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1. Introduction

Let (S, S) be a measurable state space, W be a prior probability measure

on (S, S). Let \V be absolutely continuous with respect to a measure ), on

(S, S) and let dW-w(s)d),.

Then the uncertainty measure H (HT) of the unknown state S 'S is defined by

H(W) =-Jw(s)logu'(s)dA. (1.1)

Specifically, if SC-{SJ,S2"',Sn) and W=(W(SI),W(S2), .... w(sn»

then

H ( W) ~. - t wjlogw; ~e
, 1

(1. 2)

In [4=, the amount of missing information is defined as follows:

Let us denote by X(m) the random m dimensional vector (Xl> X 2• ... , Xm).

Let us suppose that the distribution of X(m) depends on a state S, which

may take on n different values SI, S2, ..., Sn' Let X(m) be a random variable

on a measurable space (X(m), X(m» whose probability density function

f(x(n) Is) with respect to a measure It on (X(m), X(m» is assumed to be

known.

We suppose that the random variables X j (i=1, ... , m) are independent under

the condition that S=Sj (i=l, ..., n). Letfl(x(m», f2(x(rn», '" andfn(x(m»

denote the density functions for S=S1o S=S20'" and S=sn respectively.

The amount of information contained in X(m) concerning S is defined as

follow:

Im=H(W) -E[H(W(X(m»)j (1. 3)

where H(W(X(m») is conditional entropy of S given X(m), that is

H(W(X(m») = I:; Pr(S=sj!X(m»log ~ 1__ -- - (1.4)
i~l Pr(S=siIX(m»
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and E[H(W(X(m»)] denotes the expectation of the random variable

H(W(X(m»).

The quantity E[H(W (X(m» ) ] is interpreted as the amount of missing inf­

ormation on S after observing X(m).

A. Renyi, established the following inequality between the amount of mis­

sing information and the error of the standard decision in case S= {SI. S2},

that is iem2<E{H2 (W(X(m»)} <h(e;') [5]. (1. 5)

In this paper, we shall generalize Renyi's result in the lower inequality and
~

obtain the upper bound in the case S= {SI. S2, "', sn}'

In section 2, the standard decision in case S= {SI. S2, "', sn} will be consid­

ered and the amount of missing information will be compared with the error

of standard decision.

In section 3, an upper bound for the amount of missing information will

be given by means of the error function and the success rate function.

2. Evaluation of the amount of missing information by means of
th~error of the standard decision

Let us introduce the following decision rule. The most natural decision

after having observed X(m)=x(m) is "essentially the same as the reason app­

lied in case S= {SI. S2} [5].

We assume that Si is selected such that w;f(x(m» is the greatest among

wd1(x(m» , w2f2(x(m», ••. or wnfn(x(m», that is, Si is the greatest post­

erior probability, and if w1!I(x(m»=wd2(x(m»="'=wnfn(x(m», one

make a random choice among SI. S2, '''or Sn with probabilities WI. W2, ", or W n
respectively, We shall call this the standard decision.

Let us define random variable (J)m=(J)m (x(m» as follow:

I/Jm=Si if the standard decision means acceptance of Si,

i=l, 2, "', n. (2.1)

The error e::' of the standard decision after taking m observation is defined

as the probability of the "standard decision being false, and e::' is expressed as

e':,,=Pr«(J)m=l=8) =W1[Pr«(J)m=S21 8=S1) + Pr «(J)m=S3 I8=S1) + ...
+ Pr«(J)m=Sn I8=S1) ]

+w£Pr«(/)m=s118=S2) +Pr«(/)m=S3 I8=S2) +...
+Pr «(/)m=Sn I8=S2) ] (2.2)



Evaluation of the amount of missing information 3

+.....
+W",[Pr(IP",=slIS=sn) 2-Pr(lfJm=s2I S =sn) +...
+Pr (1fJ",=Sn-l [S=sn)].

In a decision problem which is available to a decision maker, we devide

the sample space R'" into the disjoint acceptance -regions, Rcil, Rc'z), "', Rc.)

such that IfJm=Sj is accepted when x(m) c=R~), j'-=1,2, "', n.

With this specification we have:

s~",__ {wJr mfl(x(m»dx(m) +f .Jl(x(m»dx(m) +...
l JR(2) RC3l

-:-JR,:/l (x(m) )dx(m) l+w2[tci'J2(x (m) )dx(m)

_:-J w!z(x(m»dx(m)+"'-i-f m !z(x(m»dx(m) l (2.3)
R(3) R(n) J

+wJf mfn(x(m»dx(m).Lf ,In(x(m))dx(m)+'''
'--- ReI) R(2)

2-J m fn(x(m» dx(m) l,}
RCn-l) ...J

where dx(m) stands for dXldx2· ..dxm and for x(m) CeRe'!':, it holds that

w;f;(x(m»?wjfj(x(m». (2.4)

We obtain the following theorem:

THEOREM 1.

(2.5)

where index 2 denotes logarithm with base 2.

Proof. For simplicity, we shall denote fl(x(m», h(x(m», "', fn(x(m»

I;, and J as follows:

fl=fl(x(m»=llfl(Xr), fz=fz(x(m»=llfz(xr), "', fn=fn(x(m»
r=l r=l

=fif" (xr ), f=f(x(m» =wI!1+w2!2+"'+wnf",
r~l

I j =- WjLlog__L_, i=1,2, "', n, (2.6)
f w;f;

n

and J-2:,1;.
i=1

One has clearly

E {H2(W(X(m»)} =f Hz(W(X(m) »fdx(m)
Rm
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(2.7)

=J H 2(W(X(m»)wd1dx(m) +···+f H 2(W(X(m»)wnfndx (m)
Rm R m

=1 [JJwd1dx(m) +"'+1 [JJwnfndx(m)
Rm Rm

~1R~J-IIJwdldx(m)+...+fRm[J-InJwnfndx(m)

~r m [J-I1JwJ1dx(m) +"'+1 m[J-InJwnfndx(m).JRCI) RC')

Let us consider the first term of r. h. s. of the inequality (2.7), we notice

that

J",[J-IIJwdldx(m)=5 m wlfllog(l+ WdL+ ...+ Wn.&_)wzf~x(m)
RCI) RCI) f w2f2 w2f2

+5 m~.tLIOg(l+ Wdl + ... +. WnfE-)wd3dx (m)
RCI) f w3f3 w3f3

+ .

+f m wlfl log(l+ Wdl_+ ... + Wn-I!n.::L)Wnfndx(m).
RCI) f wnfn wnfn

By the inequality (2.4), it follows that

f m[J-IIJwdldx(m);;;,.l.f m (Wzf2+ wd3+···+ wnfn)d;1;(m). (2.8)
R(I) n RCI)

Similary, we obtain:

f m[J-I2Jwzf#x(m)~.l.f m(Wdl+ wd3+"'+ Wnfn)dx(m), (2.9)
R(2) n R(2)

f .. [J-InJwnfndx(m)~.l.f m(Wdl+wzf2+···+ wn-dn-l)dx(m). (2.10)Rco) n RC.)

By the inequalities (2.8), (2.9) and (2. 10), we have

E{H2(W(X(m»))} ~.l.e;:'.n

Thus the proof is completed.

3. The upper bound for the amount of missing information

DEFINITION 1. The rate of success is defined by

q;=f .. wd1dx(m) +5 mwzf'lfix(m) +···+5 .. wnfndx(m). (3.n
R(l) R(2) Rco)

DEFINITION 2. The expected logarithm success rate is defined by

q;*=t f
m (logw;fDfdx(m). (3.2)i-VR(i)

LEMMA 1. One has
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S iH(- f-wdl f-u;zh_, "', t-w"j"n_)lfdx(m)
R"'L f' f f-.J

?(n-1) {E(logf) -log(n-l) -9*}. (3.3)

Proof. By the definition of H ( .), we have

S I.H(J-wdJ_ j-wzfz , "', J-fWnfn_)lfdx(m)
R"'L f' f c

c-=S i t(j-W;fLlog_~f~_)lfdx(m). (3.4)
R"'L ~I f f-WJi J

For the sake of brevity, let us denote R-~E_'(j-wJi log_~L- .).
i 1, f f,·wdi

Then, the equation (3. 4) becomes

S [RJfdx(m)=J m[RJfdx(m)-:.-S ",[RJfdx(m)+ ... -:.-J m[RJfdx(m).
R m RCI) R(2) RCn)

(3.5)

5

(3.9)

The first term of the r. h. s of the equation (3.5) is

S '" [RJfdx(m)?J '" ILJ-
f
·liJ.J!l log· ( 1

1
) - f

RCl) R\l) n-' Wl 1

-!-.l-=..wz!J'.log . '. f_.~._ ... _ f---.wnfnlog __,f.. . !fd.T(7I1)
f (n--l)wJ!l f (n--1)wJ11 J

~~trl)~(J-ldL-c--L~7zf2 -:- ... + f---.7",!n.)log (n-~wd;/dx(m)

=S '" {(n-l)log-._f~_- '}fdxCm) (3.6)
RC!' Cn -1) Wl!I

Similary,

J
",~RJfd.TCm»fRc2){(n-1)log - ~ f -- }fdx(m). (3.7)
~ ~-D~h

S",[RJfdx(m)?SRc';;{(n-l)log C-- f)_ f }fdx(m). (3.8)
RCn) n--l W n n

Therefore, we have

t",[RJfdx (m) ? (n -1) {E (log f) .- log (n -1) --9*1.

LE~I~1A 2. For every nonnegative function K (x) and every concave function

h (.T), we have the following integral form of Jensen's inequality

J}(a(x) )k(x)~x_<h'.La(x) k(x)dX,)

J
k(x)dx ~ \ S k(x)dx ..

A A
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Proof. see [2J or [4].

THEOREM 2. One has
n=l

E{H2(W(X(m)))}~h(c~+2:h (q>+K (I) - (n-1) {E(Iogj) -log(n-1) -q>*}.
I~I

(3.10)

where

(3.12)

(3.13)

(3.11)Ixlog---.L+ (1 - x) log (11_) ,
h(x) = x -x

o x=O or l.

It/ fJil+l-J mwdidx(m)) if i~l
;~I \ RCi)

K(l) = n l=1, 2, "', n-1
2: (fJil-f mwz!idx(m)) if i>l,
i~l+l R(I)

fJii=f m(j-wifJ-)dx(m), i,j=1,2, "', n.RW
Proof. We have

E{H2(W(X(m)))} =SRm[~( wii log W~fi-)]fdx(m)

=J L'th( WJi )fdxCm)-f t( f-wziLloa f ---)lfdx(m).
R m ;~I f R m;_l I b f-Wili .J

(3.14)

The first term of the r. h. s of the equation (3.14) is

J ith( Wifi )]ldx(m)=J m [th( WJi )-lldxCm)+ ...
RmU~I I RC!) ;~I I _

+J m [th( WfJi )]Idx(m).
RCn) ,~I

Since h(x)=h(1-x), we also have

tm[th( Wii )] fdxCm)

=tm[~h( l-jJi )]fdx(m)

=J m[th( f-;Ji )lfdx(m) +J m [th(J~/w;fi )lfdx(m)
RCI) ;=1 .J R(2) ;~I ..1

+···+S m [th( f-WJi )lfdx(m). (3.15)
RCn) ;~I f .J

By the Lemma 2, we have



Evaluation of the amount of missing information 7

(3.16)

f
I 0 (f f)J f . f (f-WJi )fdx(m)

",i,,£h -Wi i fdx(m)~ mfdx(m)th(- Rei) f_ _)1
R(l)L.~1 1 Rei) .·1 J i

'" Idx(m) ,
Rei)

=f m Idx(m) Ith(JRCi) (~-~~;j~!~~5n:)-)l
R(l) ,Fl f ",fdx(m) -'

RCI)

Similary,

f
:- n_ (f~wI)' fen (J '" Cf-wdi)fdx(m)(2,1 ,,£h~-'-'- I/dx(m)::;; mfdx(m)l"£h-.Rcn------ -- ).,

R ,.,1 I·" R(2) "·1 S '" fdx(m)
R(2)

(3. 17)

S
r 0 (f-wf )-'1 f I" 0 ! S '" Cf-wJi)ldx(m»)-

.'~ I 2;h --1-'-'- Idx(m)~ Rc':ddx(m): "£hI-RCO)S--------'-------. :
Ro_,-1 (.1 \ '" fdx(m). -

Rco)

(3.18)

For simplicity, we shall set ai-ocSRc~Jdx(m),

Therefore, we have

f Jth( f-wdi )fdx(m)
R d"1 1

~a/Lth(k)ll+a/Lth( /32j )'I+ ...+aJth( /3nj):
1~1 al __ 1"1 a2 _ LJ-I an -

-~alh( ~lll )+a2h( ~2:).l-"'+anh(-~:) (3.19)

-,-a1h(JilL)+a2h( /321_)+ ...+anh(~) (3.20)
al a2 an -

...:..- .

.L a 1h( ~~)+a2h(-~; )-:- ... +anh( P~:-l). (3.21)

Since al+a2+"'+an=SRmfd:r(m)=1 and hex) is concave function, the quan­

tity (3. 19) is less than

h(n)al+-~a2+"'+Pnn an)
al a2 an

=h CPu + /322+'" + Pnn)
=h(c';.). (3.22)

Similary, the quantity (3.20) is less than
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h (,812+,821+...+,8"u

=h[ff mwd 1dx(m)+J mwd;Jx(m)+···+S mW"f"dx(m»)\J RCI) R(2) RC. )

+(,812-f mWd1dx (m) +,821S mwd~x(m) +···+.8"1-S mW"f"dx(m)
Rm R(2) RC.)

=h(rp+Km »). (3.23)

and the quantity (3.21) is less than

h (f3111 +f32" +...+ f3""-1)

=h[ff m wI!ldx(m)+f mWzf~x(m)+'.'+J mw"f"dx(m»)\J RCI) R(2) Rc.)

+(,8111-S mWd1dx (m) +f32"-S mwzf~x(m) +"'+f3n"-I-S m w"f"dx(m»)
RCI) R(2) RCn)

=h(rp+KCft-n). (3.24)

By the equations (3. 22) , (3. 23) and (3. 24), we have

tm[~h( f-;di )Jfdx(m)~h(em)+h(rp+K(l)+•.. +h(rp+Kc,,-n)

.-1
=h(e::' + L; h(rp+K(l). (3.25)

I~I

By the Lemma 1 and the equation (3.14), we obtain that
a-I

E{H2(W(X(m»)}~h(e:'.)+ L;h(rp+Km) -(n-I) {EOogf)-log(n-1) -q.>*}.
I~I

(3.26)

From the results of theorem 1 and theorem 2, we can oQtain the main

theorem as follows:

THEOREM 3.
n n-I

5.-<E{H2(W(X(m) ) )}~h(e:'.) +Eh(rp+Kcl) - (n-I) {E(logf)
n ~

-log(n-1) -rp*}

where hex), e:'.,rp,rp* and Km are the same functions defined in the above.
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