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A DEFINITE INTEGRAL INVOLVING GENERALIZED 

FOX’S H-FUNCTION WITH APPLICATIONS 1. 

By N.P. Singh 

1. Introduetion. 

<

In this paper author evaluates a definite integral involving Gauss’ s hypergeo
metric function, generalized hypergeometric function and H-function of twÜ' 

variables by means of finite difference operator E and uses it in obtaining a 

solution of a problem of heat conduction. An expansion fonnula of very general 
nature has also been established •. Since generalized hypergeometric function may 
be reduced to simple functions and polynomials and H-function in two arguments 
is capable of providing generalized Meijer’s G-function [1] , Fox’ s H -function, 
product of two H-functions, generalized Kampe’ de Fériet function [17] , the 

results obtained here become master or Key formulae from which a large number 

of relations can be deduced for functions appearing in applied Mathematics and 
Mathematical Physics. 1t is also observed that some recent formulae of Singh 

[13], [14], [15], Bajpai [2], [3], [4], [5] and Goyal [10] admit themselves of 

interesting extensions which provide one with the unification of several results 

scattered throughout the literature. 
Mathur [11 , p.215] has recently given a generalization of Fox’s H -function in 

two arguments by means of a double Mellin-Bames countour integral in the form~ 

I 1: x 

(1. 1) H챔;zrriX;，] : y 

{C당’장)} 
; {Cr' t' 

{(δ's， ds)} \ 

where 

{ßq, bq)}; {(β/q，， b’q')} -

=-4「r fit i∞_ Ø(용+η)ψ(용， η)xtyηd용"dT/， 
C2πi)“I-“OiO J-“>0 

[[J’(1 -ε，+e，용+eiη) 
ØC용+η)= ..1=1 J J J ‘ 

[[ rcε‘ -e，I; -eη) Il r(o;+d;홍+dη) 
1=t+i “ ’ J=1 ‘ J ’ 
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and 

뀐， rc.βi-b쭉) 월， T(η+c원 월 rCβrj-b’F)J훤 r(낀+깐η) 
ψ(용， η)=..1.=} 1=l t 1-‘ -, 1-4 t’ 

j핵l+F(1-βj+b올)j짚‘핍(1-간-c황꿇r(1-β3+엔}」g;+F(1-γj-c’jη) 

CAm, Bm); {(값， Bm)} s않n없 for a set of m paramet앙S CAl' B 1) , (~， B상， ... 
’ 

O드m1드q， 0<m2드q’， 0르1)1드t， 0<1)2드t’， O드%드p. 

The sequence of parameters {Cßm,' bm)} , {Cß’”’‘, b' m)}, {Crv,' cv) }, {Cr' v,' c’v)} 

and {ên, en)} are such that none of the poles of the integrand coincide. The path 

of integration are indented if necessary, in such a manner that all the poles of 

rc힌-탤) (j=I,2,…, m1) and rC따 -b’kη) Ck= l, 2, "', m2) lie to the right and 

those of rC감+c원 (j=I, 2, …, 1)1)' rCr' k +c’kη) Ck=I, 2, "', 1)2) and r(1-텅+챔 

+깐η) (j=I, 2, …, n) lie to the left of the imaginary axis; the integral converges 

if λ>0， λ’>0， la멍 %1 <웅Xπ， Iargyl<웅rπ， where 

tn, V , 
Â= ~ b;+ Ë C;+ 

j=1 I j=1 I 

and 

h q t p 
L:: e,-L:: b,- L:: c,- L:: e.
j=1 I j=m‘+1 I j=v,+1 J j=n+11 

εl 낀， 

m. Vz n 
λ， = L:: b';+ L:: c’; + L:: e; 

q’ t' P s - ε b'; - L:: c’.; - L:: e, - L:: d;. 
j=1 I j=1 I j= 1 I j=m,+1 I j=v.+1 I j=n+1 I j=l I 

We shall denote (1. 1) symbolical1y as Hl~J. 
The behaviour of Hl; for smal1 values of x andy has been discussed 

~athur [11, p.2181: 

by 

‘ I ^，".，~， ßL~ ， ß’ Hl;J=OClxl'ïyr) as x• 0, y• 0, where β=min RC따Ibh) and β’=min RCß’/b’ t) 

(h=I , 2, …, ηt1 ; t=I,2, "', m2) and 

q t p s 
x: b.- z: c.- Z그 e;+ ~그 d.· E δ>0， 
j=1 I j=1 J j=1 J j=1 J 

q’ t’ p s 
Z그 b’;- L:: c지- L:: e.+ L:: d; 르 δ’>0. 
j=1 J j=1 I j=1 I j=1 I 

H-function of two variables reduces to Agrawal's G-function in two arguments 

{1] if 씬 (j=I, 2, …,p), 얀 (j=I, 2, …, q), b'j (j=I, 끽 …,q’), 당 (j=I, 2, …, t), 

c’ i (j=l, 2, …, t’) and d j (j=l, 2,''', s) are positive integers i.e. 
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/ 

{(ep• ep)} 

{(rt• Ct)}; {(r' t" C’t')} 

{(ζ• ds)} 

{(ßq• bq)}; {(βν.b나，)} 

y 
u n. 11,.11 .. m .. m., 11 

- P, [t:t’l.s.[q:q’] 1\ 
(1.2) 

{L1 (ep' ep)} 

{L1 (ct• r t)}; {L1(C't" r't')} 

{L1(ds' δ's)} 

{L1(bq• βiq)} ; {L1 (b' q" β씨} 

j τX1 

! 
yY1 

- εe，. 한C，. 효Rj， ￡bj， 쉽b’1 
=(2πf pG 1=l 仁; l치， 7l l1=l 「 o a 

Ee" 1 Ec,: Ec’,1. Ed i • 1 ~b，: Eb’1 

where 
1-얀 

2 

q 

-L:; 
j=m,+1 

1-민 
2 

l-d. m, 
F+온l 

l-e, s 
2-- 쯤1 

p 
'-L:; 
j=κ+1 

” 
1-e. 

D= L:;-τ
J 

j=l ‘ 
1-b/; q’ l-b’? 아 l-c’. f 1-c’. 1 

‘- ~그 _::-' ..:..1 -l- ~그 --:::---<-1 _ ~그 1 
j= m,+1 2 ‘ j=1 2 j=ν권 2 2 

”’i 

+~그l 
1-감 • l-c, 

2 j듣11，+1 2 
에
 
g 

넘
 

-

* T 

p=므le1 (융 - E,) 판ldj(a，-융)편1b1(a -융) 판j(r，-융)첼1(Ri-융).호clj(r’，-융)， 

i쉰1 
-Y，=드上←」닫 

J 

“ 1 q" 
1.’ , 

II b’.Vj 

;=1 J 

,i cCl 
X.=!.=1 

J ;=1 J 

• 
i s dj 응 L b, 

1 섣l' 

• 
• -m 

-m 하
 
-••• 

’ 
a+l 
m ’ 

and .:1(m, a) represents a set of m parameters 풋 , 

For establishing the int멍ral we shall need the following fOl'lllUlae. 
The fmite 버fference operator E [12, p.273 with h=I] is 

Ea!(a)=!(a+ l); E; !(a)=Ea(E:-
1 
!(a)). (1.3) 

-( 

1 
Il 

--U 

{(ep' ep)} 

{(rt• Ct)}; {(r’ t" 

{(δ's' ds)}' 

{(ßq• bq)}; {(β;，， b’q')} 

C'I')} 

mjh 
xz 

m/h 
xz 

'1 _p-l β--1 
(l -zT -H 

p, [t :1’].s, [q: q'] 
(1. 4) 

=(2πP-h)MhNr(β) 

’ 

(l-p.m). {(L1(h,ep).6p)} 

{(L1(h. η). ct)} ; {(L1(h. "',,). c’t')} 

(p+β'. m). {(L1(h, δ)， d s)} 

{(L1(h, β~). bq)} ; {(t1(h, ß'q')' b’q')} 

‘ “ 
、l 
/ 

1 
f 

싸
 

/ , ‘ 
、

I+l.v‘h. v,h. m,h. m,h I XH“’ 1, . • 1: •. h 
"1.'1 _1. I '1 r_ r. __ ’서 !’ r , _ 

where m is a positive number and h is a positive integer, 
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M=κ+꺼+V2+m1 +m2-융(p+s+t+t' +q+q'), 

p s q 1 q' 1’ , 
N=- 월당-필 진+설짝+윌η+칠β’j걱힐r3+숭(p+s-q-t-q' -t')十a

/ 

P t s q 

'rl = :L:: e" + :L:: C"- :L::d.- :L:: b", 
‘ j=1 J j=1 J j=1 J j=1 J 

P t’ s .q’ 
'r.,= :L:: e"+ :L:: c’.; -:L:: d.;- :L:: b’. 

‘ j=1 J j=1' j=1' j=1 J 

• 
ar +1-1 '" 

’ Jr ••• , , 
ι+1 
」←./7• 쭈.fr represen업 and {(L1(ι ar)，ζ)} 

‘ 

The fOlI11ula (1.4) h이ds if R(β)>O， R p+뿜어까t+β'/， !b끼 1>0 (t=l, 2, …, 

Jarg xl <융λπ and Jarg yJ <융Iπ. 
The fOII11ula (1. 4) can be obtained by replacing generalized H-function (wi갑1 

h= l) 011 the left hand side by its equivalent countour i11tegral as given in (1.1), 

changing the order of integration, which is justified due to absolute convergence 

of the integrals, evaluating the inner integral with the help of [6, p. 9] and 

.applying the multiplication f01 l11ula for generalized H-fllnction: 

m1; t'=l , 2, …, m
2

) , δ>0， ô'>O, λ>0， il'>o, 

、{(êp' ep)} 

{(r/ , C/)} ; {(r' t" C’ I')} 
{(δs' d s)} 

{(β'q' bq)} ; {(β’q"‘ brq,)} 

、

h 

1n 

Z 

1Z 

X 

V
‘ 

Hn. L1ü lJz. m‘.m, 
P. [1:1’]. s, [q: q'] 

=(2πP-h)M hN 

끼 

{(L1“，템， e씨} 
{(L1(h,r l ) , 까)} ; {(L1(h,r',,), c’t')} 

{(L1(h, δ~)， ds)} 

{(L1 (h , β'q)， 쟁} ; {(L1(h, β씨， b' q')} 

2. We shall establish the following integral. 

lkzm(xkrl)h 

!zm(ykr‘l 
nh. ιh. J).h. m.h. m.h XH ’ ‘ ’ ... -.. ‘ ’ ‘ 

Ph. [th:t’ h] , sh, [qh:q’꾀 

Ziu(1-z)}ιF，@;，활;-:간，， ; c앙 '1 .0-1.... "ß-1 o ZP (1-z) 2Fl (2.1) 

ι 

dz 

{(êp’장)} 

{(η， Ct )} ; {(r'l" c’t')} 
{(δ's， d~} 

{(β~q' bq)} ; {(β나.b낀} 

l */h 
“XZ 

1. m... ms ‘ -× H V m/ p. [t: t']. s, [q:q’I Iyz 「
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~、 II(α ;)" cμ 
=(2πP-h)M hN,r(ß) 승 j=l J 二-

μ=j딴띤)μμ! 

, m 

’ 

，

μ
 

… 

} 

• 

씨
 1
μ
 nf 

써
 나W
 싸 씨
깎
 

! 

, 
5 

f 

/F 

vl 

] 

ι
 

-, 

,1 

1M 

￠
 “ 
@ 

K 

-j4 

’ 

/
l、

아
 K 

찌
 

t

니
니
 

、
”n” 
--, 
1” 
u” 
1
기
 

’
v ‘ 

‘
l 

、
，
’

”
」

s 

”
1 

% 

ej 

ι
‘
 7 
d 
b 

’ 
’ 
’ 

’ 
•, 

J
ι
 
、
J

、
，
/

v‘ 
、
，
/

、

J
’

「
.r꺼
 γ써
 「s4

‘ 

ρ

낀
 

0
’ 
h 

h 

g 
h 

h 

-j 

4 

ι、

十4 
4 

n 
K 
K 
@ 
K 
K 

; (xh "c'l 
lIh + 2. 11,11.11‘h. m,h. m.h 1: × H l 
ph+2. [th:t’k]. sh+2. [qh:q’h ]11 

}(yhTa)h 

•• 
The conditions of validity for (2.1) are the same as given in (1. 4) together 

with R(p十β-α-이>0， μ드v(μ=v+1 and Ic l <1), no one of a'l, a ’2' …a'" is zero 

-or a negative integer and 1 is a positive integer. 

Proof of the IntegraI. on multiplying both sides of (1. 4) by 
u _ 

끈lF(띤+이r(a)r(u)C
U 

‘ - , applying the operator exp (힘Eo+EßpE，). expanding 
’ 끈lF(a〕+δ')r(ß) 

both side&. we obtain 

(2.2) ∞
 Z
때
 

∞
 ε
뼈
 

ll .iF(a+δ+μ)f1+띠4cS+μ 
)=1 ’ 

o I v 
짚(a'j+δ十μ)μ! 

E약+g2Fω+g)(1 -Z)ß+g-1 
r(β+g)g! 

、 m/h 
:tz 

Z Ju 

u 

‘ ”
1 
ν
 ( 1 
J 

、
.
，
.
，

、

ι
 

、

υ

r 

ψ
 

’ 
t 

b 

fv 

’ 

’ 

I 

μ
’
 1,
1 

/ 

1‘, 
/ 
ν
t끼
 ”1 

、
j

r 
‘ 

γ
 ” 

」

%
·
κ
k
 

d 

U 

, 

, 
. , 

sp 
h 

δ
s
 
” 

ι
 
、
띠·k
 r
ι
v
 

, 

,
1 

n1 

t. 

여
 

r,‘
l 

t,‘
l 

XHn , .1)1' 1.1,. ml • mz 

P. [t :1’ ].5. [q:q’] 
m/h 

yz 

… t r(ι+δ+μ)cδ+μ m 

=(앓P-II)MhN 칠 순1 J 획 
μ=U H r(a;+δ十μ)μ! g=u 

J=l • 

F (a+g)r(u+g) 
g! 

(1 -ρ-μ1. m), {(LI(h, êp)' ep)} 

{(J(h, rt) , ct)}: {(LI(h, r'/.) , c'/.)} 1 
(p+ß+μl+ g , m) , {(LI(h , δs) ， ds)} ‘ 

{(LI(h, ßq) , bq)} ; {(J(h, β'q')' b’q')} ’ 

Now changing the order of integration and summation on the left hand side, 

replacing generalized H-function on the right hand side by its equivalent contour 

.(xh"C'l 
+ 1.II.h.II.h. m.h. m,h 
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integral as given in (1. 1), changing the order of integration and summation. 

evaluating the inner summation with the help of Gauss’ s theorem [6, p. 61]. 
interpreting it with the help of (1. 1) and replacing αj+δ by αj and 칸+ò by 짝 

we get (2.1). The change of order of summation and integration involved in the 
process can easily be justified with the help of [8, p.173, S 74 

Particular cases: 
I]. 

j ’ 

(1 -p, m), (1 -p-β+a+v， m), {(,d (h, e) , Bp)} 1 
{(L1 (h , r t) , Ct)} ; {(L1 (h, γ1')' C’ t')} 

(p+β-α， m)， (p+β-ν， m){μ(h， Òs)' ds)} 

{(L1 (h , β'q) ， bq)} ; {(L1(h(ß'q')' b'q')} 

the same as specified in (1 .4) with 

{(당，%〕} i 
{(η， Ct)} ; {(r’/" C’I')}\\ dz 

{(δ's' ds)} 

{(βq' 낌)} ; {(βrqJ’q')} ~ 

(i) Putting c=O in (2.1), we obtain 

3 zP-1 (1-z)β-1 2Fl$’ U; (1-서 

( tIνh 
τz 

(2.3) 

×Hx,ul ,u‘.m1,m‘ I m/h 
p, [서]， s， [q:q’] qyz 

‘ “ 
、l 
/ 

T 
! 씨

 

/ , 
、

f 
“ 

‘ 

1+2，1J，h， μh， m，h， m，h ×HI ,r, L a t - -,, l, f ， Tz、 k

=(2π) (l -h)MhNr(ß) 

The conditions 
R(p+β-α- lJ)>O. 

(ii) Replacing a by-k (k is a positive integer), lJ by 1+α+β+k， β by l+a in 

(2.1) and changing 2F1 into Jacobi polynomial, we have 

-1 우 (a ,ß)í_\ D fa"' .. ,a •. J l+z f디1(1 +Z상/-1(1-넷깅 P뀔;-''-''Cωz상) uF짧’’싸펴t:따찮합깊a'ιι짜’끼ιν"까’μ.，…"，’， a'싸a'ι’c까. 
{(당， B싱} 

{(r l' Ct)} ; {r’ t" C’t')} 

{(δs' ds)} 

{(β'q， bq)} ; {(ß' q" b' q')} 

for (2.3) are of validity 

(2.4) 

ï f1+z\ m/h 
XI ~ \ 2 

“’ l+z\ m/h 
1"\}T 

× Hn, u“'Z, mhmS 
p, [t :1’], s, [q:q’] 

∞ II(.α: ，)"cμ 
g 칸1 ., 

μ=0팔찌μμ! 
=(2π)(I-h)MhN2P+a ， r (1f@+k) 

(1 -p-μl， m) ， (l-p+β-μ1， m), {(L1 (h, ep)' Bp)} ~ 

{(L1 (h, rt) , Ct)} ; {(L1 (h , r't')' C’ I')} 
(1 +p+a+k+μ:/， m)， (p-β-k+μ1， m). 

{(L1, h, δ') ， d s)} 

{(L1 (h , βq)' bq)} ; {(L1 (h , β’q')' b’q')} 
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、
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씨
 

fM 

/
‘
、

/
l、
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씨
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’
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‘“ 
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’M 
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。
ι”

‘… 
+ %

·
·
야
 

’ 
’ 써

 께
 

μ
 J“ 
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L” 
”“ 

「
ν
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?” 써
 써
 

쩌
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The equation (2.4) is va1id 、under the same conditions as given in (1. 4) along 

with u<t’ (u=v+1 and Icl <1), no one of a'1' α냥 …, a' v is zero or a negative 
integer and 1 is a positive integer. 

(iii) Next take p=n, q’ =m2=1, β’I=O， Ó’1 =1, νι=t' = 0 in (2.1) and make y • 0, 
then replace n+ν1 by m2, t+n by t , q+s by q together with the appropriate 

changes in the parameters, we get 

(2.5) 。낫-1(1-z)a-l2F1{Z， u;(1-Z)}κFv￠;.::펴，;aI}Hr;tlIIxzM/h 
g 

q 

μ=0 꾀(a/j)μ μ! 
‘ 

,b. m,h+2 1-:: .1'~ 1J I (1-p-μl， m)，(1 -p-β+a+lJ-μ1， m), {(JJ(h, êt ). et)} -
× Hj‘ lin n n | (xh ) . 

lR-t- ι."n -t-~ L . J {(JJ(h. βIq) ， Ó
Q

) }, (H.a-p-β-μl， m)， (1 +ν-p-β-μ1. m) J. -
provided m is a positive number and h is a positive integer, 

R(ß)> 0, R(됐휠)>0 (t=1.2, .... ml). R(p+β-a-ν)>0 
t • 111, t 111, q 

T드:L: e，-승b 드0， ε e.- ε e，+εÓ，- :L: b 三M1>0， larg xl <윷 π찌 ; α드ν 
j~l' -, j=r ,-. j='( J j= 11I,+1 J . j=f' j= 111, +1 J 

(μ=ν+1 and Icl <1), no one of a ’l' α’2' …, α'v is zero or a negative integer and 

1 is a positive integer. ' 

Further on reducing 2Fl into Jacobi polynomial and H-function into Meijer’s 

G-function we get a result of Singh [13. p.l56. 2. 1] which. in turn, on certain 
manipulations yields a recent result of Bajpai [2, p.113, (2.1)]. 

Again putting c=O in (2.5) and reducing 2Fl into Jacobi Polynomial we obtain 

a result given by Bajpai [3, (3.1)J 

(iv) On setting 감 (j=1.2. …，φ)=얀(j=1， 2， "'， q)=낀(j=1， 2 ... , q')=당(j=1， 2， ... 

t)=다(j=1， 2, …，η=dj(j=1， 2， ••.• s)=l in (2. 1) and reducing H-function of two 

variables to G-function in two arguments with the help of (1. 2), we get the 

recent result due to Singh [14, (2.1)J. 

Further with c=O, we obtain a result given by Singhal [16, p. 981J. 

3. Expansion Formula. 

We shall esta blish the following expansion fonnula 
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(3.1) (1+z)p-1uF, a •• ….a. (l+z \I 
’‘-

a ’‘’ ….a’.’ν\ 2 

× H ”· Ul· Pg, ml, mi 

Þ. [1:1’]. 휴 [q:q’] 

.x3±E\mlh 
\ 2 

l+z\ mlh 
yl-E-

‘ 

‘ 
{(êp• ep)} 

{(η• Ct )} ; {(r’tι'/， )} 
{(δ's' ds)} 

{(ßq• bq)} ; {(β， q" b낀} ~ 
” 

효1(띤，)μcμ 
=(2π) (1-h)Mh

Nt-1 효 (l+a+β+2r)r(1+α+β+r) 
μ.<r";'O r(l+ß+r) 

ι
“
 、

，
/

T 

째
 

/
I‘
、

l 

f 

XHnh+2•싸， 1J,h, m1h. m싸 l: 
ph+2. [lh:1’h]. sh+2. [qh:q’h] I!’ 

I (yh"/ 

깐l(α;)μμ! 

(1-p-β-μl， m). (1 -p-μ1， m) , ~ 

{(,1(h. êp). 강)} 
{(J(h. r t) , Ct 
(1 +p+α+β+r+μl， m). 

(p-r+μ1， m). {(J(h , δ's).ds)} 
{(J(h. βq)' bq)} ; {(J(h , β’q')' b’q')} ‘ 

The conditions of validity for (3.1) are the same as given in (2.4) with p=p+β 
,along with Re(α)> -1 and Re(β)> -1. 

PROOF. Let 

(3.2) f(z)= C1+zl-1uF펴:.-:::찌 ;l날캉l 

{(ep• ep)} 

{(η， Ct)} ; {(r't" C’ t')} I1 

{(os' ds)} 

{(ßq, bq)} ; {(β’q" b' q')} J 

= 졸。 A'pr(a.ß)(z). -1<z<1 

써
 
써
 

、
、
‘
‘

、
、

냉-
2
 
핍-
2
 

서
 

/
까
 

× Hn, Vl· Ug. ml· mz 

P. [1:1 ’ ].s.[q:q’] 

Equation (3.2) is valid since f(z) is continuous and of bounded variation in the 

<lpen interval (-1. 1) when p는1. Multiply both sides of (3.2) by (1 -z)a(l+z)β 

ψ샘 (z) and integrate with respect to z from -1 to 1. use (2.4) and the 

<lrthogonal property of Jacobi polynomial [7. p.285. (5) and (9)]. we obtain 

n 
T〔i수β댐，) ,f='()'" v 

r ] j므1 (a;-)μ μ! 

(3.3) 

• 
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; (xkfi)h (l-p-β-μI， m) ， (l-p- μ1， m) , {(.J (h , ep)' ep)} 1 
{(.J (h , r t) , ct)} ; {(.J (h , r't')' c’r)} 

+2,1J,h,1J.h, In,h, In.h I! 
(1 +p+a+β+k+μI， m) ， (p-k+μ1， m) , 
{(.J (h , δs)' d s)} 

{ (.J(h , βq)' bq)} ; {(.J (h , β’q')' b’q')} 

On substituting the value of Ak from (3.3) in (3.2) we get (3.1). 
On specializing the parameters we get the following results. 
(i) If we take p=s=c=O in (3.1) , generalized H-function breaks up into the 

þroduct of two H-functions and thus we have 

3.4) (1+zr -Ht.a i xrε 
- ’ !ßq, bq)J -' ‘ ’ y L 、 ‘ / I {(βrq，， b/q’ 

=(2π)(1-h)MhN:냥-1 숭 (1+α+β+2r)r(1+α+β+r) 
;=0 r(l+β+r) 

(xhT:,/ I (1 -p-β， m) ， (1 -p,m) 

×P2·새싸In，ιm찌 li _ . T: •. h I ~(.J(h ， rμt)} ; {(.J(h , r’t')' 깐，)} I 
“ 2, [th: t'h] ， κ [qh:q’h] l' (yh")" I (1 +p+a+β+r， m) , (p-r , m) 

r , {(4(h, β~q)' bq)} ; {(.J (h , β'q，)， b'q')} , 
where conditions of validity being the same as given in (3.1) with p=s=c=α 

(ii) If we put 칸(j=l ， 2， … ，p)=낀(j = 1, 2, •• ', q) =낀(i=l ， 2, ••• ， q’)=상j=l ， 2， …,t) 
=c/j(j=1 , 2,…, t')=d/j=l , 2, …, s) =h= 1 and c=O in (3.1) , then in the light of 
the equation (1. 2) we get a recent result of Goyal [9, p.227, 4.1]. 

(iii) Next take p=n, q’ =m2=l , β'1 =0, b'1 =1, ))2=t’ =0 in (3.1) and make 

y • 0, then replace n+))1 by m2, t+n by t , q+s by q together with the appropriate 
changes in the parameters we obtain a known result due to Singh [15, (2.1)]. 

Further on taking c=O, we get a result given by Bajpai [4, p.23, (1. 2)]. 

4. Heat. conduction. 

We shall consider the problem of determining a function Ø(z, w) which represents 
the temperature in a non-homogeneous bar with ends at z= -1 to z= 1 in which 

2 the thermal conductivity is proportional to (1- z"'") and if the lateral surface of 

the bar is insulated, the heat equation has the form (9, p.197. (8)] 
8φ iJ r,. 2, iJφ 

(4. 1) 옮 =밟l (l-z-)옳~， 

where b is constant provided the thermal coefficient is constant [9, p.17, sec. 

9]. The ends z:t 1 are also insulated because the conductivity vanishes there and 

(4.2) Ølw=o=f(z) 

The solution of (4.1) to be obtained is 
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∞ II(α)ucμ 

(4.3) rþ(z， w)=(상)(l-h)MhN2P-1 g (2ν+ l)P,,(7.)e -ÓIl(II+ l)w ..i.r1 1 μ 
u μ=0 ~ 필띤)μμ! 

(xhfl)h l (1-p-μl， m)，(1 -p-μ1， m), {(Li (h ， 얀)， e씨} 

XH뻐+2. ιh. 싸 m，뼈? .. J. _ 'r." I {(Li (h , r시 ， Ct)} ; {(Li(κ r ’ t') , ιtt)} i 
야+2， [th:t’h] ， 생+2， [qh:q’h]~ (,h 'r상 I {1+p+~+씨， m) ， (p-JJ+μ1， m), {(Li (h , 때， ds)} ij 

l I {(Li (h , ßq) , bq)}; {(Li(h， β’q，)， b'q')} J, 

the conditions of validity being the same as given wjth (2.4) with a=β=0. 

Proof of the Solution (4.3). The solution of (4.1) 없 given in Churchi1 [9, p. 

198. (8)] is 

(4.4) rþ(z,w)= 올 M"P .. (?)e -ÓIl(II+ l)w 
11=0 - “ 

Because of the condition (4.2) the coefficients of M II must be chosen to satisfy 

the relation 

f(z)= :E^MIIPII(z). 
II=U 

(4.5) 

If we take 

(4.6) f(z) = (1 +z)P파F훤::파. ;cr착ε\l 

X H'" JJ!. ).1., 찌1. m. 

P. [/:1'], s, [q:q’] 

l+z、 mjh!
X\ 2 . 
l+z、 mjh

y( =:-ε 

{(ep.ep)} ~ 

{(rt• 깐)} ; {(r't" C’t')} 

{(ζ， ds)} 

{(ßq, bq)} ; {(ß’q" b’q')} j , 

we get 

(4. 7) 
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x H n,1J1• 1Js. m •• n‘ 
P. [t: I']. s, [q:q’] 

/ 

Multiply both sides of (4.7) by Pk(z) and integrate with respect to z between 

the limit s-l and 1, we have 

(4.8) 옳 MuftiPu(Z)Pk(z)dz = ~1 O+zt-1Pk(z)“F앓:，·:;:화.; c 
l+z \l 

2 
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- /1+z、 mjh
X l..- 2-
l+z、 mjh

Yl..- 2-

-{ (.양， e싱} 
{(rt, Ct)} ; {(r’/" C't')} 1 dz 

{(δs' ds)} 

{(ßq, bq)} ; {(ß’q" b’q')} ~ 

× H ”· Ul. u •• m‘.m, 
Þ. [t:t ’ ], 5, [q:q’] 

Now use (2.4) with a=β=0 and orthogonal property of Legendre’s polynomial 

[7, p. 'Z77, (13) and (14)] , we get 

(4.9) M k = 

“ 
-ui 

c 

--
-
”-
-
j
η
 

α
1
 
-i 

/
l
、

-
/
‘
‘
、

u H 

넌
 

v R 

되
 

∞
 Z
뼈
 

n
ν
r
 

q4 
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·M 
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써
 

、
지
 

?“ 

감
‘
 

강
 

‘ “ 
、l 
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l f 
i 

채
 

/ , 
、

(1 -p-μl， m) ， (I -p-μ1， m) , {(..::1 (h， 템，양)} 

{(..::1(h , rt) , ct)}; {(..::1 (h , r ’t')' C’t')} 

(1+p十k+μl， m)， (p-k+μ1， m), {(..::1(h , δ's) ， ds)} " 

{(..::1(h , β!q) ， bq)}; {(..::1(h , β’q，)， b'q')} J, 

nh + 2. lJ.h, lJ,h, m.h, m,h x H'''''. I w. "'1.'" ... z 

ph+2. [th:t’h] , sh+2, [qh:q’h] (yk 'r, )h 

Now with the help of (4.4) and (4.9) , we arrive at (4.3). 

Proæeding on parallel lines as in the case of equation (2.5) with c=O and 

reducing H -function into Meijer’ s G-function, the equation (4. 3) takes the form 

of -a result obtained by Bajpai [5]. 
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