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ON T묘E CONSTRUCTION OF MULTIPLE PARAMETER EXTENSORS OF 

HIGHER ORDER 

By OM P. Singh 

The generalized geometric object ‘Extensor’ was originally introduced by Craig 

[1]1) for one par따neter. and subsequently. he successfully generalized the idea 

for multiple parameter extensors in [4. 5]. Lateron. the extensors were extensively 
studied by him with application to geometry. mechanics and the calculus of 
variations problem. (See bibl. [6] and papers [7. 8. 9]). A long ago. in his very 

interesting paper [3]. Craig constructed the extensors of higher order as intrinsic 

derivatives of higher order tensors and led the way for their generalisations. 
The prime purpose of the present paper is to develop the theory in which we 

shall construct multiple parameter extensors from tensors by differentiation. 

Notations to be employed in the present paper are the same as those used by 

Craig in his works listed at the end of the paper. 1n this paper. we shall employ 

at most two coordinate systems x and :X. but we shall use only one root letter x 

for both systems. and distinguish them by restricting the choise of indicial letters. 

Letters at the beginning of the alphabet a. b. c. d. … ; α， β• r. δ， … are to be 

associated with x coordinate system. while the others with :x system. The 

Greek indices will be used both to denote integers 0 to M and to denote matrices 

throughout this paper. If the variables xa are made functions of two (or more) 

parameters. say u1 and u2• so that we have xa =xa(up u2). then the mixed order 
aa, +a, F 

par디al derivatives with respect to parameters such as .: a , ~ ~ 2a. may be denoted 
òU1“'òu깅 “ 

(a ,. α싸 aX
r
(Pl' P2) 

by F~a，.a，). The symbol X :a for p=(에• p상 a=(αl' α상 denotes 3 

“:a(αp a
2

) 

Repeated lower case Latin indices indicate summations from 1 to N. while lower 

case Greek indices. 1mless contrary is indicated. from 0 to M in the case of one: 

1) Numbers in brackets refer to the references at the end of the paper. 
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and over the set of matrices (αl' a2) with a 1 ranging from 0 to M 1’ parameter, 

shall we Now, 

A=α， F(M)= 
(a)a 

we have consequent1y, denotes the binomia1 coefficient, where the symbo1 

if P>A, 
r(P-A) 
a ; P=p, A=α， x pr 

= -
aa (1) 

if P=A. =xr

’ 

if P<A. 
M The expansion of the derivation (FG)''' , that is, the M times differentÏatÏon of 

a product of two fUDctions F and G wÏth appIication of the Leibnitz ru1e of 

d.ifferentiation, gÏves 

=0, 

G(M-α) • 
., M 

(FG)ι =L그 
a=O 

(2) 

The symbo1s U aa and yaa as used in thls paper are defmed as follows: 

4
v
-
따2
 

ι‘
 -7 

+ 
-a 

l 

f-& 
vaa=vc.α .. α.，)a= (3) 

• A1=αl' A2=α2’ U =U -lnf 
(a ,.a,)a-\. A~ (4) 

a 2 : 0 to M 2• range: a 1 : 0 to M 1’ 

revIeW shall we 

(3]. whlch appeared in the works of Ciaig 

Some typica1 specia1 cases among them are defined as follows: 

before going to our actua1course of dÏscussion. 

the generaIized binomia1 coefficients. 

Furthennore. 

if M는A+B+I’， 

if M<A+B+r. 

M \- Af! 
A. B, r)-A! B! T! (M-A-B-[η! ’ 

=0, 

and α2 from 0 to M2• Capital letters do not generate the sums. 

contemplate on some of ,the fundamenta1 notions. 
Let F be a sca1ar or vector point function. then 

F(M-A) ’ 
g 

if A+B+r는2M， 

ifA十B+r<2M，

-1 

, 

_ A ! B! 
--M! T! L1 !(A+B-M-r-J)! ’ 

A, B l_fA. B 
M , r , L1J-l M 

Now, first 1et us suppose that the quantities Eαa' defined by 

-1 -1 

M-r 
M 

nf-B, 

A+Br , L1 

-\M-A, 
A, B, r 

M 
=0, 
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., 、 (M ,-A,) 

강쉰칭PTa , A1=αl' M1>Al’ 

derived from the tensor Ta are fUDctions of Ul and U2 and are extensor components 

relative to Ul' so that 

Ep，r=Ea，aX렀， 

,a =(~lìxa[(A，.O)-(P， .O)] =( ~애A，-P'Xa껴X1Al-Pl 
Plr-\P/L>'r -\P1r ..... r'v ... l 

Al =a1' P1 =Pl' range: a 1• Pl : 0 to M1• 

Similarly. let V(p,.O)r be an extensor derived from the tensor V , we then have 

(V@l 0)rEplr)(O Mi)=(V(al OMEala)(O M·뚫。(뺏2)y(a，.aa)aE 꿇여-따)] 

If we define E(a .. a.)a by 

E --(M2 
(a,.a.)a - \ a2 

”… [0. (M,-a.)] 
Eala , r없1ge: α2: 0 to M

2’ 

then by quotient law E(a"a,)a is a two parameter extensor. Hence. we have the 

THEOREM 1. Let T a be an absolute tensor 01 the type (0, 1, 0), then E(a,.a,)a 
.z"s a two parameter extensor 01 the type (0, 1, O. 0, 0) derived Irom the tensor T a" 

REMARK 1.1. On making use of the mathematical induction. this theorem 
of ∞urse can be extended to higher type of multiple parameter extensor and we 
can get the E (a" a, ..... a.)a' an extensor of k-par따neter. 

Next, we sUIψose that the quantities Ea,a defined by gx‘
a = T(a,)a 

derived from 

the tensor T
a 

are fUDctions of u1 and μ2’ and are components of an excontravariant 

extensor relative to ul' so that we have 

Ea,a=EP,r X렀， 
’ 

Kll,a =( ;1;lì Xa[(A，.O)-앤，.이] -..t.l 
p,r 
~ 

\P~) .A 
r 

- 집paAl-Pl 척깨μF‘-p; 

Al=αl' P 1=P1' 
range: α1， Pl: 0 to M 1• 

Similarly. let V(1l1.0)a be an extensor derived from the tensor Va' then byexpanding 

(V(Il, .o)aE
Il,a/o.MJ with application of the Iιeibnitz rule of differentiation (2). we 

<>btain 
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(V (a，.O샘a，a)(O.M.)펠。(%성V찮a flam, (Mi-ag)] 

Replacing the dummy index α2 with M2-α2' droping the bars 

definition 

and 

(5) 
1M?\ TT ... (M,-A,) A 

(ai,a2)a =[ A칭 V(4·0)a , A2=a2, range:, α2: 0 to M 2’ 

usmg the 

the R-H.s. of abOF re1ation becomes V(a‘’씨a E(al, ag)a. From which by quotient 

law, we ∞nclude that E(a"a,)a 
is a two parameter extensor of excontravariant 

order one. 

THEOREM2. Let y.a be a contγaνariant tens01' 01 orde:γ one, then the quant씨， 
E(a"a싸 is a two parameter extensor 01 excontravariant order one, derz'ved Irom the' 

tm양m’ rz. 
REMARK 2.1. If we extend this theorem by making use of the mathematical 

induction, we can easi1y. get a k-parameter extensor E(a,.a •• …, a·)a. 

Now, in the forthcoming part of this paper, we devote ourselves in developing 
the construction of the multiple parameter extensors of higher order. 

THEOREM 3. 11 T abc is a tens01' 01 the type (3, 0, 0) and the necessary derivatiνes: 
exist, then the qua짧:Ues E(a,. a,)a. (ß" ß,)b. (r，’간)c derz'ved Irom the tensor yPbc, are 
the COl1ψonents 01 a two parameter extensor 01 the ty양e (3, 0, 0, 0, 0). 

PROOF. Let y.abc be a tensor of the type (3, α 0), and the quantities Ea,a. ß,b. r,c 

defined by 

Eala.alb-riC-IA1, B1, r11 Tak(AI+BI+rl-2Ml) 
A -a -l. M. J'" ’ ‘",1-.... 1’ 1 .J 

B1=βl' r1=rl' 

range: αl' βl' η: 0 to M
1’ 

are the components of an extensor of the type (3, 0, 0, α 0) derived from the 

tensor T abc (Craig [3]). We now assume that the quantities Eα，a. ß,b. r,c 
are 

functions of u1 and μ2 and are extensor components re1ative to μl' so that we have 

Ea,a. β，b. r,c _ 
'Dp,T.U,S. 7:，tγa，a β ,...1 .... /1 ... =EPll.Vl"'. "l"X으 Xν X'_l: • -p,T. --U,S --7:,t 

Simi1arly, let U (a,. Ò)a' V (ß,. O)b' W (r ,. O)c are the extensors derived from the tensors 
Ua, Vb and Wc respectively. We then can construct the invariant (U,_ r,,_ V 、 (a,.O)a • (ß,.O)b 
W (r"O)c 

E(a,a.ß,b.r,c)) for arbitrary choice of the excovariant extensors U, V , W. 
Differentiating this invariant over the set of matrix differentiator (0, M 2) by 
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application of the Leibnitz rule of differentiation of a multinomial, we get 

(U ,_ ,,,_ V'ð "U W , .. "， _Ecx，a. β，b. r ,c) (0, M.) 
(α， .O)a r (ß,.O)b rr (η • O)c~ .1 

=Z ( 」nq lU ” Z/ V 、t-':~~ W~--\./~Z: E 
α2' β;， r 2)U (cx,. O)a y (ß,.O)b ., (r,.O)c 

range: α2' β2' r2: 0 to M 2• 

We now, replace the dummy indices α2' ß 2’ 
r2 with M 2-a2’ 

M2-~2' M 2-r2’ 
drop the , bars, express U (α‘’ 0)a Sup(M2-α2) interms of U (cx,. cx,)a by using the

relation (5), and if we define 

E(cx,. cx.)a. (β"ß.)b. (η， rz)c= 

~=α2’ B2=ß2, r 2=r2’ 

the result is obtained into the form 

‘ 

U" V ’ W , . , E (cx" cx.)a. (ß ,. ß.)b. (r ,. r ,)t: 
(cx ,. cx.)a • (ß,. ß.)b rr (r ‘’ ?’.)c 

From which by quotient law, we conclude that E(cx， .cx，)ao Cβ，. ß,)b. (r ,. 써C is a tW@ 

parameter extensor. Hence, the t1!eorem follows. 

REMARK 3. 1. Similarly constructing the invariant (U(cx,.cx"O)a V(.β얘 .. O)b W(η. 

간， 0)c E(al， a2)a·(gl， &)b·(7!’까)c) and so on, differentiating it over the set of matrix: 

differentiators (0, 0, M 3) , (0, 0, 0, M 4) , and so on successively, and following 

the same type of pro∞dure as in the proof, this theorem can of course be 
extended to the higher type of multiple parameter extensor and we can get a k

parameter extensor E(cx,. cx •• …, ι)a. (ß" ß •• …• ß.ι (r,. r •• …,r.)c of the type (3, 0, 0, 0, 0). 

REMARK 3.2. In the proof of the preceding theorem, if we operate on the 
a. ß,b. r,c .. quantities E~'u. I-" v.{ ,.... defined by 

Ecx,a. ß,b. r ,c ...... = r A, B 1펴1'''' rabc" oCAl+Bl+rl+"'-(q-l)Ml)' 

(Craig [3] p. 335) which are one parameter extensor components of unspecified qth 

order derived from the tensor T
abc… of the type (q, 0, 0), by constructing the 

invariant for arbitrary choice of the extensors U (cx,. O)a. V (ß" O)b, W (r" O)c and so on, 

we can easily get the quantities E(cx" cx.)a. Cß,. 마)b. (η• r ,)c...... defined by 

E(cx ,. α따씨a，)a씨씨)a. (여ß，. ß.쩌빠2씨μ)b. (r" r.하.)싸)νc •... = r A2갯2t싫11않1동F2?， 다다， "'1냐Ecxιcx，aρaι.β뼈lψbι.r，π1ιc ..• [0따0α때’ 
2 

which are two parameter extensor components of unspecified order q. 
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THEOREM 4. 11 T cd is a . tensor 01 the typø (0. 2. 0). then the quantities 

E(r,.r.)c.(Ö,.Ö.)d derived Irom the tensor T cd’ are the cor.뺑onents 01 a tμ10 paγameter 

extensor 01 the type (0. 2. α O. 0). 

PROOF. Let Tcd be a ∞variant tensor of order two. then the quantities E r,c. ö,'d 
defined by 

Aι 
E _ .=( ':'~ ~ 

r,c.Ö,d-\r,. Ll 
、 1’ l 

Tcd(M‘ 
-r, ‘ dl) , r1=rp .::11=δl’ 

range: rl' δ1: 0 to M 1’ 
are the one parameter components of an extensor of the type (0. 2. O. 0, 0) 

(Craig (3]). We now suppose that the quantities Er，c.δ，d are the functions of μl 
and u2 and are extensor components relative to u1 so that we have 

E .. _ "J=E_ • .. X~'~X~，

“ ‘ 

r.c• δld - - 'r1t.U1ι r,c ~"o‘d' 
Simi1arly. let UCr.O)c. V(ö"O)d be the extensors derived from the tensors if, yd. 
We can then construct the invariant (u(η

， 0)C， v(δl·0)d， Eric-δ，d) for arbitrary choice 

of extensors UCr" 이
c， V(ö,.O)d. Differentiating this invariant over the set of matrix 

differentiator (0, M 2) with the application of the Leibnitz rule of differentiation 

of a multinomial, we have 

(η.O)c TT(δ，. 이d l:' .... (0. M ,) (U V Enc.ald) = g 
M 2 

r2' δ2 

range: r2' Ò2: 0 to M 2• 

If we define the quantities E (η， η)c. (ö" o,)d by 

u(r" r.)c v('δ，.δ:)d E
” ----[0, (Mi-ra-&)] 
71C• δ，d 

M2 \ ...... [0. (M,-r.-.:I.)] 
E (r ,. r.)c. (δ，.O.)d=~r 2' ~2) Er,c. δld • F2=r2, 42=a2’ 

then by quotient la w, E (r,. r ,)c. (0
‘’
o,)d is a two parameter extensor of excovariant 

order two, and the theorem follows. 

REMARK 4. 1. This theorem can obviously be extended to the higher type of 

multiple parameter extensor by constructing the invariant (U(r,.r,.O)c Vcδ， .δ •. 이d 

E 
(r" r ,)c. (，δ，. δ，)d)' and so on. differentiating it over the set of matrix differentiators 

(0. 0, M 3) , (0, 0, o. M 4) and so on, successively,. and proceeding as before we 

can get with ease the k-parameter extensor E (r ,. r •. .... r.)c. (ö,.o,. ….o.)d of the type 

(0, 2. 0, O. 0). 
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invariant (U(η， 0)C V(al, ox---Eric- ald…) \,V, J:Y..I. I), 

extensor quantity Er,C.ò,d ... defined by 

M l 

REMARK 4.2. In the proof of the preceding theorem, if we operate on the 

which is fonned with respect to the 

E_. " .I~~~ = rlC• δ‘d ••• - l' .11' ... 
Tcd(M‘ -rl-dl), • 

and for the arbitrary choice of extensors U(η.0)C， VMl·0)d, and SO on, we can 

easily find the quantities E (η. rJc. (ò" ò,)d… defined by 

( T' "^:2 ì E_. ".I~~_[O. (M,-r.-.:!.)] 
(r •• r.)c. (ò,. ι)d ... =\r2 • .12, … J CJr.c•ò•d ... 

which are two parameter extensor components of the order indicated by its Latin 
indices. 

THEO뾰M5.11 많 is a tensor 01 the 뺑e (2, 2,0), then the qua써ties E않’짧· 

얹::짧 deri:νed Irom the tensor 짧， are , the components 01 a two parameter extensor 

01 the type (2, 2, α α 0). 

PROOF. In the generalization of the theorem 3 (Remark 3.2), if we take q 
(r .. O)c TT(Ò •• O)d equal to 2, then it follows that for arbitrary choice of extensors U"" Vj". V 

the quantities 

A깜.r B21( U(r •• O)cV(ò •• O)d Ea，a.야‘ 
JY.l 2 J 、 rlC• 0 1Q 

[0. (A.+B,-M.)] 
• 

constitute the 
But 

components of a two parameter extensor of the type (2, 2, α 0, O)Þ 

‘ 
2' B21 (n(r •• O)c 'TT(Ò •• O)d .,a.a. ß.b\ [( 
M 2 J \- - -rlC· 

‘ 
n‘ 매

‘
 

‘ι
4
 

B 

, 
+ 
r 

&‘ 
/
l
’
L
r、

1

낀
j
 

B 

2 
싹
 

M g
성
 

= “ (r .. r.)c TT(Ò" ò,)d r:oa.a.ß.b[O. (A,-B.-M.-r.-ò,)] 
U V Enc.κd 

=~ [ Az, B2 
r .. ò.=O lM2• r2' Ò2 

(a‘. a,)a. (ß‘’ ß.)b 
If We define the quantity E(η， T·)c·(6l， al)d by 

(r •• r.)c TT(Ò •• ò.)d r:oa.a.ß.b [(0. (A.+B,-M,-r.-ò,)) 
U V Er샤，d 

E~~"~'2~'rCf"!~)!=f A2' B 2 \ E~.~.~.:[O.(A.+B， -M.-r.-.:!.)l 1 H2’ 2 ~E 
(r,. r ,)c. (ò •• ò‘)d -1M2, r2, A2j rlc.a‘d 

Az=a2, B 2=ß2’ T2=r2' LIz=δ2’ 

the above 
·m n a 

댐
 

때
 

‘ reduces to 
(r .. rJcTT(ò •• ò,)d r:o (a‘. a,)a. (ß •• ß,)b U\I" '''''''V\.v 1

' "1'''' E 
(r .. r.)c. (ò •• ò,)d ' and the 



272 OM P. Singh 

theorem follows from the quotient law. Concerning the range of Greek indices 

bearingindex 2, we, see that the proper range of α2' β2' r2’ δ2 run from 0 to 

rA,. B M 2' but, confining a2, β'2 to this range, we note in addition that\ fJ.2: .:'"'2\ is zero, 
‘“ 2 

if A2+B2<M2’ 
so the effective range of A2+B2-M2 is from 0 to M2 inclusively. 

Further, 
A..,+B,, -M 

we take note of ( 2 72, 짜2 2) , that is, whenever T2+δ2 exceeds A2+B2 

-M2, the corresponding terms of thesum vanish. Consequently, the maximum 

range 0 to M2 may be taken as the actual range for the indices r2 and O2, 

We also notice here that the quantities Et;r짧 being appeared as above are 

defined as 
E a ob r A , B 1 ，~.β，b _ f I11,.u1 1 '1'ab(A, +B,-M,-r,-.d,) 

r1C• δ，d- 1.M" r , ..1, J ‘ l' .1. , ""1) 

A1 =αl' B1 =βl' r 1=rl' J1 =δl’ 

￦hich are the components of a one parameter extensor of the type (2, 2, 0, 0 
ab ,0) derived from the tensor T;; (Craig [3]). In. case of the Greek indices αl' β1’ 

r1 and δl' the rule follows similarly for the range as that for the Greek indices 

bearing index 2 in this theorem. 

REMARK 5. 1. By the similar process, again constructing the appropriate 
'quantities for the two parameter extensor, and so on, and operating on the set 
.of matrix differentiator (A3 + B3 - M 3)' and so on successively, and proceeding as 

in the proof of this theorem, we can get 

얹찮，cr.-￡.껍 of the type (2, 2, 0, 0, 0). 

(α" α2. "', a,)a a k-parameter extensor E>:":" :::':'{; 
t...r1' T2.. …J r.)C. 

REMARK 5.2. In the proof of the above theorem, if we take the one parameter 
a.ß,b • ••• _ fAl' B …1 

extensor of 1JDspecified qth 야der defined by Et꽤d - {폐， r1: d1} T짧 [A, +B, + 

-(q-1)M,-r,-.d,1 (Craíg [3]p.335), we can easily get a two parameter extensor 

E앉:않·없짧 of the type (q, 2, 0, 0, 0). 

At last, while concluding this paper, the author wishes to acknowledge his 
grateful thanks to Prof. Dr. Homer V. Craig (University of Texas, Austin) for 
suggesting the problem, encouragement and many kinds of help in the preparation 
ρf this paper. 
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