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A.H. Frink [2] proved that: Let X be a semimetrizable space via semimetric d such that d(z, 2,)—0
whenever d(z, y») =0 and d(zn, y.)—0, then X is metrizable. Using thig fact, we have the following
metrization theorem for semidevelopable spaces and Nagata spaces.

Theorem. For a topologicil space X, the following are equivalent;
(1) X is metrizable.
(2) X is semimetrizable by a semimetric d such that d(z, y.) —0
and d(xn, yx)—0 imply d(z, z.)—0, .
(3) X is To and has a semidevelopment 7= (y1, 72, 73-++-e+++: )
such that {sz2(z,7.) : =N} is a local base at z, and
(4) X has a decreasing Nagata structure {Sp(z)), {Ua(z)} such that zES.(y) iff y=S.(z).

Proof. (1<==>2). See [2, p.137]

(2=3). Let 7a={A: diameter of A<1/n} for each n. Then st(z,71s)=S(z;1/n), 1/n -sphere
centered at x, and hence 7= (71, 72, 73, +++o++=+ ) is a semidevelopment for X.

Assume that there is an open set U containing = such that there exists an z.&s£2(z, 7.)-U for each
n&N. Then there exists a sequence {y} such that d(z,y.)<1/n and d(ym zs)<1/n. These imply
that the sequence {r.} converges to z, which is a contradiction.

(3=>4). Let Su(z) =st(z, 7a) and Un(z) =s22(x, 7). If Sn(x) NSa(¥) @, then z&s5:2(y, 7n) =Ua(y).
This shows that {S.(z)} and {U.(z)} is a Nagata structure for X. Now it is clear that 2=S,(y) iff
yESn(x).

(4=>2). Define d(z,y)=1/inf (JEN : y&S;(2)}. Then, z&M; iff S.(z) \Mxx¢ for each »&N;
iff there exists z,&M and d(x, z.)<1/n for each 2&N; iff d(x,M)=0. This implies that d is a
semimetric for X. '

Now assume d(z,¥s)—0 and d(¥n 2n)—0. For each k&N, there exists an n&N such that
d(z, yn) <1/k and d(zn, yn)<1/k for every n>>no. This implies that Si(z) NSk(zn) @, and hence the
sequence {zx} converges to z. Therefore d(2, zn)—0. This completes the proof.
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