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STRICT INCLUSION OHB<OHD FOR ALL DIMENSIONS 

By Young K. Kwon 

Let M' be a Riema.nnian n-manifold (n르2) and HX(M) the real vector space 

of X-harmonic functions on M. Here X stands for B=bounded. D=Dirichlet
finite. or BD= bounded and Dirichlet-finite. A Riemannian manifold M belongs to 
the null class OHX. by definition. if the class H X(M) reduces to the real 
number field. 

The purpose of the present paper is to show that the inclusion relation 
OHB C OHD is strict for all n는3. The result was announced in Kwon [3]. 

1. A real-valt때 간-function μ on a Riemannian n-manifold M is said to be 
harmonic on M if it satisfies L1μ=0， where 

4μ= --4= ￡ 보i(갱 g하 
‘ I g Ù::1 òx ‘ 

is the Laplace-Beltrami operator for M. Here 

tensor for M , (g떤= (gij)-l, and g= det(gij)' 
CL-function μ on M is defined by 

6μ 

òx' / 

(gij) is the Riemannian metric 
The Dirichlet integral of a 

D(μ)= I 숭 gψ 펴쓰 펴진-dV 
M i, j=1 axz ax1 

where dV=μ둥dx1 〈 dx2〈 ------Adx” is the vo1ume eIement. 

One of the important open problems in the classification theory is to determine 

whether or not the inclusion 

OHB COHD 

is strict (cf. Sario-Nakai [5, p. 406]). The problem was raised in 1950 from the 

Virtanen identity 

OHD = OHBD(그OHB) 

CVirtanen [71]). In 1953 Tôki [6] constructed a Riemann surface for the strictness 

when n=2. which bears his name. We shall follow a simpler construction by 

Sario [4]. 

In the present paper we shall construct a Riemannian 1z-manifold N (n는3) 

such that dim HB(N)=2 and dim HD(N)= 1. Thus the inclusion OHB ζ o HD is 

strict for all n르2. 
、

t 
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2. Let n늘3. Denote by 

Riemannian structure 

M 0 the punctured Euclidean n-space Rn 
- 0 with the-

4 
gij(X)= Ix 1-4(1 + Ix 1 11-2)효-2 δ치， 1드t，j드n， 

where !X! = [E파1(Xi)2] τ for X=(X1, X2, …"., x") E MO. 

First we observe 

LEMMA 1. A function μ(X) on MO is harmonic if and only if (1+ !xI2-n)μ(x) 
is harmonic on R"-O. In partz"cular a positive harmonic f;μnction u on M 0 has the 

form: 

for some constants a, b. 

PROOF. From 

μ(x)=a+→」:δ
1+ Ix! n-ι 

g상(x)= IxI 4(1+ Ixl"-2) 
4 

;:EaJ’ g= Ix!-4"(I+ !xl"-2)뿔 

it follows that 

dμ- 」」 xE - - / . 
4/g i3=1 

a 
ax' 

νgg11쁘 
ox' 

= -lxI4(1+ Ixl"-2)-갑.돼 첼-{강-4 
l'=l ax'- Ixl “(1十 Ix 

· n a ”+2 ( 
= Ixln+~(1十 Ixl"-ι)-ε2·Ae[(1+ lxlι-11)μ] , 

where 
‘ 2 n ri"'" 

J .v=- E -:걷; 
~ i=l dx' 

:「 i aμ 
ι • 

i도i ax' 

is the Laplace-Beltrami operator for Rn 
-0. This establishes the first half. 

For the second half let μ be a positive hannonic function on M. Then by 
virtue of Bôcher’s theorem (cf. , e. g. , Helms [2, p. 81]), there exists a constant 
b늘o such that the function 

(1+ IxI2-n)μ(x)_b!X!2-n 

is harmonic on Rη. Since R" carries no nonconstant positive harmonic functions 

and 

lim inf [(1+ !xI2-n)μ(x)-b!xI 2-1I ] 르O. 
Is I→∞ 

t 
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the desired conclusion follows. 

3. For each. pair (m.l) of positive integers. m.l. set k=2m- 1(21 -1) -1. Consider 

the pair of closed hemispheres 

Hml= {8%ε MollxI =1 axd x1늘이， 
H ’ml= {8-kx ε Mo ll x ! = 1 a,zd x1늘이 , 

where for a>O and x=(x1• i. …, 상) ε Mo, we write ax=(ax1, ax2, ---, ax”)· 

Denote by Mo' the slit manifold obtained from Mo by deleting all the hemi. 

spheres H써 and Hm/ (m.l는1). 
。。

Take a sequence {M。’(l)} î" of duplicates of the manifold Mo'. For each fixed / 
m-l m는1 and subsequently for fixed j르o and 1드j드2"'-" connect Mo'Ci+2씬i) with 

Mo강+2m-l+2앙i) crosswise along all the hemispheres H ml and H mI’(l르1). The 

resulting Riemannian n-manifold N is an infinitely sheeted covering manifold of 

M. o. 

W강 are now ready to state our main result: 

THEOREM. The Rieman쩌an n-ma짜jotd N (n는3) carries nonconstant bounded 

harmonic jiμnctions but no nonconstant Di서chlet-fi껴te harmonic functions. 

The proof will be given in 4-5. 

4. Let M be the 2-sheeted covering manifold of Mo obtained by joining. cross. 

wise. two copies of M 0’ along all the hemispheres H mI and H ’ml (m.l 는 1). For 

each k=2m- 1(21-1)- 1, denote by Uk, U_k the open sets of Mwhichlie over the 
n3k-l ./ , .. , /n3k+l, ,_." ~-3k-l /, , /~-3k+l open annuli {x ε Mo\ 2"~-.<lxl <2VßT

' }, {xE Mo 1 2-''''-' <Ixl <2-''''''}, respec-
3k"l r _ .... I I I i"'II. -3k tively. Also let S k' S -k lie over the spheres {x E M 0 11 x 1 = 2"1<}, {x ε Mo IIx 1 =2-""'} 

respectively. Clearly S k is a ∞mpact subset of U k' and S -k a compact subset of 

U-k for a11 k=2m-I(2l-1)-1. 

For the families 

H 1 (Uk; Sk)= {u Iμ harmonic on U k with 1씨드1; μ changes sign on Sk}, H1(U -k: 

S -k) = {u 1 u harmonic on U -k with 1 u 1 드1; α changes sign on S -k} • 

define qk=inf {q 11μ(x)1 드q for all x ε Sk and u ε H1(Uk ; Sk)}. 
/ 

Lk=inf {q 11 u(x) I 드q for all x E S -k and u ε H1(U -k; S_k)}' 

It is known that O<qk’ q-k <1 for all k=2m-l (21-1)-1 (cf •• e.g •• ~Ahlfors-



/ 

232 Young K. Kwon 

Sario [1. p. 154]). 

LEMMA 2. There exz"sts a posi#;νe constant q <1 szech that q르qk' q一k for al! 

k=2"，-1(21-1) 一1.

PROOF. Let μ ε H1(Uk; Sk)' k=2", -1(21-1)-1. By Lemma 1 thefunction(1+ 

Ix1 2-η)u(x) is Lle-harmonic (harmonic with respect to the Euclidean structure) on Uk• 

Since the Je-harmonicity is invariant by the magnification x=(i • ...• xn)• 8%= 

(8%1, …, 8%성• (1 +Sk(2-n)lx/ 2-n)μ(SkX) is Lle-harmonic on Uo• Therefore 

(1 +Sk(2-n))max{lu(Y)IIY ε Sk} 드q。τ1 +Sk(2-n). 2n-2) 

where qo’ is a positive constant with qo’ <1 such that 

max{lv(x)llx ε SO} 드q。’ 

for eγery Je-harmonic function v on UO with Ivl 르1 which changes sign on So' 

Taking the supremum over μ and then letting k→∞， we conc1ude that 

li몇-많P qk三qoy.

For the estimate of q -k for large k. consider χ ε H 1(U -k; S_k)' As above the 

function (1+ IxI
2

-:-n)u(x) is Je-hannonic on U -k' In view of the fact that the J". 
k 

-harmonicity is invariant by the Kelvin transformation, for p=S 2 the function 

P “ ‘ 2(2-π) π-2 / μ2 ff_?: 

4강=옹(1 + p ~，~- .. > I x I"-~)u{뿌. ? X 

I x / ‘ I x Iι 

is Je-hannonic on Uo' Therefore 

1iIq sup q-k르qo/ 
R-’00 

and this completes the proof of Lemma 2. 

5. The first half of our theorem is obvious, since the base manifold Mo 

a nonconstant bounded harmonic funct:ion by Lemma 1. 

carnes 

For the second half we shall show that every bounded harmonic function u on 
N takes the same value at all points in N which lie over the same point of M O' 

Then the function u has a finite Dirichlet integral over N onlo when μ is a 
constant. 

For each k=2
m

-
1
(21-1)-1. consider the open sets vk• ν-k of N which lie over 

3k-l ...... _ ...... n3k+1, L. ~ 'A' .n-3k-1 / •..• /n-3k+l the annuli {x ε Mo 12"~-~ <Ixl <2V~T~}， {x E Mo 12-""-" < / x I <2-""T"} respectively 
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and the sets TK(IVK), T--k(IV-k) over the spheres {xgMol lxl=23k} , kε 

Mo/ lx/ =2-3성 respectively. Each component C of V k (or V -k) is a duplicate of 

Uk (or U -k) with C n Tk=Sk (or c n T _k=S_k)' Therefore the concIusion of 

LemIha 2 with the same q<l is appIicable in the present situation: 

max{/v(x)//x ε Tk}드q 

for aIl ν 드 H 1 (V k; T k)' and this property is true for T -k and V -k' Here we. 

understand that every v ε H i.(Vk; T싱 (or H1(V -k; T -k)) is requircd to change 

sign on each component of T k (or T _싱· 

Let κ be a bounded harmonic function on N with /씨드1. For each m는1， 

denote by πm the cover transformation of N which interchanges the sheets of N: 

points in M。τt十2m j) are interchanged with points, with the same projectioIl, ‘ 

M o'(i+2m- 1+ i"j) for j늘o and 1드z·드2m-l. Define Vm on N by 

%(x)=웅 [μ(x)-μ(πm(x))]. 

ClearIy v m is harmonic on N , / Vm I 드1 ， and Vm changes sign on each component • 

m-l of T k and T -k (k=2"'-.(2t-1)-1 and 1는1). Therefore 

max{/vη，(x)/Ix ε TkUT_펴 드q 

for aIl 1는1. Since q-lUm ε H1(Vk,; T k,) n H1(V -k'; T -k') with k'=2m- 1 (2l-3) 

-L IZYm| 드q2 on T k, U T -k" By induction on 1, we concIude that /ν씨드ql on 
m-l T k" U T -k''' where k"=2"'- .L-1. Letting 1→∞， Iν'm I 三o on N , as desired. Therefore 

u(x) =μ(πα(x)) 

on N for a lI m는1， and u attains the same value at a lI the points in N which 
lie over the same point in M O' 

COROLLARY. (1) dim HB(N)=2, 
(2) dim HD(N)=l. 

University of Texas 

Austin, Texas 78712 
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