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§ 1. Introduction.

This paper is concerned with the study of modules whose lattice of submodules is distributive and,
in particular, the study of rings R such that R®is a D module. In §2 we consider the basic properties
of D modules and D rings. In §3 we consider the rational extensions of modules over a left D ring and
we obtain the following result. If R is a left D ring, then every left R-module is rationally complete,

§2. D rings and D modules.

Throughout this paper, R will denote an associative ring with identity 1 and each module M will be
2 unitary left R-module. L(M) will denote the lattice of submodules of M and E(M) denote the
injective hull of M.

DEFINTION 2.1. (2) M is said to be 2 D module if L(M) is a distributive lattice. That is,

1) for all A,B,CEL(M), ANB+C)=(ANB)+(ANC) or equivalently

1) for all A,B,CeL(M) A+ (BNC)=(A+BYN(A+C).

b) R is said to be a left(right) D ring if R?(®R) is a D module.

PROPOSTITION 2. 2. Suppose that M is a D mcdule if and only if Home(A/ANB, B/ANB) =0
for all A,B&L(M).

Proof. A lattice is distributive if and only if relative complements are unique [3]. If ANB=0,
then there is a bijection between Homg (A,B) and the set of complemenis of Bin A+B. Thus
working modulo ANB, the complements of B in A+B relative to ANB are in one to cne correspon-
dence with Hom(A/ANB,B/ANB). The result foliows.

PROPCSTION 2. 3. Every idempotent of a left . ring is central.

Proof. If R is a left D ring and e=R is an idempotent, then R=Re@(1—¢) and eR(1—e)=
Hom ((Re, R(1—¢))=0. Zimilarly (1—e)Re=0 aud so ¢ is ceniral.

PROPOSTITION 2.4. M is a D module if and only if for every module P and f&Hom (P, M),
S (A+B) =F1(A)+f-1(B) for all A,B&SL(M).

Proof. Let C be any submiodule of M and f: C—M be the inclusion map. Then (A+B)NC=
STHA+B) =f1(A) +fB)=ANC+BNC. ()1 (A) +1B) =/ 1A+ (B) =
FUSFHA) +1B) = HANS®) +BNS(P)) =F*(A+B).

DEFINITION 2.5, A ring R is said to be left subcommutative if every left ideal of R is a two-ideal.

PROPOSITION 2.6. If R is a left artinian D ring, then R is left subcommutative.

Proof. Let M be a left ideal of R. Suppose that MregM for some r&R. Put A=Y (B&EL(M) |BrCB}.
Clearly A is the largest left ideal of R contained in M and ArCA. Since A%M, there is a left
ideal X of R such that ACXCM, A#X and X/A is a simlpe left R-module.
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(Notation. Let r&R. Ar-!= {r|zrsA})

Then ACAr'C Xr~', so that AC XN XrICX. Since Xr&X and X/A is simple, A=XXr"l. By
an easy calculation using proposition 2.4, X=XNXr!)+ ENXr). X= (XﬂXt"‘l) + XNXr) =
A+XNX)=A+XNXrY)r=A+Ar=A. It is a contradiction.

THEOREM 2.7. R is a semi-perfect left D ring if and only if R is the finite direct product of left
valuation rings.

Proof. (=) Let R be a semi-perfect ring. Then R has a complete of orthogonal idempotents e, e,

Then R=eiR@eRP-+eeseee @enR. Since idempotents in a left D ring are central,
R=eiRe; PeRer@Preseeee-e PDenRen.

Since eRe; is a local ring [2], eiRe; is a left valuation ring [4]. Therefore R is the finite direct
product of left valuation rings.

(<) Since a left valuation ring is a left D ring [4] and any direct product of left D rings is again
a left D ring, the theorem is clear.

THEOREM 2.8. Let R be a left D ring. The following assertions are equivalent:

1) R is left perfect,
2) R is right "perfect,
3) R is left artinian.

Proof. 3)=>1) and 3)=»2) are obvious[1].

1)=»3) Since a left or right perfect ring is certainly semi-perfect, we can assume, with out loss of
generality, that R is a left valuation ring. If R is left perfect, then R has the ascending chain condition
on principal left ideals. '

But any finitely generated left ideal of a left valuation ring is principal, and so R has the ascending
chain condition on finitely generated left ideals. Therefore it follows that R is left noetherian. Hence R
is left artinian[1].

2)=>3) If R is right perfect, then R has the descending chain condition on principal left ideals.
Suppose that A1DAz DAz Deeeeesen is a strictly descending chain of left ideals of R.

Choose 2;cA; but aic£Ais1. Since R is a left valuation ring,, A;DRa;DAiy. Hence we obtain a
strictly descending chain of principal left ideals, a contradiction.

§3. Rational extentions of modules over a D ring.

DEFINITION 3.1. A submodule N of M is called large in M (written NCM) and M is called an
essential extention of N provided that N(\K#0 for every nonzero submodule K of M.

DEFINITION 3.2. Let N be a submodule of M. M is called a rational extention of N if for each
submodule B such that NCBCM, fe&Homge(B, M) satisfies f(N) =0 if and only if f=0 [2].

DEFINITION 3.3. A module M is rationally complete provided that M has no proper rational
extention{2].

NOTATIONS 3.4. Let A be an R-module. If a==A, (a)®= {r&R|ra=0}. C(A) denote the rational
completion of A.

PROPOSITION 3.5. A module M is rationally complete if and only if M=C(M).

PROPOSITION 3.6. Let A be any simple left R-module.

Let S(A) = {(z)®|0#x=E(A)}. Then x&C(A) if and only if (z)® is maximal in S(A).

Proof. If 0#2=C(A) and ()R is not maximal in S(A), then there is a 07#y=E(A) such tha
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()RS (y)® and there is an &R such that r'z#0 but ’y=0. Define ¢ : Rz —>Ry by ¢(rz) =ry
for all »&R. Then ¢ can be extended to ¢=Hom(E(A),E(A)) and ¢ (~'z) :¢(r’x) =r'y=0.
Thus 0#r'z&Kerd and therefore ¢=£0.

Then since A is simple and ANKerg#0, $#(A)=0. Thus C(A)CKerg and in particular ¢(z) =0.
Hence Ry=¢(Rz) =R¢'(z) =0.

Thus it follows that y=0 which contradicts the original assumption.

Thus (z)® is maximal in S(A).

(=) Let 0#z<=E(A) and (x)® is maximal in S(A), Let A=A=Hom(E(A), E(A)) such that
A(A)=0. Since Rxr#0, there is #&R such that 0#r'xz and 7z&A and hence 7i(z)=0. Now
()®Z (A(x))® and & (x)R Since this contradicts the maximality of (x)® in S(A), we conclude
that if &4 and 2(A)=0. Then A(z) =0 and thus 2&=C(A) = {Kerd|2(A) =0}.

THEOREM 3.7. If R is left subcommutative, then every simple R-module is rationally complete.

Proof. Let A be a left R-module and let z&C(A). For a=A, A=RaC’'Rz. Let M=(a)® and
I=(x)R. Then (a)F is a maximal left ideal of R. Let ¢ be the mapping from R/M into R/I by the
composition R/M—>A—>Rx—>R/L. Let ¢(1+M)=y+1L

Then ¢(i+M) =i (1+M) =iy+I1=04+1=0. But Kery=M, so that ICM.

Hence (z)RC (2)R. Since 2&C(A), (x)R=(a)®. Thus (z)® is a maximal left ideal of R, so that
Rz is a simple left module and thus Rz=A.

THEOREM 3.8. If R is a left perfect D ring, then every R-module is rationally complete.

Proof. Suppose that R is a left perfect D ring. By theorem 2.8, R is right perfect and left artinian
and by proposition 2.6, R is left subcommutativé. Thus by theorem 3.7, every left simple module over
R is rationally complete. By [5] every left R-module is rationally complete.
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