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SOME REMARKS CONCERNING PERMUTATIONSON SYMMETRY CLASSES 

By M.H. Lim 

1. Introduction 

Let F be a field. G a subgroup of the symmetric group Sm' and x: G• F 

be a character of degree 1. Let V l' .... V m be finite dimensional vector spaces 

over F such that Vi=Vu(i) for z'=1. …• m and for alI (J ε G. Let W be any vector 
ηt 

space over F. An m-mu1tiIinear mapping f : × l Vi• W is said to be syηzmetfic 

with respect to Gand X if 

I(XU(1)' …. xu(m)) =x((J)/(x1• ….Xm) 

for any (J ε G and arbitrary xi E V i• A pair (P. μ) consisting of a vector space 
m 

P over F and an m-multilinear function μ : × V?• P. symmetric with respect to 
i=1 . 

G and x. is a symmetry class 01 tensors over V l' …. V m' associated with G and x 
if the following universaI factorization property is satisfied. 

m 
For any vector space U over F and 

symmetric with respect to G and x. 
h: P • U such that g=h，μ. 

any flz--multilinear function g : .×l Ve-• U. 

there exists a unique linear mapping 

The symmetry class of tensors associated with G and X always exists 
and is unique up to vector space isomorphism (see [외 • [4]). We denote 

such a space by (V l' ….V써/G). When V 1= ... =Vm=V. it is usually denoted by 

V;(G) [2]. The decomposable element μ(X1 • .... Xm). Xi ε V i• z' = 1 ..... m. is denoted 

by X1* .... *Xm• 

Let Te : Vz• V i be linear mappings such that Ti=T u(i) for z'= 1 •....• m and alI 

U ε G. Then there exists a unique linear mapping K(T1 • ..... T m) on (V1 • ..... V m)/G) 

such that K(T l' ..... T m)x1*…·%XtR=TFf·---%T%X%· If T1, ----, Tx are nonsingular 

and CV1' ..... V m)/G) =P {O} then clearly K(Tl' ..... T m)一1=K(Tl-1， ----, Tm-l)· If 

T 1= .... =Tm=T. K(Tl' ..... T m) is usualIy denoted by K(T) [2]. 

Let 작 ={칸l' .... , 깐s) be bases of V i' 1 드 t 드 m. such that for each z'. 
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νif‘ =Vu(i )j‘ 
for all 0'εG. 1 드 ji ::S:: dimVi• Let r denote the set of aIl m-tuples a=(，αl' .... , α，) 
where αi are positive integers such that 1 드 와 르 dim Vi, i= 1, -- --m. If a 르 r. 
0' E G. let αu=cα'u(l)' ..... a uCm)' The group G indu∞s an equivalence relation == 
on r as follows: 

a 르 ß if aU=ß for some 0' ε G. 

In each of the equivalence classes choose the m-tuple which is first in lexicographical 

order and let .1 denote the resulting system of distinct represeDtatives. For each 
αε .1. let 

Ga= {o ε G: αo=α} 
and let 

Li={αE .1 : X(O')=l for all 0' 르 Ga }. 

Let νf=1l1~ 육 •••• ’~V._._ • α E r. Then it can be shown that 
u ‘u: 1 Trl“‘l 

B= {Va
홉 

: αε Li} 

forms a basis of (V1 • •••.• V m)/G) (see [11. [4]). 

For each ω ε Li. let δ(ω) denote the number of distinct integers in 띠. Let 
p=min{δ(ω) : ω ε Li} • 

Let U be a finite dimensional vector space over F. Alinear mapping g: U• 

U is called a generalz'zed permutaUon w. r. t. the basis u1 • ••••• un of U if g(u씨= 

CiuØC i) for some ø E Sn and some non-zero scalars 작• g is called a permμtaUon w. 

r. t. the basis μl' .... , μn if ci =l for all' z •• 

Throughout this note we assume (V" ....• V _)..(G) ~ {O} and let 0; be the orbit l' ., .. m./x 

of G to which z" belongs. Our purpose is to prove the following generalization of 
Theorem 3 in [외 • 

THEOREM. Assume that dim Vi>min {l Oil.p} for z" =1 ...... m or X= 1. Then 

J((T l' ....• T써 O1E ':V1 • ••••• V m\(G) z"s a generalz'zed permμtaUon w. r. t. the basz"s B 

1I and onl y zl T i z"s a generalz'zed ψermutaUon w. r. t. the basz.s Bi for each i. 

COROLLARY. Sup.강ose that X三1. Then K(T1 • •.••• T m) on (Vl' .... , V m)/G) z's a 

φ'ermμtaUon zν• r. t. the basz"s B zf and only zf T i= λiPi where P i is a perηzutaUon 

”’ w. r. t. the basz"s Bi for each i and 딛 싸=1. 

Let vl' ....• Vn be an orthonormal basis of a unitary space V. In [외 Marcus 

and Minc proved that if X 르 1 and rank T>m. then K(T) is a permutation on 
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V램t(”GQ) w r따t. t뼈h뾰le OI따rπ.t야m뼈뼈뼈honorm 

T=).P where P is a pennutation on V w. r. t. the 0야rt야thono야rma떠1 basis ν깐1' ， •• … .. … .. , V
ll 

and 

).m = 1. We remark that the hypothesis rank T> ηm can be dropped. 

2. Proof of the theorem 

We first prove following generalization of the lemma in [2] 

LEMMA 1. 11 X1*. ，'참%=yf…융Yη.，:;:6: 0， then lor each orbit 0 01 G, {Xi : i ε O}, 

and {Yi: iEO} sþan the same subsþace. 

PROOF. Suppose for some j E 0 , Xj 종 <칸 : t ε 0> , the subspace spanned by 

{Yi : i E O}. Let T j : Vj• Vj be a linear mapping such that 

T/xj) =0, Tjl <Xi : i ε 0> =identity mapping. 

If kEO, let Tk=Tj" If k졸0， let T k be the identity mapping on V k. Then 

K(Tl' 
.... , T m)X1육 ••• *x껴=K(T1 ， .... , T m)Y1*…￥Ym' 

This implies that 0= Yt ... 상m' a contraction. Therefore for any j ε 0 , Xj ε 〈컨 : 
2 ε 0>. Simi1ar1y 

<Yi : iEO>C<잔 : iε0>. 
Hence <Yi : z' ε 0>=<진 : z' E 0> and the lemma is proved. 

LEMMA 2. Let 띠 ε L1 sμch that ν띠융 :;:6: 0. Let ηi be þermutations on {1, .... , dimVi} 

sαch that 까=η。(i) lor z'=l , .... , m and lor all (J E G. Then (ηl(ω1)' .... , η'm(ωm))三r
lor some r E Li. 

PROOF. Let η(띠)=(η1(띠1)' .... ， ηm(ωm)). By the hypothesis on 까， we see that 

there are nonsingu1ar linear mappings 강 on V i such that 지=I"(i) for i=l , .... ,m. 

and all (J E G and 

li(viωt)=깐ηt(ωi) ， i=1, ----, m. 

Since KC지' .... ,fm) is nonsingu1ar, it follows that 

K (fl' .... ，~써U감=꺼(ω)* :;:6: 0. 

If η(ω)=α for some a ε d\Li then by Lemma 6.1 [4] z’η(w)용=0， a contradiction. 

Hence η(ω) 三 r for some r E Li. 

LEMMA 3. 11 K(T1, .... , T m) is nons쩌gμlar then T i : V i• V i is nonsingular lor 

z.==l , .... , m. 

PROOF. Suppose T1(μ11)=0 for some nonzero vector χ11 in V1• For each z'= 1, .... " 

m, let Di= {μil' .... ， μis) be a basis of V i such that u"(i)j‘=Uij, for all (JEG where. 
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:1 드 ji 드 dimVi. Since (Vl' ....• V m)/G) 낯 {O} • LI 낯 rþ. Let α ε J. Then ua * ~ O. Let 

까 be permutations on {1 •.. ". dimVi} such that 까=η。(i) for all z" and all σ ε G 

and η1(α1) = 1. By Lemma 2. η(a)=(η1(αz)， ----, ηm(αm)) 三 r for r ε J and hence 

lI(a) 용~O. Ho￦ever. 

K(T1 • ....• T m)uη(at=O. 

This contradicts the hypothesis that K(T l' ....• T m) is nonsingular. Hence T 1 is 

nonsingular. Similarly T i is nonsingular for z" 는 2. 

PROOF of the theorem (Necessity) Case (i): dimVi>min(IO꾀 .p). Let e be the 

permutation on J such that for each α ε 3 

K(T l' ....• T m)νa%=Xα얘(a)% 

for some nonzero scalar À.a • We shall show that for each 1 르 j 드 dim V 1’ 
T ,(V,J= À. ν 1 \YW -"lj"1rþ(j) 

for some positive integer rþ c.치. Let ω ε J such that δ(ω)=p. Then V강 ~ O. Let 

I {ω2 : tε 01} I =k. Then k 드 min (1011.p)<dim V 1• For each 2 드 t 드 k十 1 we are 

able to choose permutations 객 on {1 •....• dim V i } such that 

(i) 단 := 따i) for all Z" and all (J ε G 
:and 

(ii) {η;(와) : z" ε 01} = (1. . ...• t • ....• k+ 1}. 

Let ηt(ω)=(꺼(Q)1)， . ， 17;써z))' By Lemma 2. ηt(ω)三l for some rt EJ. Clearly 

월 (ωz) t ε 01} = {샤 : z· ε 01}' Since 

K(T l' ....• T m)Vr，￥ =À.r， 얘(rt)% 낯 e 
it follows from Lemma 1 that 

<Tt(νir/) : z' ε 0 1> = <Vi8(r'), : z' ε 0 1>, 

This implies that 
~\ 

<T 1 (VU ) , ..... T 1 (V1t) • ....• T 1 (V1(k+ 1))> = <칸8(r') ， : z' ε 0 1> , 

Hence 
k+ 1 /앓\ k+1 

t당<T 1 (Vll)' ....• T 1 (V1t). , .... T 1 (V1(k+ 1)) > =낀2<Ui6〔rt)i : iε01> ， 

Since T 1 is nonsingular (Lemma 3). T 1 (vll), ....• T 1(v1(k+ 1} are linearly independent. 

Hence the left hand of the above equality is <T 1 (Vll) >. This shows that 

<T1(vn )> = <ν1rþ(1)> • 
for some integer rþ (1). Similarly <T 1 (ν1j)> = <ν1rþ(j)> for some integer rþ(j). 

Since T 1 is nonsingular. T 1 is a generalized permutation w. r. t. the basis B1• 

\ 
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Similarly T i is a generalized permutation w. r. t. the basis Bi for z' 는 2. 

Case (ii) : X = 1. Since X 三 1, for each r ε r , νr% ε B. For each 1 드 t 드 dim V1’ 
let 띠t=(ω;， ，싸) such that 야 =1 if z" ε 01 ， 생 =1 if j 훌 01" Since t’c감ξR， it 

follows that 
K(T l' .... , T m)V띠f=2ωt νaf， 

for some ，1ω， EF and some αt ε LJ. By Lemma 1, 
<T1(V1ω，，) : z" ε 0 1> = <v1이 : z" E프 0 1> 

= <T1(ν1t)>. 
Hence <T1(ν1t)> = <νltþ(t)> for some integer rþ(t). This implies that T 1 is a 

generalized permutation w. r. t. the basis B1• Similarly T i is a generalized 

permutation w. r. t. the basis Bi for z' 르 2. 

(Sufficiency). Suppose that for each z" =1 , •••• , m, there is a permutation 낀 on 

{1, ., ", dimVi} such that 

TlV치t) =A하t 깐ß'ui) , 1 드 ji 드 dim Vi 

for some nonzero scalars λ. ，. Then for ω ε 2. ZJ, ’ 

m 

K(T1' .. ", T m)νω￥=2딘I Xt띠t νlß，(ωf··용νη~ßm(띠m) 낯 o. 

Hence Lemma 2 implies that (이(ω1)' .... , e m(.ωm) ) = r(J for some r ε LJ and some 

Uε G. Hence 
m 

K(T" .... , T~)ν，.，*=(1 n ,1;… )X(u)ν용. 
‘ ”‘ ι ‘ i=l --'/ ‘ 

Since K(T1' .... , Ttη) is nonsingular it is then clear that K(T1, ••.• , T m) lS a 

generalized permutation w. r. t. the basis B. This proves the sufficiency. 

PROOF of the corollary. The sufficiency is trivial. We prove the necessity. 

In view of the theorem , for each z", there exists 와 ε SdimV , such that 

Tlν셔i) = ciitUz￠l(jt)， 1 드 ji 드 dim V i , 

for some nonzero scalars C~~. For each 1 < t <: dim V" ZJ ,- - -- ----- • - ------ l' 

K(T1, •••. , T써νlt%U21% ... %νm1 =,11t,121 .... λm1ν1Øt(t)*V2iþ.(1) * ... 휴Vmiþ .. (l)" 

Since ν * ... 한 ε B, it follows that 1Øt(t) -- v miþm(1) 

,1,.,1n' .... λ =1. 1t"21' ... "m1 

Hence ,111 = ,11t for any 1 드 t 르 dim V 1• This proves that T 1= ,111P 1 where P 1 is a 

permutation w. r. t. the basis B 1• Similarly we can show that T i =잔Pi for some 
m 

scalar 싸 and some permutation Pi w. r. t. the basis Bi’ i 늘 2. Clearly 묘 자=1. 
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This completes the proof. 
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