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A NOTE ON A RIEMANNIAN SPACE WITH SASAKI-KILLING STRUCTURE

By Seiichi Yamaguchi and Fumiz6 Matsumoto

§ 0. Introduction.

T. Kashiwada [2] has dealt with Sasakian 3-structure introduced by Y.Y. Kuo
[3] and obtained the following:

THEOREM A. A Riemarnnian space with Sasakian 3-structure is arn Einstein
space.

On the other hand, recently, I. Satd [4] has introduced the notion of a Rieman-

nian space with Sasaki-Killing structure or special Sasaki-Killing structure and
proved the following:

THEOREM B. A Riemannian space with special Sasaki-Killing strucutre is an
Einstein space.

The purpose of this paper is to prove the following:

THEOREM. A compact Riemannian space with Sasaki-Killing structure is an
Einstein space. Then the Sasaki-Killing structure reduces lo special.

§ 1. Preliminaries.
Let M be an »-dimensional Riemannian space with metric tensor g,;(7, 7, - .

=1, 2, -, n) and local coordinate systems {xi}.
First, we recall the definitions of a special Killing p-form and a conformal

Killing p-form. A p-form # with coefficients Us i, 1S called a Killing p-form if it

satisfies
Vi, .;, TV, % =0,

o Tyt guiﬂn.g‘p—'
where V denotes the operator of covariant derivative with respect to the Rieman-

nian connection. If a Killing p-form # satisfies

5 _
(1. D V&-Vb“{l...gp"ﬁcg ab®i g +32(—1)% aiaubz'l---?a"-z'p) =0,

lllizp a=1

where 8 is a nonzero constant and ] o means that ¢ is ommited, then it is called

a special Killing p-form with constant S.

Moreover, we call a p-form w with coefficients w,

.;, @ conformal Killing
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p-form, if there exists a (p—1)-form 6 such that -
(L2) V., +V,w '

oo lp 31 Toeo1p

'_2g 031612 Zp— Z( l)a(gzuza h"'!r.l""ip +g‘hia67’u3:'"3a""1p)

-a__

Then we get
(1. 3) - Vw, .=m—-p+1)6,

rzg 'ip Igeelp’

The form 6 is called the associated form of w. |
By virtue of (1.2), we obtain for a conformal Killing p-form w

p
(L @)y, = BHDVi0;,+ 20 (1783395,

where 4 denotes the exterior differential operator.
The following theorem is known [1]:

THEOREM C. In a compact orientable Riemannian space M, the following inle-
gral formula is valid for any p-form u

(L5 [ OV AR,

AL z, iy rlpeed,

2 a . iu---z'p B
+25(—=1) Vg'a.ag ...... )+(1/2)A .5, 1dV =0,

whem dV means the volume element of M cmd Azu zﬁ”d 932 .i, are given bj
(1.6) A ——V u; L +V. i Ui —2g%6

If the tensor field Aiu__,- vanishes identically, then # is a conformal Killing

p-form.
§ 2. A Riemannian space with Sasaki-Killing structure.

Now, let us recall the definition and equations of a Riemannian space with

Sasaki-Killing structure.

If a Riemannian space M admits a Sasakian structure (p], g, 7 N» &;;) and an

another almost contact metric structure (¢/, &, 7, g having the following
properties:



A nole on ¢ Riemanian Space with Sasaki-Killing Structure 95

2.1) the 2~form ¢} =5 qiijdxf/\dxj) is a Killing form,
(2.2) qoz-j and qu-j satisfy qoj ¢jr+¢: (pj"=0.

then M is said to have a Sasaki-Killing structure and a space with such a structure
1s called an SK-space.

Now, we define a tensor field 9; =go, , then (6’ g N, &;) 1s also an
almost contact metric structure.

In an SK-space, if a Killing 2-form ¢ is special with constant B(520), then
such an SK-space is called a special SK-space and # is known to be 1.

In an SK-space, the following equations are known [4]:

(2.3) VV@,=/2)(R sjizﬁﬁhs +R i R s 1 %1 )

(2.4) V'V,8,=R; +,

(2.5) /DGR, b/ =g =11,

(2.6) V.¢ ,svqu”—}e —2(8;;— M)

2.7 R, &7 ==2¢,. |

§ 3. Proof of Theorem.

In this section, we shall prove the theorem stated in §0.

Let M bea compact #-dimensional SK-space. Then a 3-form ¢=(1/3D¢,; hdxi/\

' k . — :
dx’ Adx can be associated to the structure, where we put biin=V @ NS the 2-

form ¢ is Killing, it follows that d ¢=3¢, which means d ¢=0.
Now, let us prove that the form ¢ is a conformal Killing 3-form. As we take

account of the integral formula (1.5), we calculate vy &,in and q_bi”hV.Vr G in

Making use of (2. 3) (2.4) and g[J” kgb n Riiap= —2¢ }hgb 7k obtained by (2.7), we

have

ifh — —ifh
(3.1) BNV, By =3(V,R;,— B i) 67
(3- 2) qﬁWV V gbrjh'“gbvk(vz 7s }; _Rzr¢Jk +¢zjh)
Therefore the integral formula (1.7) reduces to -
33 [, W/n-23" Un=-3V, R, ¢, 4=y,

+4R [, + (/D A, AT dV =0,
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On the other hand, we have
i
(3. 4) = f ViR Squ,fgﬁ“ YAV

. s_ijh , S —ijh
dV +fM( ¢ghs¢u jsquhsvqu” )dV'

Consequently, by virtue of (2.5), (2.6) and (3.4), the equation (3.3) becomes
[, (/=T ;T + /n(n—2) (R—n(n—1))’

+(1/2) A, AT aV =0,
where we put Tz.j=Rz.j—(R/n)gij.

Hence it follows that M is an Einstein space and ¢ is a conformal Killing
3-form. Since ¢ is closed, from (1.4) and (2.4) we find

ViViou=— (8@t &u¥r; t &uPjp)»
which means that 2-form ¢ is a special Killing form with constant 1. This
completes the proof of Theorem.
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