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DIMENSION OF AUTOMORPHIC
- FORMS OF EXTENDED KLEINIAN GROUP
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Introduction.

In this paper we prove several identities about the autom rphic forms of
extended group, also we observe that the Bers Area theorem and Ahlfors’
finiteness theorem of the Kleinian group extends naturally to the extended Kleinian.
group.

We list here some notations which we need in the sequel. . £ denotes a non-
elementary extended group, and G is the maximal Kleinian group contained in

E. A;’ (D, E) denotes the Banach space of holomorphic P-integrable automorphic

form -f weight —2¢. By D we denote an invariant union of region of discontinuity

of £ and by D/G (or D/E) we denote the corresponding orbit space of the group.
All the other terminologies undefined in this paper one can see in Kim [13] or

Kra [9].

et G be a (non-elementary) Kleinian group and let D be an invariant union
of components of the region of discontinuity of G. Then we have the following
lemma proved by Ahlfors (1). |

LEMMA 1, Let D/G=S—p where S is a Riemann surface and p&S. Assume
further that there is a punctured mneighborhood V of p on S such that the natural
projection mwy: D—D/G is unramified over V. Then there exists a parabolic element
BEG with fixed point q contained in the limit set of G, and there is a Mobius

transformation A with the following properizes.

(1) A(oo)=q and A_IBA 1S the translation z—z-+1,

(2) A™N(D) contains the half plane U,={2&C: Im(2)>e},
(3) two points z, and z, over A(U,) are equivalent under G if and only if
2,=DB"(z,) for some integer n, and

(4) the image A(U,) under mo is a deleted neighb.rnood of P, homeomorphic to &

punctured disc.



56 | | Sang Moon Kim

We shall call p a pambolz'c- puncture, U, a half plane belonging to p and (z:

Im (z2)>e, 1>Real(z)>0} a cusped region belonging to p.
We are going to establish a similar lemma for a (non-elementary) extended
group E, and we let D be an invariant union of components of the region of

-discontinuity of the group Z.

LEMMA 2. Let D/G=S—p where S is a Riemann surface (no! necessarily connec-.
ted) and p be a parabolic puncture. Let U, be the half plane corresponding to p.

Let ny and © be natural projections of D onio D/G and D/E respectively.
Then (UE) has one of the following properties. Either

(5) n(U,) is conformally equivalent to mo(U,) and two points z, and z, of U, are

equivalent under E if and only if zzzA”(zl) where A iS the parabolic element
corresponding to p, and maps U, into U,
oY
(6) z(U ) is a punctured half disk homeomorphic to {z: Im(2)>0 and z#0, |z|
<1}. Two elements z; and z, of Ug are equivalent under E -if and only if zzi -
k(z,) for some element k in the subgroup generated by A and g, where g is an

antianalytic element which fixes a circle. Taking the conjugation by a Mobius
transformation we can normalize so that A(z)=z-+1 and g(z)=—2.

PROQF. Let us assume that A is the parabolic element and has form A(z) = 2+1,
and U,= {z: Im (z)>e} be the half plaﬁe corresponding to p. Consider the following

maps;
] 7]
U/{Al—D/G D/E
where 7 is the inclusion map and =z, is the natural projection. Note that Ty 1S a
two-to-one map. Let E=GUJH and suppose there is no element in A which fixes

oo, then g&H has the following form:

g(z)= az+b ad —-bc=1, ¢#0 and r(Mj=£~.

cZ+d’ ¢
Then gAg ™' is a parabolic element fixing % and —f— 1s Inequivalent to under

group G. We observe that—f— corresponds to a new parabolic puncture and it has

gW,) as its half plane. Take xSU . and g(x)€EgU ) then no(x) and 7,(g(x)) are
different points in D/G. Since m; is a two-to-one map, we know that Tof 1S a

one-to-one mapping on U / 14}, and n,(U,) satisfies (5). New suppose there is an

v

element in A which fixes oo, then it can be written as g(z)=re" £+b. Since



Dimension of Automorphic Forms qf Extended Kleinian Group 57

gz(Uc)ﬂU . Is not empty, we have -gz(z)=A”(z)=z+n. By a simple calculation we

know that =1 and ¢’ +6 1s an integer. FFurthermore, gAg_l fixes oo, henc=
g . : :
ne'~ is an integer and 0=0 or 7. We conclude g has one of the following forms:

(8) g(z)=2+b, or
(9) g(z)=—zZ+b where b 1s a real number.
If g has form (8) then

Ukz {z: Im(z)<—e—|b| =k
is also contained in D, and U, is a half plane corresponding to a parabolic punc:
ture of D/G. If U, and U, are equivalent half planes under G, then there is an
element in G which fixes oo and maps U, into U,, hence it must be an elliptic

element of order two, let it be B(z)=—2z+s. Then we have gB(®)=—-z+b+s, a
special case «f (7). Now if the above two half planes are inequivalent under G,
then by the fact that z; is a two-to-one map, we conclude that n,(U,) satisties

(5). Since w; is two-to-one, if there is an element of the form (9) then 7,(U ) is
completely determined by the subgroup. generated by A and g and U /{4, g} 18
conformally equivalent to the punctured half disc and satisfies (6).

LEMMA 3. Let E be a (ﬁon-elementary} extended group and let p be a non-limit
point of E. Then the subgroup Ep which consists of all elements fixing p, is either

. generated by an elliptic element of finite order or gemerated by an elliptic element
of finite order and an anti-analytic element of order two. '

PROOF. Let E=GUGU and szGﬂEp. Then it is known that Gp is generated
by an elliptic element of finite -order (see Kra [9]). Now if E ) contains an anti-

analytic element V, then Ep:GpU GPV. Without loss of generality, we can assume
that elliptic elements in Gp fix 0 and oo,

Let p=o0, then we have
(10) szewz, eszGp.

Then by a simple calculation, we know that 6=0 and V fixes 0 and oo. Hence
V 1s an element of order two. ' |

Let D be the region of discontinuity of E and let G be the maximal Kleinian
group contained in £. Let ny: D—D/G and © ¢ D—D/E be the natural projection
maps then zy(z) is locally one-to-one except at the points which have nontrivial
stabilizer subgroup G, (E)). If at zG,(E,) has order # then 7(n) is #-to-l.

Let D be as the above then we say D/G(D/E) is of finite type if D/G(D/E)
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consists of finite numbers of connected Riemann (Klein) surfaces, D contains a-
finite number of inequivalent elliptic fixed points and each component of D/G(D/
E) is obtained by subtracting a finite number of points from a compact Riemann
(Klein) surface (with boundary).

For 2&D if the order of G,=GMNE, is » then we call z an elliptic fixed point
of order n.

Let D; be a connected component of the region of . iscontinuity of £ and let £
be the group consisting of all elements of £ which map D; into Itself. Let G;=
E.NG. |
We shall say that D}-/Gj(Dj/Ej) has signature I={X; a,,a, -+, a}, if DJ-/G]-,
(Dj/Ej) has Euler characteristic (—~x), DJ- contains % inequivalent elliptic fixed
points of order @y, Ao ***5 4, respectively and D}-/Gj(Dj/Ej) misses exactly z—£%
points from a compact Riemann (Klein) surface, where ¢, {, =, , =g ,=.

Let D be an invariant union of compohents of the region of discontinuity of £,
then we define

 Area(D/G) =2/, A} |dzAdzl.

Let D/G be a single Riemann surface with signature {x;a,;---,a}, then the
following is well known, see Kra [12],
n
(11) Area (D/G)=2n{x+_21(1—1/ai)}.
- = ‘
We define

Area (D/E)=2af[, A% |dz dz.
Let D/G be a single Riemann surface of finite type and assume the natural
projection z,: D/G—D/E is two-to-one.
Then we have
(12) Area (D/E)=—%—- Area (D/G).
In case (12) suppose D/E has signature
(i ay,ap, 058580, 00 a4

Let p,&D/E correspond to @, and suppose only{P,, ;, -+, P,} lie on the boundary

of D/E. Then D/G has signature
(13)  {2mayy, app, 0580, 1, )
where a;=a, for (z=1,--,s) and (7=1, 2).

LEMMA 4. Let D be an invariant union of the componenis of the region of discon-
hinutty, let D/E be a single Klein surface with signature '
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{x;all ag: "t qs: aS+1’ **% at} 9

and sﬁppoée only a ., ., correspond to boundary points of D/E. Then we have

the following identily:

s . !
(14) Area (D/E)=2nla+35(1-1/a) +5 = (1-1/a)h.
' 1= 1=35

PROOF. Compare (11), (12) and (13).
Let D be as in the above lemma. Henceforth we assume D/E is of finite type.

Let
nys D/G—D/E

be the natural projection. We know that 7, 1s locally one-to-one except at the

points which lie over the boundary of D/E, and over the boundary it is two-to-one.
Hence, for any point t&D/G and n,(})=p&D/E, we can choose local uniformizers

T and Z at ¢ and p respectively such that
(15)  ZomoT '=identity
where it is defined. The relation (15) can be extended to D/G and D/E.
Let fEA:G(D, E) then we set

f(z)=F(Z)(_§—ZZ~ )“", 2D

where Z is a local parameter at nz(z) on D/E. Then F is a g-differential on
D/E. By (15), as an application of the Kleinian group case, we Kknow that F

can be extended to D/E. Let G, be the stabilizer group of z as before, and let ~
be the order of G,; then a is a function on D/E. We define a(p)=oc0 for =Ny
—D/E). For any real x we define [x] as the largestH integer not greater than
x; then, as an application of the Kleinian group case (see Kra [9]), we have the
following two identities

(16)  order F>~[g(1-1/a(p))], 0<a(p) <o
and

"W). order F=1-q, if a(p)=c0,

Following Kra [9], we consider the following divisor

(18)  dl@= > 7.(p)p

 pED/E

where nq(p)z [q(1—1/a(p)] if a(p) <oo and nq(p)=1—q if a(p)=0c0. let F be
the g-differential defined above, then

divisor F'—d(g)>0.
Conversely a meromorphic g-differential on D/E which satisfies the above lifts
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to a g-form fEA q(D, E).

THEOREM 4. Let D be an invariant union of components of the ?egz'on of discon-
tinutty of E, let D/E be of finile type and assume it has k-connected components.
Let q be an integer, q=>2 and p=>1. Then we have the following identities: |

(19) A, (D, E)=45(D, E) <oo

oo k
(20 A, (D.E)=I A(D,E)
7=1

¢

@D dim 47D, E)=(2-Dr+253 [q-a/aD] + X [(g=¢/a)

where D./E ; has signature
| {x;alr 62’ T asr as+1’ "t az}

and a . i, ., a, corresponds to boundary points of D/E; if a,=oo then interpret

[(g—g/ap] =q—-1.

PROOF. Since A‘;’(D, E)CA? (D,G), and (19) is true for the Kleinian group

case, hence it is true for our case also. (20) is clear. We prove (21) following
Kra [9]. Let M be a divisor on D]-/Ej such that

S {
M= _Zmi-pz--l-Zﬂjq_
1=1 7j=1 J

where ¢; (boundary of D,/E) for j=1,2, ;--,z‘ and p,&(boundary of D/E) for i=
1,2, -, 5. Set

_— S5 {

Call M the double of M. Let W be a linear differential on Dj/Ej and let w be

the divisor of W and let ( ) be the divisor of a meromorphic function f on D/E

Set a=quw-d(q) and let ! q(a)-—— {fi( f)+a}_0} ; then by a simple calculation we have
| (@=A47(D,E).
~Let @ be the couble of ¢ then by the Riemann-Raoch Theorem (see(12] ) we have
dim /,(e¢)=deg a+dim(w—a) —x.
| S 2
deg a=2gx + 2_21 [((g—q/a)] + 22 [(g—qg/a:)], and by an application of the Kleinian
1=

1=5+1
group case, we have deg (w—a)=0, sez Kra [9]. Hence we have dim(w—a)=0
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“and we have the theorem.

Following Bers [5], we have the following coroll ry.

COROLLARY 5. D/E is of finite type then

~- lim 4,(D, B)=Area(D/E).
g— 00

COROLLARY 6. G be the maximal Kletnian group conlained in E then we have
Complex dim AQ(D, G)=Real dim A?’(D, E).

Let E and G be as usual. We observe that E is finitely generated if and only

if G is. Also we know D/E is of finite type if and only if D/G is of finite type.

Ahlfors’ finiteness theorem says that if G is finitely generated then D/G is of
finite type. It is clear that Ahlfors’ finiteness theorem extends to the extended

group case also. For the Ahlfors’ finiteness theorem, see Ahlfors [1], Bers[6}
-, Ahlfors [2] and Kra [9].
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