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TEE CHINESE REIkIAllXDER THEOREM 

The classical Chinese Remainder Theorem in the context of rings and c c m a x i ~ a l  
ideals is usually stated and proved under the hypothesis that tLe ring contains a mult- 
i?lica tive identity; olten the additional restriction of ccmmutstivity is also imposed. 
Although i t  may not s e a  to be much of a restriction to assume the existence of the 
identity, i t  is not xecessary to  do so. The existence of the identity makes it trivially 
~cssible t3 express any given element of rhe ring as a product of any finite number of 
elements of the ring ( E O ~  all factors being necessarily distinct); but this type of lacto- 
rization can fail id the ring contains no identity. (e. g: The ring of even integers. ) 
Furthermore a ring in which the above factorization property holds need not necessarily 
contain a n  identity. (e. g: The RooIean ring of all finite subsets of an infinite set). 

This note presents an extension of the Chinese Remainder Theorem with neither 
commuta tivity nor the existence of the identity assumed. 

TFEORE~I. Let R be a ring and A,, + a + ,  4, coaaximal ideals in R. G i ~ e n  elements 

?.I, "', X R ;  ~ 1 ,  ---, 2, R t h c ~ e  cxa'sts an element X in R swh that sEx;  fl r, (naodi%i) 
for all i=1,2, m - . ,  n. J- l  

DEFISITION. A,, +., A, are comaxlmal iff iP j implies Ai+Ai=R. 
Proof. First we assert that for each i there exists an dement y+R such that 

y ,  =i7zj (mod Ai) and y,=O (mod A,) for j#i. Clearly, it is sufficient to prove 
J - I  

I U I 

this assertion {or i = L .  For each j 2 2 ,  since A l i A j = R ,  there exist r+Al and a ,EAj  

such that rj=r,+aj. Let yl=a2asmP-a.. Then yl=O (mod Ai) for j # l ,  and , -?"I - = d 
J - 2  

( r , i a , )  =bl-kyl  where b 1 ~ A 1  SO that yl= h' (mod AI). This proves the assertion. 
r-2 

Now let X =  C xtyi. Since yi=O (mcd Aj) for jPi, it follows that x ~ z - , y i  (mod 
I -1 

A,) and the proof of the theorem is complete. 

REIIAXIC 1. Thc above sesuIt i s  an extension of the Chinese Remainder Theorem 
even if R contains an identity 1; however in  this case setting q=l. for each i, the 
usual. version T E S U X ~ S .  

RE'IIAS!C 2. If each element of X csil be expressed as a product of two elements of R 
then tile converse of the above theorem is also true. Let us call a ring X factorizuhle 
iff for each a s R  there exist b, c in  X such that a=bc. i t  is immediate that if R is 
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factorisable then for each a= R and for each positive integer n there exist eIements 
al, m--, a, in R such that a=a~ar.-a,. 

THEOREM 2. Let B be a f a c t o r i d l e  ring m d  Al. . m - ,  A, ideals in R If for each sez 
of el8ments XI,- - - ,X.;  %l,...z. in R there exists un eh?aend X in  R w h  that 

rEai J7 y (nod A{) for i = l ,  . -m ,  R, then AI, m-, A. are cmaximal .  
srli 

Proof. Clearly, it is su&ent to prove that AI+A2=K Let y~ R and let fi, ..., yn 
'be dements af R such that y=yla.--y,. T& x1=yoa zz'Y1,- q, --, S, arbitraFy, . 
~l=y2~-yaj and zi=yr for i = Z ,  ...E. By hypo&& there exists X E R  such that s~ 
x l z ~ 3 ,  - - W ,  m. (mod AI) and X=PS~Z~..-~. (mod Ad.  Writing -za=G the *hve 
congruences m x=y~y?z (mod A3 and x ~ ~ ~ ( y ~ ~ - y ~ ) x  (mod AJ. 

Hence (ym2z-xl + &-K b2-ydz) E A I + A ~  This is the same as: y l y s ' = ~ 1 + ~ 2  

i e. y~ Ali Aa Since ~ G R  is arbiwaxy, the prmpmof is compIete. 
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