ¢<(), there exists a ¢<{A4, such that
Il <_sup Igiloin) |+

< plo+p, 6,) te

Se(‘“f‘) An +e

g (AFw 2, {1+0(1)}

=> lim sup - lq‘c’j;?"- iv’~<A,
for v>1, and for each p, —oo<{p<(0. This, by Theorem 1, implies that P, maps X
continuously into Y. Clearly the family P, (—oo< pu<() is pointwise bounded, since
WP, A< Pfll, for all u and each fe=X. Hence by Banach-Steinhaus Theorem ({17, p. 55,
Theorem 18), this family is uniformly bounded. Moreover the uniform continuity of &,
implies that

ligg 1@+ 2) ~0,(2) | =0, z=0c+it, oA
= lim |P,3,(0+it)—PB,(0+it) | =0
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Hence
1:3} P On— P8 M :3}}'}’; {fgf _sup |Pdno+it) —Pd,(0+it) |} =0, n=1,2,-,
i.e., [P, convergesto P on a total subset of X. Hence P is a continuous linear mapping
of X into Y.
3. Construction of restricted double automorphisms.

In this section we confine our attention to the two sequences {a,} and {8, in X for
which the function

(3. 1) ¢n:ﬁn—am

belongs to Y and satisfies (2.1). Then corresponding to any prescribed seminorm |||, on
Y, there exists a number p, such that

M—eo

3.2) lim sup hg—%é’iﬂ”—é p<LA4,

holds. Since the topology on Y is stronger than that induced by X on Y, to each given
o< 4, there corresponds a constant K and a positive integer v, such that

6.3 p(o, ) <klifl,, for all fEY.

From (3.2) and (3.3), it follows that for any 0<A, there are positive constants M and
p<A, such that

(3- 4) P(O', ¢n} SMeM", n= 19 2, o,
In view of these observations, we prove that following result.

LEMMA 2. Let {a,} and \B,} be sequences in X for which the function &, of (3.1) belo-
ngs to Y (n=1,2, -+) and satisfies (2.1). Then the sequence {8,} satisfies the condition (a)
if and only if {a,} does.

Proof. Let us assume that {a,} satisfies the condition (a). Then there exists a constant
01 <A, such that

lim sup Jog p(0,0) )(:’ %) < o1,

B

we also have
2o, ) < p(0, an) +p(0, $2), for all s<A.
By (3.3) given ¢, there exists a v and a constant % such that

200, 8,) <E|gall.

By (2.1), given v, there exists a constant p,<<A, such that
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lim sup i’%"— <<l A

= ||gll,<ef2?s, for all n>N
==  plo, $,) <ke*s™s, for all a>N.
Choose p=max(p), p;), then
(0, Bp) et keoin=(k+1) et

= lim sup Egﬁ%—’ﬁ'—)Agp<A,

n-veo

and so {8,} satisfies (a). Hence the result follows by the symmetry of the given cond-
ition.

In the statement of the above lemma, if we replace the condition (a) by (8), then
the result is not necessarily true. For example, when Y=X then G=@. Consider then

—a,(8) =@,(s) =e*n, n=1,2, -

If Y is taken to be a Banach space, then the above assertion is valid. In this connec-
tion, we prove the following lemma.

LEMMA 3. Let {a,} and {8} be sequences in X for which the function ¢, of (3.1) belo-
ngs to Y(n=1,2,) and satisfies

3.5) sup {lim sup lﬂ—g—fﬂm‘—-} <A.

»21 B

Then the sequence {B,} satisfies condition (B) if and only if {a,} does.

Proof. From hypothesis (3.5), it follows that we can find a number p<{A such that

lim sup lOg']zlqsn”u_<p,

nero0

for all »>1, In view of (3.3), this in turn implies that for each ¢<CA,

n—r=

lim sup .1_08_1_’}(9,_%)_ <.

Let us now assume that {,} satisfies condition () and 1 be any number such that
p<A<A. For ¢ sufficiently near to A, we have then

lim inf -k’gﬂ%'ﬂﬂ-)—>z.

n-s e

Also relation (3.1) implies
€0, 8) 2p(0, a,) —p(o, $,)
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>ern—eta, for all n>Max (N, N,)
=eMn (] —gP D)

—veo
i 7

oA n—reo

Hence, {B,} satisbes condition (8) and the other part of the lemma follows by symmetry..

Since condition (&) and {8) are necessary and sufficient for a basis in X to be proper,
lemma 2 and lemma 3 gives rise to the following theorem,

THEOREM 3. Let {a,} and {B,} be bases in X for which the function {6, of (3.1) bel-
ongs to Y (n=1,2, ) and satisfies (3.5). Then for {B.} to be proper, it is necessary and
sufficient that {a.} be proper.

Now our aim is to define restricted double automorphisms on X and Y. For this, we
first state the following simple result, whose proof follows from the open mapping theo-
rem ([1], p.57).

LEMMA 4. Let T=S+P, where S is a resiricted double automorphism on X and Y and
P is a continuous linear mapping of X into Y. If T is an automorphism on X, then T is,
in fact, a restricted double automorphism on X and Y.

TuEOREM 4. Let (o} and {B.} be proper bases in X and let T be the endomorphism
mapping i) on to 8. If the furwtio;z On=Fn—a, belongs to Y (n=1,2, ) and satis-
fies the condition

lim sup "lgg,]zl¢"]}y‘<A, v=12-),

n—sw

then T is a restricted double automorphism on X and Y.

Proof: Let for any function f€X, its expansion in the basis {a,} be given by

f= ga,.a,.
Then Tf is given by
Tf= Y,a.p,

= ug la"a"+ u;xa"gb"'

If we denote the identity map by I, then T=I+P, where P is defined as in (1.4). But
by theorem 1, P maps X continuously into Y and [ is obviously a restricted double auto-
morphism on X and Y. Using lemma 4, T becomes a restricted double automorphism
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on X and Y. This completes the proof.
The following result immediately follows from Theorem 3.

COROLLARY 4.1. Let {a,} and {B,} be bases in X for which the function

On= P,
belongs to Y (n=1,2,-++) and satisfies the condition

R0

sup {lim sup —195,2@’&}<A.

If one of the given bases is proper, then both are proper, and the endomorphism T map-
ping {a,} onto {8} is a restricted double automorphism on X and Y.

References

(1] Dunford, N. and Schwartz, J.T. Linear Operators: Part 1 General Theory (New York, 195
6).

(2] Kamthan, P.K. and Gautam, S.K. Singh Certain Operators in the space of analytic Diri-
chlet transformations, Collect. Mathematica, Vol. 23-Fasc. 1*-(1972), 3-8.

[3] Kamthan, P.K. and Gautam, S.K. Singh Bases in a certain space of functions analytic in
the half-plane (To appear in Indian J. Pure and Applied Math.)

[4] Markushevich, A.I.  Theory of Functions of a Complex Variable, Vol. II Prentice-Hall,
Inc., 1965.

Indian Institute of Technology Kanpur-208016, India.





