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1. Introduction
Let (S,8) be a measurable state space, W be a prior probability measure
on (S,8). Let W be absolutely continuous with respect to a measure 4 on
(S5,S) and let dW--w(s)dA.
Then the uncertainty measure H (1) of the unknown state s :S is defined by

H(W) = —Ju' () logee (s)d 4. 1.1

Specifically, if S=-{s1, 52+, 8} and W= (w(s), w(s2), "+, w(s,))

”

== (wy, W, *++. W), where w;~ 0, Z,w;ZI, then
H(W)=—3 wlogw; (1. (1.2

In 47, the amount of missing information is defined as follows:

Let us denote by X(m) the random m dimensional vector (Xj, Xa -+=, X,).
Let us suppose that the distribution of X(m) depends on a state S, which
may take on 2 different values s, $p, *++, s, Let X(m) be a random variable
on a .measurable space (X(m), X(m)) whose probability density function
Flz(n)|s) with respect to a measure g on (X(m), X(m)) is assumed to be
known.

We suppose that the random variables X; (f=1, ---, m) are independent under
the condition that S=s; (¢==1, *--, ). Let f1(x(m)), folz(m)), --- and f,(x(m))
denote the density functions for S=s5;, S=s;, -+ and S=s, respectively.

The amount of information contained in X(m) concerning S is defined as
follow:

I,=H(W)—E[H(W(X(m))) ] (1.3
where H(W (X (m))) is conditional entropy of S given X(m), that is

H(W(X(m))) =3} P, (S=s;] X(m))log @

S S
P (8=s;|X(m))
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and ELH(W (X(m)))] denotes the expectation of the random variable
HW(X(m))).

The quantity ECTH(W(X(m)))] is interpreted as the amount of missing inf-
ormation on S after observing X(m).

A. Rényi, established the following inequality between the amount of mis-
sing information and the error of the standard decision in case S= {sy, 52},
that is en’<E(Ho(W(X(m)))}<h(c2) (5] @.5)

In this paper, we shall generalize Rényi’s result in the lower inequality and
obtain the upper 5i)ound in the case S={sy, 53, =**, 5}

In section 2, the standard decision in case S= {sy, s,, =+, s,} will be consid-
ered and the amount of missing information will be compared with the error
of standard decision.

In section 3, an upper bound for the amount of missing information will
be given by means of the error function and the success rate function.

2. Evaluation of the amount of missing information by means of
theXerror of the standard decision

Let us introduce the following decision rule. The most natural decision
after having observed X(m)=x(m) is essentially the same as the reason app-
lied in case S={sy, 2} 5]

We assume that s; is selected such that w;f(z(m)) is the greatest among
wifi{z(m)), wofa(z(m)), - or waf,(x(m)), that is, s; is the greatest post-
erior probability, and if w, fi(z(m))=w,f:(z(m))="-=w,f,(x(m)), one
make a random choice among sy, sy, *>+or s, with probabilities wy, ws, -+ or w,
respectively, We shall call this the standard decision.

Let us define random variable 8,,=@,(z(m)) as follow:
D, —=s; if the standard decision means acceptance of s;,
i=1,2,-,n 2.1)

The error &, of the standard decision after taking m observation is defined
as the probability of the standard decision being false, and e? is expressed as

er="P (D ,#S) =wi P, (Pp=53| S=51) + P (@p=15;| S=s;) +--

TP (D=5, S=s1)]
+wo P (Pp=51]|S=55) + P, (=53] S=s55) + -
+ P (Pp=s,|5=s2)] 2.2
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F Wl Pr(D=5,1S=5,) =~ P (D,,=55| S=5,) ++-
+P, (Dp=5,-1]|S=s,) ]

In a decision problem which is available to a decision maker, we devide
the sample space R™ into the disjoint acceptance Tregions, R, R%), -, R%
such that @,=s; is accepted when z(m)=R”", j=1,2 ---, n
With this specification we have:

o [ g framdatm) + [ o frlatm)daim) -

*IR;n)fl(x(m))dx(m) —]+w2!'j‘R('1")f2(x(m)>dx(m)
[ s etz o[ o plam)datn) | (2.9

~wr IR(,;) FulzOm))dz () ""L«zx Fu e (m)) das (m) + -
| Fr@m) dzm) |

where dx(m) stands for dxdzs+-dz, and for z(m) =RJ2 it holds that

wifi(z(m)) Zw;f;(z(m)). @4
We obtain the following theorem:
THEOREM 1.
. < ELH(W(X(m)))] (2.5)

where index 2 denotes logarithm with base 2.
Proof. For simplicity, we shall denote fi(z(m)), falaz(m)), -, folz(m))
I;, and J as follows:

F=filem) =Tfiz), fi=folem)=If(2), - fi=fa(z(m))
=lfo @), f=f(@(m)) =w, fitws fottw, f

I,:—:lvif—.’élogw—i**, i=1,2 -, n,

f wif:
and J=31;
One has clearly

(2.6)

E{H, (WX} = H W (X(m))) fdz(m)
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[ HAAW X m)))wr fidzm) -+ [ Ha(W (X)) Y0n fude(m)
[ LT R frd(m) oo [ LT T o)
> LT LJw fd(m) 4+ [ LI ~LJwufode (m)

>f rD L=l frdz(m) - +j R [J—IJwafndz(m). @7

Let us consider the first term of r.h.s. of the inequality (2.7), we notice
that

T 0 — wlfl] _-_'wlflﬁ
L«?)[J Iy frdz (m) de,,) Log<l\ et

“alaVuwn e (m)

f wyf2 wafo

w f) wifi ... WaSa .
g 2 logt e Tl )
Jreveenases

) o Jr o wn—fﬂ:_
+IR<?)»3071.—110g(1‘ 1 g Bt >'w,,f,,dx(m).

By the inequality (2.4), it follows that
[ aI-Tesdem =L o @it fottufda(m). (2.8)
Similary, we obtain:
[ g Tt stz =L o ifitwnfortwn fdaim), (2.9)
(sl Ldmfide =L . @ifitwsfortw i fodda(m). .10
By the inequalities (2.8), (2.9) and (2.10), we have
E(Hy(W(X(m)))} > 5.
Thus the proof is completed.
3. The upper bound for the amount of missing information

DerFINITION 1. The rate of success is defined by

¢:IR<7> w, frdx(m) -I—fRé,) ws fodx(m) +~-~+jR(;,,) wy fadz(m). (3.1)
DEFINITION 2. The expected logarithm success rate is defined by

7* =53] .5 Qogws ) fz(m). 3.2)
LeMMA 1. One has
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[y f—wifi  fowafe .. f=wafa )]
jR [H ( F T T >dex(”’>
= (n—1) {E(log f) —log(n—1) —¢*}. (3.3)
Proof. By the definition of H(-), we have
J H( f“wzfz L—wzfz ,_.’Vf-“-'z;)nfr_t_>“;fdx(m)

o F £
IR'"L 1 Jws, w,f; IOg*f F ﬂfd:c(m) 3.4)

For the sake of brevity, let us denote R~ L( /- }v,f, log 7= ff} )

Then, the equation (3.4) becomes

[ R sdan) [ o CRIfaztm) = { (TRIfda (m) s | LR fd(m).

3.5)
The first term of the r. h.s of the equatien (3.5) is
rf—wfi,,. [
JR(T)[R]fdx(m)>de,,) L_lfAl  log (n—1Dw fi
f;.__zﬁfl . o ,.._...,J,,ff,ufrzan o f | .
7ol e £ o s 40D
_f A Sfmwfi . fowfy f—wafu
,Lﬂ}‘( fl L f2 2 . sz >logmf fdz(m)
_ _ f
“f {0 Dlog =L }fdx(m) (3.6)
Similary,
[aaRIsdetm > [as{tlog ( — L o N fawim). @)

JaalR1raztm=faeft-Dlog (-, o jraatm. 6.9

Therefore, we have
me[Rj fdz(m) = (n—1) {E (log £) —log (1—1) —¢*}.

LEMMA 2. For every nonnegative function K(x) and every concave function

h(z), we have the following integral form of Jensen's inequality
f b(a(m))k(x)d.z h/ f a(.z)k(x)dx >

(3.9)
Lkm dz f‘qku) dz
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Proof. see [2] or [4].
THEOREM 2. One has

E{H(W(X(m)))}<h(en +Zh(¢TK(l) (n—1) {E(logf) —log(n—1) —¢*}.

(3.10)
where
1,4 N
h(z) = [xlog7i (1—=z)log == 0<z<1. .11
0 z=0 or 1.
5 (ﬁﬂ+1~jR wwifdz(m)) if i<
K(l) l=1» 2, ., n—1 (3 12)
5, (- [ = f,dx(m)) if ©>1,
ﬁij:IR(s (f—~w;fpdz{m), i,j=1,2,-,n (3.13)
Proof. We have
E(H (WX} =, LZ( wifi fop f L )] fda(m)
[ I3 ifi _ S—wifi f
_j mL;ﬁ(-"—”—f—) fdz(m) z:( Yilt log——L ) | fdzom).
(3.14)

The first term of the r. h.s of the equation (3.14) is
J‘ m({lz___‘nh(w_tfz,ﬂfdx (m)=| . [“Z}h(w—},f'—[rfdx (m) + oo

f rROLE

Jua B2 lrazon.

Since A(z)=h(1—z), we also have

A e
[m( EmE )
& {Z"( 1= w'f' ) fdatm)+f 5 [Zh( SN | o (m)

e L«)[gh(f wif; )_]fda:(m) (3.15)

By the Lemma 2, we have
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frwif
g i o st T ey

[ sl S 0S8

(3.16)
f Rd')fdx (m)

Similary,

JRr'z"» [ih( fﬂ}" S > ffdx(m)/J fdx(m)LZk< jR(z) {;;:-’Z;jdx(m)

3.17)

),

2:”<f wili) | aeom) <[acs fdeom) Zh(-[Rm _f‘wf)fdxon)»

4'_1

Ja [ o razm).
(3.18)
For simplicity, we shall set «;=§rp fdz(m).
Therefore, we have
f le< f_}vifi >fdx(m)
e[ Fp(- ) L Sp( B [ ()
~azh ﬁlll >+a2h<_f9&>+ +aﬂh<»i—n> (3.19)
alh(-@l&) fazh( Pa ) + ah<~%_l—) (3. 20)
(80 ) (B ) Bt .21

Since a;+aptTa, —mefdr(m):l and k(z) is concave function, the quan-

tity (3.19) is less than

h(__‘sﬁ,>al+k§2_2_a2_“_,,,+ 187171 (X,‘)
@ a2 an

=h(But+ Bt Bun)
=h (e (3.22)

Similary, the quantity (3.20) is less than
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b (BiatBart -+ far) |
=k[qm;~)wlf1dx (m) +fR(;3wzf2dx (m) +++- +jR£ w, fudz )

(B gy wsSid e ) + B[ g wesedw) oot fode (m)

=h(§0+Kcn)>- : (3.23)
and the quantity (3.21) is less than
h(BintPant+++t Ban-1)
b ([ iz + [ gntidam) 4+ [ o wn fdao)

+ (ﬂln _jR(T) wlfldx (m) -+ .8211 —JR(g) wade (m) +ee +.3nn—1—JR(:> wnfndx (m))
=h(p+Ke@-»)- (8.24)
By the equations (3.22), (3.23) and (3.24), we have

S el B (L=202) | pdw ) <hemd +ho K ) o+ h o+ Koren)

=
z—1
=h(es + f;;h (p+Kay). (3.25)
By the Lemma 1 and the equation (3.14), we obtain that
=1
E{H(W(X(m)))}<h(er) +l§h (p+K ) —(n—1) {E(logf) —log (n—1) —¢*}.

(3.26)
From the results of theorem 1 and theorem 2, we can obtain the main
theorem as follows: -
THEOREM 3.

& B, W (X)) <h D) + 5@+ Ko) — (-1 {Edogf)

—log(n—1) —¢*}
where h(z), el 0, 0* and K, are the same functions defined in the above.
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