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2. Multivariable Positive Real Function

214 Multivariable Function®] 7E#%E Single Vari-
able Functions] =73 H#gs] B7] 2 3kc}.

Single Variable® Jebd 4 9l = System¢] Tran-
sfer Functione] | o} #EE= Driving-point Func-
tiond FEsle] 2ol EESY ARE v w7t @
v}, Cauer?] Ladder Developmentiu} Darlingtone]
Insertion Loss Theory%e] %o f|qls] Positive Real
Function®| 2}= fif#Hsl o} Fr}2 ConceptE F|F3}
# = ol r}. Multivariable Function&E A= [
—3F #d12 Positive Reality2 A1z sle =2 2.9 E#H

£ Single Variable?| 7 %2} HEEA 7:] w2 sk=}.
Definition 1.
Single Variable Function F(s)o] ol o] &

< Wi A7 o} Positive Real Functiono] g} &k},

(a).s7F BEY A F&O= BRUF v, (b). F(s)

7} Re s2>03] Domainsll 4| Analyticgtz = F(s)
o) EEWET H Re F(s)= Nonnegativeo] t},
Definition 2,
Multivariable Function F(p;, ps, *» Pm)®l ©oF

o) &S WEA 7 o Positive Realz} gteh. (a).
Pi, Po v beel HEQ o FE BEHUL ek (b).
F7} Re p,>>0, Re p:>0, -, Re pn>0 Domain
o 4 Analyticstz Re F7} Nonnegativeo] t}.
F@ilboz: 914 5 EHJL KEIRAW FELE
o2l EF 29 (b)E Testsle= A2 A9 RgE
golr), ek opzl o] RFESAl b & RS2 Single
Variabled] Z$-& ¢ @& lel G B B}
T Y R HH = H“ﬂfﬂ' &R, WE =
Bruneh&el REstehE A2 RFF 77X B Bott-
Duffine] W} Cascade fARE ® ﬁ'—" ot e RS BEokile
¥l el %27 LES =}

Multivariable®] 7%+

(544 )



Multivariable Functions} 8] &l glo] 42 RS

2 ARe] fEsa] ¢ $d HRe] W A%
et mEgAEe #eikel vl EES B Raxe
Hggol obF EEalch. ojel’t Halol 2AUL A o
g HiIFITFA A ol g ARl WEERHE g s A
o HirAES doly = BRG] 714 General Method
A frfeehd 244 Ekats BelA s stek of
ol Rrha] FRE 2 mo12 gt
3. Decomposition

Al 2 #5R F4R mEe) ComplexityE Reali-
zability REERe] A BMAAI7 = BE T & 4 9
o}, 2213 RHiell 4 BE® Theorems} Corollary &
A obelsh Z& Aol sivh,

Theorem 1

Let Z(p) be a multivariable positive real(m.p.r.)
function of a set cf complex variables P=(p;, Pz,

------ Pa). Then Z(p) can be decomposed as

Z(P)=Zi(p1, P2, =, Pr) + Za(Prv1, Peve, oo ) Pr),
I<m L
where Z;(py, ps, *- - s Pi) is mM.p.r. in py, Py, oo » Pr
and Zy(Piiy, Praz, =+ 'Pm) IS MLD.I. 0 Dras, Drezy = oors
Pw, if and only if
Z(p)-Z(py, Pz, ==+ s P 1, 1, , D (2)
is not a function of py, ps, -+ , bu.

Corollary 1
A necessary and sufficient condition for an m.p.
r. function Z(p) to be decomposed as

Z®)= 5 7.0,

where Z,;(p;) is a single variable p.r. function in p;,

is that
Z(p) Z(1, - ,1, piy 1, e )]
is not a function of p;, for i=1,2, - m-1.
Theorem 2

A necessary and sufficient condition for a multi-

vable reactance function

p
-3

to be decomposed as:
Z(p)= Z:l Z(ps),

(i) If d;(p;) does not vanish at the origin, then
Z'_(p,.)=Z(0' ...... .0, i, 0, reeee 0).
(ii) If d;(p;) vanishes at the origin, defining a

new function

Z=z(p)-r B,
=1 Py
where A, is the residue of Z(p) at p;=0, then

Zi() =Z 0, ~++,0,p4, 0, o, 0) + =%
Examples

1. An illustrative example 1 for Theorem 1

Consider the following m.p.r. function in

P=(P1, P2, Ps, Ps)

Z(p) _ P1P2PsPsP1PsP4+ 3P1P:Ps+ 2P1 P2+ P3ps £ 2Py
= (p1p2+1) (psps+2)

+3p3+2

It is observed that

3ps— -2
Z(0)~Z(py, pay 1, 1) = P P2

is not a function of p; and p,, therefore, it follows
from Theorem 1 that Z(p) can be decomposed as
Z(p)=Z,(p1, P2) +Z,p3, P4)
Zi(p1, p2)=Z(P1, P3, 1, 1) —min Re Z{ju, jos, 1,1)

wy, W2
___ P
Pip2+1
Hence the desired decomposition is
< P PsPs+3p3+2
Z(d) == .
(d) Pip2+1 P3Pyt 2

2. An illustrative example 2 for Theorem 2

It is desired to determine whether the following
multivariable reactance function in P=(Dpy, P2, P3)
N(B)
Z(p) = S ~i-=
(®)= "5

5p{p3Pa+ P3P + P3Pz + 20piPs+ 30p¢ Ps + 6p; + 4po+ 120D,

pip;+4pf+6pf+24
cam be decomposed as a sum of single variable
reactance functions. D(P) is factorable as a product

of single variable polynomials as
D(p)=(pi+6)pi+4pi+24
=(pi+6)(pi+4),

and hence using Theorem 2 the given function ig
decomposed as follows
Zi(p) =Z(p1, 0,0y =—F1—
pi+4
Zy(pz) =Z(0, Pz, 0) =-~ P2
pi+6

Zy(ps)}=2(0, 0, p3) =5ps

Z(p)= Pl__+ b2

P 2 N +5p;.
p1+4 p2+6
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Fig. 1. (a) The domain (shaded area) of the De-
finition 1.

(b) The domains of Definition 2.

4. Cascade Realizations
A. Commensurate Line0|] S U= H
Multivariable Function B#-S RS ol 34 2
2] 3} 2 Cascade realization® & + ¢lvt. Fig. 1
o] 4 lumped two-ports®} —7 delays7} #2 Com-
mensurate linese] Cascade® =o] glox g ERE)ES
BB 7} irrationalel ] . i@ 0] 3= Complex frequen-

EREEE £24% H AW 19758 117

cy Variabled s2 3 e 2 =p% Fon ERmTKK
L. Rational functione] =z},

2o gy Bl EB(Ip+ vk by ()" M5, )
(5 2= 2 (@ ()pF Fan()p" ~ NG5, p)

Cascade structureo] 7] wl-Z¢] M3} N <}o]o] Even

Part Constraint
M(s,0) Ne(s5,0) + My (5,p) N(s,2) =C(s)

7b Barslel ok grvh. Nu(s.p)=N(-s, -p)ol 2 sukel
Bl C(s)x CJi) =0 for —o<LoosdE: EHS BE
A7l

Theorem 1,

(i) Fig. 2o ¢l rf@9] lined ztel Cascade [EIfE
o) EREHELAREE 34} ol 9} 2L irreducible form

& e

— LN H LN - LIN L LN "
i 8 A e e #n H #n+1 3

Fig. 2. Resistor-terminated cascade of lumped lossless 2-ports and commensurate TEM lines all

having the same one-way delay

bo(s)+b1(s)p+-reo +ba(8)p”_ _

2 =g, () Fa (bt a ()P
7|4 p=e?, n<r

(ii) Z(s,p)%x Two-variable Positive Real Function

o] c},

(iii) M(s, p) Ni(s, 2)+Ma(s, p)N(s, 2)=C(p)ol 2

C(p): Even Polynomial, Ej
C(p)=Cy(p)e]

M(s, p)
NG, p)

C(jw) 20 — o< oo
(iv) Lower Triangular Matrices

¢ ao(s)

a,0=| 4O 2O
\a:r(;) a:,_l(s).....:;'n(s)
ba(s)

B = 5 B
Bo(s) bys(s)weenbils)

& j&4%usle parahermitian matrix
A, 1 (8)Ba1*(5)+ Baoi(s)An_*(s)
2

K(s)=
5 k9-g o o|zlo] el=l e} o] factorizabled o
2 L(s)x lower triangular minimum phase matrix
ol e},
K(s)=L(s) La(s)

[L(s)|#0. Re s>0p

29 47x] FEHEE WREAZ = Two variable po-
sitive real function Z(s,p)%& Fig. 2¢] Cascadeflo 2
HERE + Yt Aol

B. Noncommsurate Line0] 8 Us HEF

qAAE o HWEMNY ASE AHE A2 g
234 o}# $ Multivariable positlve Reality {5l
Algorithmicglr ks REASIS B4 MEL SRGE
S FERe 27 = e

Theorem 2.

A multivariable Function Z(s, ), p=p1, p2, =" "Pm,
o] Fig. 39} Cascade Hg2 G

(i) o) BB} a set p=(p1, pa bs, - pm) 2 &
o} bilineard: RS ZEcl.

(ii) Z(s,2)+Zs(s5,$) %0, LB T p;=1i=1,2, -
mol| A Fe] v,

(iii) Z(s, p)7} multivariable Positive Real Function
o},

99 S A E= A stn = gKel W
algorithmZ 2ftsl= 7o) of=zf¢} & theoremo]
c}.

Theorem 3.

Z(s, )7t p=p1 b2, - pm®l AL bilineardt B
27t Yo = kel o] Rkl WREE o Fig. 33k L&
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sled A2 RiEIEK

NED

Fig. 3. A resistively terminated cascade of m noncommensurate transmission lines separated by

lumped lossless two-ports.

Cascade [t 24 SRT + sl=t.

(1) Z0s, (Vs zeici) = —Zel5,( 8120 mi- jz—d (—Pg
(P) =pjeeens =1, pp=py=--=05 T}
(if) i (dio+d* D= (nioy—a*i1)ds
gi  —(dim —d*_Dnit+ (ni +n*io)ds
b i=1,2, ,m+ 1o A positive realslc},
my=d, =101 3 "= 205, (P m)ol o},
Characteristic impedance=
k
Za="T 2 f E=1,2, e ,
'|=1| Bi or 1,2 m
w= (O if ()0
! otherwise
= {g,-(o) if gi(0)F0
' 1 otherwise

Lumped Two-portsE &3l Chain matrices:=

A
(=5 (&) D]
A= (hk+ﬁk*)/ak

k-1
Be=TT ——(}la h*)

i=1

R
Tl

Wi (grge*)/an

a;
Dk=(gk+gk*)/‘ﬂk

FF*=A,D,—C,B,

Zon Ay

Terminatlon-& Z,;=
Em+1

o2 FaRsTh
IMustrative Example 3

o= 3428}

N(s, p) = (9p103+6p1 p2)s*
+ (L1p1p2p3+9p1 03 +6p1 b2+ 91+ 12p,
+18p3)s°
+(9p1 P23 +29p1 p3 + 21p1 2+ 20p2p3 + 5P
+6p2+6p3+15)s?
+ (11p1paps+20p103+ 15pip2+ Opaps
+12p,+ 27z +38p5+6) s
+ (18p1p3+12p1 P2+ 4p2ps+6p1+ 122
+18p2+6)
D(s, p) = (18p1p2p3+12py) s

where

+ (18p1p2p3+12p192 + 3623+ 1381 4
+12p,+24)s°

+ (25p1 0203+ 130193+ 12p1p2 + 18p2ps
+21p1+18p+22p3+12)s2

+ (910203 +9P102+ 11p1 05+ 20 paps+9p,
+6p2+9p3+15)s

+ (Tp1peps+3p1p2+9pepa+2p1ps+6py
+3p2+2p316)

Extraction order& #RES>] Bsho

s2+s+2
205, () = i T
__3ftast2
4534452+ 35+ 2

s2+s+2
205 ()= 5y

ZZS, (P);aj =

3s2+25+6
20N = ety

Z0s, (D)2 =Z5,(p)V23]0) 7] w-Fol)
tractsl= line-& pyo] e},

Ay~ Ex-

3s*+2s+6
aEl3 Z0s (2)3, z]—jjTJr?)i_Jrz"Z[s (£)%.1]

ole] 4 Fuim] Extractdly lineg polx po] 2.8
w&c}. Realizationd F3le] obe] 9} 72 # 2 K3t
),
o _JL,_iﬂii
Z0s, (91 Z*(s5, ()23 d, 5 s+
N3 e 7% sy M2 _ 38+25+6
Z[Sy(f) 2] Z [S,(_P) 2]-' dz - 452+33+2
Z[s,(p)lz, —Z*(s, ()} 2,3]"’ .
- _ 3sP4+2s5+2
T A3+ 452+ 35+2
A SHst2 k3 Ay 1
g1 258 Fs+1° g: 2 g3~ 3s+3°
g4 s+1
Zp=2, Zu=3, Zy=],
o1 rien 10
(=21 [ 4s 2ﬂ+1] [T]fz[o 1}.
a1 0
(7] ﬁ[s J,
2E 3 Zp=—arolt
—-F L= 511

HHE EEIL Fig. 40) vk
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Fig. 4. A realization of the example 3.

5. Multivariable Positive Real Matrix
et 12| AR
BBl 71 FEEFRe1 7] [l 4] Order’} (nXxn)ql

Multivariable positive real matrixy} multivariable

n-port# HEE F vt N

Definition 1. Square matrix W(s)7} o}sis} 72
{ErS WiRBA 2 o Positive real matrixz} &rcl.

(1) HALEANA analyticste=t,

(ii) HEEEl o] pole= B poleol 32 poleg] residue
2 ERE 4% matrixt® nonnegative Hermitian
o} v},

(i) W+ Wi7l Hd kol 4 nonnegative Hermitian
ol e},

Definition 2. Square matrix W(py, 22, ****,Pm)
7F otelel 2 fRiFE WRAZ & Multivariable
Positive real matrixg} 3hc}.

W akel] 9l= £ #EIE rational reactance func-
tione g2 fREL «, A1 £:=fi(s), 1<ism 2 &
w] W7t sol] B3 Single variable positive matrix
2 kgl

Theorem 1,

W(py, P2, , Pm)e (nXn) reactance matrixze}

&

W=Wy—Wi(Weu+P,0D" Wy
o2 ST 4+ n Wit
m S
Wi= Wilhs, o, s pam)=[ it 2|7
2 #@¥ ° Wrl Fig. 639 gl

o—-

1 m+l LlPa

2° ‘ m+2 P

o——_ >
W—»S Wy .

. .

m m-r$ P

Ot

Fig 5. The realization of Win terms of W,.

o] Theorem¢] FEEfe Wiol ##E We 27lxr}
sht ot Zoleh. BN ) EMEEHIRE (n-1)¥ w5

e W,o1= Wao1(p1)Ql single variable functiono &
ol W SRE T 4l
Theorem 2.

W(p1, b, -+~ ,Pm) = (nXn) positive real matrixz}
T ool obulol e Byl sl #INT multivariable
reactance function W& #F#E 4 o).

W= Wi(py, pa, <o Dms Pma1)
Wi¢] &5 Theorem 1¢] w2 s Ao},
6. 6 & B

A MmOl A

Theory of polynomials of several variables, 4§3]
Decomposability, Separability, ReducibilityZ£e] F£4-
3k BAZEel sl Al ket

B. Incompatibility

Single variable?] 73-§- 52%:%] General3t o] mul-
tivariableol| 4] &= particulargt A o 2 B{kakc}.

C. Approximation

o] W gt Specifications} 4 + )& Tt ETAA L
] $fEe] variable& 7Zbel realizable functiong o}
Wi A, ##ES minimizedt = A% oFF HEI ME
7b ZA BEE ] E R o).

7- A ?ﬁ

oAl 7 ahs 2 4e] ARG A3k 4o FERE
R FAP o R FFVIE Yok, Mul-
tivariable function #zyol BATESl= A slol B
FlEtr] ool &abd & Mkl M= cha welx] $E
< gewl W BHY Ze WY RS b R
o Hil#g7t=] A =lel iR, RESC] HFsn, —K
4 BT Kol ok HE I E AL dERE 9
HEERO R EHe HWAC. Figel 37t 47
o] fRFENe RLES %%%E Wfrgel, 2 BTl E
E = o) el -2 vl AR BOE zhe ol
Fol A sl R Mptel  HEED U1 E eleld A
| =

T We

K ORE

fwtsl !
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