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1. INTRODUCTION ,

Let E be a topclogical Vector space, and E’ its topological dual. The topology on E associated with
zhe family of continuous linear forms f&ZE' is called the weak topology of E. If E is a normed vector
space then let us call the topology on E associated with the norm the strong topology. A sequence
{za} in a normed linear space E is said to be converges weakly (strongly) to z in E if {xa} converges
to x provided E is equipped with the weak (strong) topology.

Choquet [1] proved that if E be a Hilbert space then the statement {zn) converges strongly to z is
equivalent to {za} converges weakly to = and {|zall tends to | 2z{|.

Let E and F are normed linear spaces and L(E, F) be the set of all continuous linear map T on E
inio F. The purpose of this paper is to show that the following two siatements are equivaleni =lienever
F is Hilbert space:

1) {T.} in L(E,F) converges to T strongly, that is, for each 2&E, {Tnz} converges to Tz strongly.
2) {Ta.z} converges to T weakly, that is, for each z=E, {Tnz} converges toTz weakly and || Thz ||
tends to || Tz]. :

2. PRELIMINARIES

Let a be a fixed element of a Banach space E,Let €>0 and let f1 faeeeeee fn be elements of E’,
Consider the set

U@ =U(a: fife-fn,)={z ! |fiz—fia|<e}, i=1.2,on
since the class of all sets U(a) with @ fixed is a base of neighborhcods of a in the weak topology on
E, {z.} converges weakly to z is equivalent to, for every fEE’, we have f(x.) converges to f(x).
On the other hand, {za} converges strongly to = in E means that [|z,—=z|| tends to zero.

LEMMA 1 :In a Hilbert space E. A sequence {z.} weakly conyerges to z if and only if (x.]y)
converges to (z|y) for each y=E where (z]y) is the inner product of z and y.

Proof. Since the map Py . z—(z}y) is a continuous linear form fcr eyery y&E, the sequence Py ()
converges to Py(z), that is, (z.|y) converges to (z]y) for each y=E, On the other hand, from
Frechet-Riesz theorem, for every f&E' there exists an element y=E such that f(z)=(z|y) for all
xEE, 1t follows that by Hypothesis (zn|y) converges to(z|y) implies f(z») converges to f(z) for
every f&E’, Hence {z.} converges weakly to z, ’

LEMMA 2 :In a Hilbert space E. If . (x,} -converges strongly to = then {z.} converges weakly to z,

Proof. Since || za—=z|| tends to zero, for every €0 and for every non zero y in E there exists a



N>>0 such that >N implies || za—z [l < ”;“ , and now, by Cauchy Schwarz inequality | (za|y)—
(| |t za—2]| || ¥l <e provided >N, Thus(zn|y) converges to (z|y) for every y=E. By Lemma
1, converges weakly to z.

The converse of Lemma 2 is not true. The sequence (es) of unit vectors in Hilbert space /2 does not
tend to zero since [|es|| =| for every n, It tends, however,to zero weakly. Indeed, (e.|a)=a. and
@, tends to zero because ¥|a.|2 converges implies(an) acn converges to zero, where a=(a.) is an
element of /2

LEMMA 3, Let E be a Hilbert space.x a point of E and {z,] a sequence of E ;the following
statements are equivalent,

1) {za} converges strongly to z.
2) {zn} converges weakly to x and ||z || tends to || z]||.

Proof. By Lemma 2 and | {lz|| — ||zl | <llza—z]|, 1)=>2) is obvious. Let us prove the converse.
Since weak convergence implies (za]z) converges to (z|z)= |z |2 ||za—z]||2=1 zal]2+ || z|l —
(za|x) — (x|xa) tends to zero as n—oo, In other words || zn—z{| tends to zero, that is, {z.} conver-
ges strongly to z.

3. THEOREMS

Let E and F bz normed linear spaces. The linear space L(E,F) of continuous linear mappings T :
E—F have three topologies as the following definition.

Definition 1 : The Uniform operator topology in L(E,F) is defined by the metric topology of L
(E,F) induced by its norm {|T||=sup||Tz||, In L(E,F) equipped with the uniform operator
topology, a sequence {Th.} converges t(l>l ;'erlleans that || T7»—T|| tends to zero. In this case, we call
{T»} uniformly converges to T.

Definition 2 : The family of sets U(T : A,e)={R=L(E,F) . || (T—-R)z || <e, z=A}, where 4
is a finite subset of E and €>0 is arbitrary, forms a basis of neighborhoods of a topology for L(E, F),
This topology is called the strong operator topology for L(E, F). In the strong operator topology, a
sequence {Tn} converges to T in L(E,F) if and only if {Ta.x} strongly converges to Tz for every
z=E in F, We can say roughly that a sequence {7} strongly converges to T if || Taz—Tz!|| tends
to zero for every x&E in F,

Definition 3 : The weak operator topology in L(E, F) is the topology defind by the hasis of neighb-
orhoods of T,

U(T: A,B,e)=(REL(E, F) : | f(T-R)z || <e, fEB, z4)
where A and B are an arbitrary finite subset in E and F’ (the dual of F) respectively. Thus, in the
weak operator topology, a sequence {T»} converges to T means that {f7T.x} converges fTz for every
z&E and f in F' and also equivalent to,. the sequence {Tnx} weakly converges to Tz for each x&E
in the scense of §2 in F. We say that a sequence {Tn} weakly converges to T if {T,} converges to
T in the weak operator topology for L(E, F),

THEOREM 1 : Let E and F are normed linear spaces. In L(E,F), if a sequence {T,} uniformly
converges to T then {T,} strongly converges to T.

Proof: For every non zero element = of E and positive real ¢, there exists N such that n2>N implies

i T,.—Tu<”;“ because {T} uniformly converges to T. From || Taz—Tz || <II To—TIl Izl

for every x=E, we have || Ta—T'|| <¢ for 2>N, for every z=E. Hence {T.} strongly converge
to T.




THEOREM 2 : Let E be a normed linear space and F a Hilbert space. A sequence {Tw} in L(E,F)
weakly converges to T if and only if {(Taz|y)) tends to (Tz|y) for each pair (z,y) in ExF,

Proof: By Definition 3 {Tn} weakly converges to 7" means that (Thz} weakly converges to Tz for
each z&E in the Hilbert space F. Lemma 1 asserts that the theorem is true.

THEOREM 3 : Let E be a normed linear space and F a Hilbert space. If (T4 strongly converges
to T then (Tl weakly converges to T. '

Proof: By Cauchy Schwarz inequelity, for every pair (x,¥) in ExXF |(Taz|y)—(T2|y)| || Tez—
Tzl .

Since {T3} strongly converges to T, || Tox—Tz]| tends to zero. Thus, from theorem 2, {7} con-
verges to T weakly.

THEOREM 4 : Let E be a normed linear space and F a Hilbert space, and let T, T in L(E,F).
The following two statements are equivalent.
1) {Tn} strongly converges to T.
2) {Tn} weakly converges to T and {| Taz |l tends to || Tzl for every z<E.

Proof. From Lemma 3, Definition 2, 3 and Theorem 3, the Theorem is true.
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