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ARBITRARY EXTENSIONS OF A FIELD 

This note deals with the extension of a fidd F by an arbitrary s u k t  S of a field E 
of which F is a subfield. Some of the well known theorems regarding such extensions 
for finite S axe carried over to the case of arbitrary S. The .exposition follows a pattern 
slightly different from what is usually found in the literature and this makes the proofs 
more concise. To facilitate this the following special notations axe used. The termino- 
fogy is that of [l]. 

Notation 

F<E: F -is a subkld of the field E. 
IS1 denotes the caxdinaI number of the set S. 

3(S) denotes the collection of all bite subsets of S. 
E [K normal: E is a normal extension of the field K 
F[xl ,  --.--, X,] denotes the ring of polynomials in the variables xb ..-..-,X,, over the 

field F. 
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means: this implication is a consequence of the item numbered 5 above. 

Definitions and Properties 

1. DEFINITION. If F<E and SCE then the smallest subfield of E containing F and S 
is called the &Id gmira td  by S over F and is denoted by F@). Thus F(S)=  
n (K: F<K<E and 8cK.I. 

2 DEFINITION. If F<E and S is a bite subset of E, say S= {aI, -.-..-,a,}, 
then FCS] is d&ed by FCSI= df (al, ..m, G) : f ( x ~ ,  ..a, 23 E FCxh ---, 57). 

3 D E F ~ I T I O N .  If F<E and SCE then U { R A ]  : A G ~ ( S ) ] .  
(No algebraic stnrcture is chimed for FLS] in this ddnitiw. Clearly 
S c T  - 3(S)-(T) = FCSlcFiTJ.) 

4. DEFINITION. I£ F<E and SCE then an element ~ E E  is c d e d  a rational fsactim 
on S with c o e j k i ~ s  i n  P iff there exis& a pmitive integer n and polynomials 
f X ,  , X g (X I ,  X*) in FCx1, - - m .  1.3 and a set h, - m * .  am) CS such that 
g(al, . W - ,  ad #O md a=f (aI, m--, a,) /g(q, -a-,  a,). 

5. If F<E and SCE then 
F (S) = {a E E: a is a r~t imal  function on S with coeficimts i x  F} - 
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Proof. If K denotes the set ( } above, then K is a fieId and KQ(S); also 
and SCK so that F ( S ) c K .  

6. If F<E and SCE, then F(S)  = U [F(& : AEB (S )  1. 
Prmf. 
A c S r F  (S)  a d  FEB ( S )  3 F IJ A c F  (S) ===+ F (A) CF (S)  for a& A s 3  ( S ) .  
Hence IJ {F(A): Afg(S)}cF(S).  

5 
Also, ~ E F  (S) a=f (aL, - - m ,  am) lg(a1, h . . ,  a3 for some (aI, - - m ,  a-) CS and f ,  g 

in F[:xt - m a ,  X,] 

3 a ~ F ( a 1 ,  m*., a,) using {al, -.m, a.] instead of S in 5 above i. e. 
a ~ F ( 8 )  => a=F(A)  for some A=B(S). Hence P ( S ) c U  {F(A) ;A=Z(S) ] .  

7. If F<E a d  SCE thm KSI i s  a subring of F ( S )  (and hence F[S] is an entire- 
ring). 

Prmf. If a, B, c are elements of .Fffl then there exist A, B, C in 3 (S) such that o 
E ~ A ] ,  b=FCBI, c= FCC]. Then by 3, a, 6 c are element S of FED] where D= 
AUBWC. So if D= (U,, - m + ,  a,] then a=f {al, .a-,  a,), b=g(crl, - - m ,  a*), c=h (ar, . m - ,  a,) 
for some f , g ,  h in FCx,, .-., X,]. Sineef, g, h satisfy the ring axioms it folIows that 
a, 6, c aIso do. 

8. If F<E and A, B are &sets of E thm F(A) (B) =F ( A  IJ B) = P @ )  (A).  

Proof. Writing S=AWB, FUS@(A)(B)  ----I F(S)<F(A)(B)  and P(A)IJB 
c F ( S ) U B = F ( S )  F(A) (B)<F(S) .  Hence F ( S ) = F ( A ) ( B )  and the rest is- 
clear. 

9. If F<E and S ( c E )  is algebraic over F then K S ] = F ( S ) .  

(DEFIKITION. S is algerbraic over H iff each element of S is algebraic over F.)  

Proof. C a e  I: S finite. Usual proof by induction on 15 j. 
6 Case I 

Case II: S orbitary. a=F(S)  a A f 3  (S) such that a=F(A) = xa a. 
E IJ { F [ A ~ : A E ~ ( S )  1 ==F[S] .  

10. If F<E and S ( c E )  i s  algebraic ovm F then F ( S )  i s  an aZge6raic extmiow of F. 

Procf. a=F(S) a UEF(A) forsome AEB(S). B u E A E ~ ( S )  ==+ [AI<oo 4. 

F ( A )  is an aIgebraic extension of F 
(extension hy a h i t e  number of algebraic elements is an algebraic extension) and' 
then a=li(A) =.> a is algebraic over F. 

11. If F<E and S= { a ~  E: a is algebraic mm F), thm F<S<E. 
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Proof. S algebraic over F a F(S)  algebraic over F ==> F ( S ) c S .  But of course, 
S c P ( S )  ; hence S= F (S). 

12. DEFNITION. If E is a field and 8 a f a d y  of subfidds of E, then the conepos~til41t 
of the fields of the f a i d y  3 is the smallest subfield of E containing a11 the fie& 
in 3. .,, . 



Arbitrary extensions of a M d  

NOTE: Clearly, 
(i) Campositum g= i) (F:  F<E and F ~ E ~ - F ~ < F ] .  
(ii) if  FE^ and S.=lJ3, then cornpositurn ? = F @ ) .  

13. I f  F<E then E i s  the cornpositurn of all sub~5elds of E which are $nitsly g m r -  
ated over F. 

(DEFINCTION. If P<K<E, then K is said to be frnitdy generated over F iff K=F(A) 
for some finite subaet A of E . )  

6 
,Proof. E=F(@=U (F(A):  A=B(E)] ~Campasitum F { A ) ; A E ~ ( E ) J < E .  

14. If k<F<K and S c K  thm R(S) F = F ( S ) .  

Proof. k<F - k(S)<F(S)  &(S) U F c F { S )  a B(S)eF<F(S).  
Also, F U S c K ( S ) - P e F ( S ) < k ( S ) . F .  

15. If R<F<K and E (<m is  an algebraic e x t m ' m  of L then EF i s  an algebraic 
8 ~ t s n ~ i 0 n  0f 17. 

'10 
Proof. E aIgebraic over k - E dgebraic over P 5 F(E)  algebraic over F. 

16. Let k<F<K- 
(i) I f F  is  $nitey gmerated ovm k and K k m t e l y  gmeratd wer F, then 

K is j n i t y  geprerated mm K. 
(ii) If E (<K) i s  jinigdy gmrrated over k t h n  E .  F is fiitely g m r a t d  mr F. 

Proof. 

(i) By hypothesih &ere exist ACP and B c K  such that IAl <W, IBl <CO and 
P-K(A), K=F(B). Hence ' 

8 
K=k(A)(B)=R(AUB). But AUB is a S t e  s u h t  of K 

(ii) since E is G t d y  generated over k there exists a finite subet S of E such that 
E = k ( S ) .  Hence 

DEFINITION. 17. If &<K and a is a non-zem cardinal then K i s  s a d  to be a-gmerated 
over k 8 there d t s  a subset S of K such that K=K(S) and PI =a. 
(Note: The condition IS I =a may be replaced by [S I e .  ) 

n 

18. Let a, b 6s *zero c,ardinals of which m e  i s  i a w t e  and mtrgpose J<P<K If F 
i s  a-generated mm k and K i s  b-gmerated over P then K i s  I -gmra ied  over k. 

Proof. L& AcF,  B c K  besuch that iAl=a, IB]=B and F=k(A), K=F(B). 
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Then (A) (B) =k ( A  U B).  Also lA U B1 =- (=, 6) =d. 

19. If k<F<K a d  E(<K) i s  a ~ g m r a t e d  oner h then E - P  is  a-gemrated ooer F. 
Proof: Since E ie a-generated over k, E=k(S)  for some SCE with IS[ =a. Hence 

l4 
E-F=k(S)  .F=P(S).  



DEFMITXON. 20. If ( f i )  id is a family of polynomials in K[=] with, deg f <>,l for each 
i ,  then K<I is called the splitting field of the f m i l y  { f  it^ 8 K=& (S) rnbere 
S= ISEH : f i  (S) =O for some 2 ~ 1 1 .  

21. If f i ~ k [ x ]  fo r  each %'EI and Ki i s  the s$Iitti?ag fild of fi over k, thest the , 

splittikg fild K of the f m i l y  {f i) id ouer k is the cornpos3um of {Ki ]  ;,I in  i .  
Proof. Let S= { s ~ l : f  i (S) =O for some i ~ I j  so that K=k(S); let E be the compo- 
sirum of {Krj i ~ f -  Clearly, K contains d the roots of f f; (S) splits in KLz] 
--. &<K. Since this is true for each i, &<K. Conversely, SES SE& for 
some %' =ir SEE. Hence S c E  so tba,t K = k ( s ) c t . E = E .  

22 If k<F<L and It<E<L then Elk m m l  EF IF nornsal. 

Proof. Let E be the splitting fidd d the family (f i ) i d  in k[x] and let S= { s ~ i :  
f (S) -0 far Eome s ' ~  l). 

14 
Then E=k(S) so that E-F=k(S)  .F=F(S) and this implies that EaF is the spli- 
tting extension of F for the farnib {f i] i d  hi P[x]. Hence EF IF is normd. 

23. If k is U &Id m6 {Ej] jc?J GT family of fields such that Ej  normal f'or each 
j~ J, thm E [h m m l  where E=composdtxm {Ejlid. 

Proof. Let Ej Er be the splitting field of the faimily (f i,,) i-Ij  in k[x]  and let Sj 
= {s~X:f~,i(s)=~ f a  m e  i ~ ! ~ )  SO that Ej=k(s,). Let 8={ f j , l : i f l j ,  j= jJ  and 
S=U (Sj:j=Jj. Then S={s&:f (s)=O forsome f ~ 3 )  Now Ej=k(S,)<k(S) for 
each ~ E J  and hence E<A(S). Also, SicEj<E for each j s J  so that S-. Hence 
k (S) <k (El =E* 
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