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1. Introduction
Let L denote the algebra of bounded operators on H?, K the uniformly clesed two-sided ideal of
compact operators in L, and @ the homomorphism of L onto L/K. An operator A in L is said to
be a Fredholm operator if A has a closed range and both a finite dimensional kernel and cokernel.
Let H*+C be the linear span of H* and C. Sarason shows in (1) that H*+C is a closed subalgebra
of L», This paper shows the characterization of the invertibility of Fredholm operators in H>+C.
2. Main theorem
Lemma 1 (2). If ¢ is & function in H*+C, then Ty is a Fredholm operator iff ¢ is invertiz.e in
H>4C,
Theoreml If ¢ is a function in H=+C, then T is a Fredhohn operaior iff there exiz: ¥, &> s.ach
that | (rei) |>¢ for 1—0<r<1, where ¢ is the harmonic extension ¢ to unit disc D,
proof. Let ¢ be a function in H*+C such that
19 (cei®) | >e>0 for 1—0<r<1
Choose ¥ in H* and an integer # such that ||¢ -z~ ||.<¢/3. Then there exists §,>>0 such that
for 1—0:<<r<{1, we have
|27 (refe) — 27 (refy) | <e/3.
Therefore, for 1—8;<r<1 we have that
|@ (relr) — e~ (reir) | <2¢/3.
snd hence |¥ (re*) |>¢/3 if we also assume r>1--d, Let zi,+-,za be the zeros of the analytic
fuaction § (2) on D counting multiplicities. Then we can find a function 6 in H* such that ¥=pf,
where p= (z—z1) -+ (z—zn), Since §=pp, we conclude that & dose not vanish on D and is bounded
away from zero in a neighborhood of the boundary. Therefore, @ is invertible in H>®, Since p is
‘nvertible, it follows that ¥=pe, and hence z~"¥ is invertible in H*+C, Since ljﬂl|¢~-¢\,j]g:0v

where ¢, (eif) =¢(ret), we have |p(ei) |>¢ a.e. and hence |z ¥F|>>2¢/3 a.e. Therefore,|| (z )1}
<(3/2: and hence ¢ is invertible in H*+C, By Lemma 1, T is a Fredholm operator. Conversely we
again approximate ¢ by a function of the form z=*¥ with ¥ in H* and analyze the inner and outer
foctors of ¥, We obtain the desired result.
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