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ON SASAKIAN MANIFotn 

By Ram Hit 

Let us consider an n-dimensional real differentiable manifold of differentiability 

class Cr+1 endowed With a vector valued linear function F , a 1-form A , and a. 
vector fieId T satisfying 

(1. 1) 좋十X=A(X)T， ‘ 

for arbitrary vector field X , where 호 = F(X). The system (F, T , A) is 
said to give an almost contact structure to Mη and M n is called an almost contact 

manifold. From (1. 1) wè have 
(1. 2) ra따ζ (F)=n-1, 1'=0, A(호)=0， 

A(T)=l, n is odd, say 2m+ 1. 

Agreement 1. 1. The equations containing X , Y, Z ,... etc. will hold for 

arbitrary vector fields X , Y , Z , ... , etc. 

Let there be defined in an almost contact manifold M _. a metric tensor G 
n’ 

satisfying 

(1. 3) G(호， Y)=G(X, Y)-A(X)A(Y). 

Then the manifold M _ is called an almost contact metric manifold. Let us put 
n 

(1.4) 'F(X, Y)=G(X, Y). 

Then from (1. 1), (1. 2), (1. 3) and (1.4) we have 
(1. 5) 'F(호， Y)= -G(X, Y)=G(호， Y)= ’F(X, Y) 

'F(X, Y)十'F(Y， X)=O. 

If in an almòst contact metric manifold 
(1. 6) , F(X, Y)=(DxA)(Y)-(DyA)(X)=(dA)(X, Y), 

where D is a Riemannian connexion, then M n is caIled an aImost Sasakian 

manifold. 1n an almost Sasakian manifold ' F is closed: 

(1.7) (Dx' F)(Y, Z)+(Dy' F)(Z, X)+(Dz' F)(X, Y)=O. 

An almost Sasakian manifold is said to bè a Sâ.sàkiiln níâ.Iiifold if T is a Killing 
vector: 

(1.8) (DxA)(Y)十(DyA)(X)=0. 

‘ 
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Thus in a Sasakian manifold 
(1.9) 'F(X. Y)=(DxA)(Y). 

(Dx'F)(Y. Z)= ’K(X. Y. Z. T) 

where YK is the curvature tensor of type (0, 4) of Mn· 

Also in a Sasakian manifold 
(1.lO)a 

(1.lO)b 

(1. 10)c 

(1. 11) 

’K(T. X. Y. T)=g(호• Y) = g(X. Y) - A(X)A(Y). 

'K(X. Y. Z. T)=A(K(X. Y. Z))=A(X)g(Y. Z)-A(Y)g(X. Z), 
’K(T. X. Y. Z)=A(Z)g(X. Y)-g(X. Z)A(Y), 

Ric(X. T)=2mA(X). 

where Ric is the Ricci tensor. 

2. Almost contact structures in almost contact manif이ds. 

Equation (1.1) is equivalent to 

The above equation gives 

(2.1) 

F(F(X)) + X =A(X)T. 

F(F(μ(X)))+μ(X)=A(μ(X))T 

where μ is a non-singular vector valued linear function. 
Put 

(2.2) μ(F'(X))=과(X). 

Using (2.2) in (2.1) we obtain 
(2.3) ‘ μ(F'(F’(X)))+μ(X)=A(μ(X))T. 

This gives 

or 
(2.4) 

where we have put 

(2.5) 

Thus we have 

’F(F'(X))+X=A(μ(X))μ-lT， 
、

F'(F'(X))+X=AτX)T'’ 

A'(X)=A(μ(X)). μ-lT=T'. 

THEOREM 2. 1. If we define F’ , A’ . T' by (2.2) and (2.5), then (F’ , T ’, A’) 

is also an almost contact structu1’e. 

We have from (1. 3) 

G(따호). 값Y))=G(μ(X)， μ(Y))-A(μ(X))A(μ(Y))， 

or 
G(μ(F’(X))， μ(F’(Y))=G(μ(X). μ(Y))-A(μ(X))A(μ(Y)) 

or 
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(2.6) G’(F’(X), F'(Y))=G’(X, Y)-A'(X)AτY)， 

where 

G’(X, Y)=G(μ(X)， μ(Y)). 

Thus equations (2.4) and (2.6) define almost contact metric structure. 
Let us put 

(2.7) 

Then from (2. 2), 
(2.8) 

, F'(X, Y) =G'(F'(X), Y). 

(2.6) and (2.7) we have 
'F'(μ(X)， μ(Y))=’F'(X， Y). 

From (2.8) we have 

(Dμ〔찌'F)(μ(Y)， μ(Z)) =μ(X)('F'(Y， Z))- ’F(μ(Dμ(찌Y)， μ(Z)) 

-'F(μ(Y)， Dμ(X)μ(Z))- ’F((Dμ(X)μ)(Y)， μ(Z)) 

-'F(μ(Y)， (Dμ(X)μ)(Z))， 

=μ(X)('F'(Y， Z))-'F’(D'μ(X)Y' Z) 

- ’F'(Y, D'μ(X)(Z) - /F((Dμ(X)μ)(Y)， μ(Z)) 

- ’F(μ(Y)， (Dμ(x)μ)(Z)) 

=(D'μ(x) ’F')(Y， Z)-' F((Dμ(x)μ)(Y)， μ(Z)) 

-'F(μ(Y)， (DμCX)μ)(Z)). 

From the above equation we have the following theorem. 
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THEOREM 2.2. Let (F, T , A , G, D) and (F’, T', A', G', D’) be two almost 

contact ηzetric strμctures related by (2.2) and (2.4) in an almost contact metric 

manifold. Let ' F be Kill쩌g μlith respect to D. Then ' F ’ is not. Killiχg with 

respect to D'. 

3. Projective cUl'vature tensor. 

Weyl projective curvature tensor W is given by 

1 (3.1) W(X, Y , Z)=K(X, Y , Z)- r)~ .. {X Ric(Y. Z)-Y Ric(X, Z)} 
2ηt 

Let us put 

'W(X, Y , Z , U) = g(W(X, Y , Z), U). 

Then (3.1) becomes 
l (3.2) 'W(X, Y, z, U) =' K(X, Y , Z , U)-걷강-{g(X， U) Ric(Y, Z) 

- g(Y, U) Ric(X, Z)}. 

From (1.2), (1.10), (1.11) and (3.2), we have the following formulae in 

Sasakian manifold 

(3.3) a) 'W(X, Y , Z , T)=A(W(X, Y , Z))=A(X) {g(Y, Z)-옳Ric(Y， Z)} 

l 
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b) 'W(T. Y. Z.U)=A(U){g(Y. Z)-갚:-Ric(Y. Z)}. 

c) 'W(T. Y. Z. T)=g(Y. Z)-τ는Ric(Y. Z). 

We also know 

'W(Z. U. V. Y)낯’W(V. Y. Z. U) in general and so we define 

1 (3.4) 'W*(X. Y. z. U)='K(X. Y. z. U)-국죠 {g(X. U) Ric(Y. Z) 

-g(Y. U) Ric(X. Z)十Ric (X. U)g(Y. Z) 

- Ric(Y. U)g(X. Z)}. 

so that 
(3.5) 

and 

'W*(X. Y. Z. U)='W*(Z. U. X. Y) 

'W육. ωij ωkl= ，W ωψ· ωkl ijkl ~ ~ ...... ijkl 

where 'w싹ijkl and 'Wijk1 are components of 'W* and 'w and ωii is a skew

symmetric tensor [1]. 

This tensor in Riemannian fourfo1d enames to extend the Pirani forma1ism of 

gravitational waves to the Einstein space [2] ~ We shall see that this tensor is 

closely related to projective curvature in Sasakian manifold. 

LEMMA 3.1. In a Sasakian manifold we have 

(3.6) 2'W*(X. Y. z. T)='W(X. Y. Z. T). 

PROOF. Putting T for U in (3.4) and using (1. 2). (1. 10). (1.11) and (3.3) a) 

we obtain (3.6). i 

A Sasakian manifold is said to be projectively symmetric if 

(3.7) (DyW)(X. Y. Z)=O 

holds. From (3.7) we have 

(3.8) K(X. Y. W(Z. U. V))-W(K(X. Y. Z). U. V) 

-W(Z. K(X. Y. U). V)-W(Z. U. K(X. Y. V))=O 

This equation implies 

(3.9) 'K(T. Y. W(Z. U, V)T)-'W(K(T, Y. Z). U, V. T) 

-'W(Z. K(T, Y. U). V , T)-'W(Z, U, K(T, Y, V). T)=O. 

Similarly we have 

(3.10) ’K(T, Y , W*(Z. U, V). T)- ’W*(K(T. Y , Z). U. V , T) 

-'W'륨(Z. K(T, Y , U), V , T)-'W*(Z. U, K(T. Y , V), T)=O 

From (3.6), (3.9) and (3.10) we conclude the following 
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THEOREM 3.1. In a Sasakian manifold if 

(3.11) a) (DyW)(X, Z , U)=O, b) (DyW선(X， Z , U)=O 

holds, then 'W(X, Z. U, V)=2'W션X，. Z , U, V). 

Let the Sasakian manifold be M-projectively flat. Then 'W*(X. Y , Z , U)=O, 

which implies 
1 

(3.12) 'K(X, Y , Z , U)= ,1:" .{g(X, U) Ric(Y, Z)- g(Y, U) Ric(X, Z) 

+Ric(X, U)g(Y, Z)- Ric(Y, U)g(X, Z)}. 

Putting T for X and U in (3.12) and using (1.2), (1.lO)a) and (1. 11) we obtain 
(3.13) Ric(Y, Z)=2m g(Y, Z). 

Substituting (3.13) in (3.12) we obtain 

K(X, Y , Z , U)=g(X, U)g(Y, Z)-g(Y, U)g(X, Z). 

Since M-projectively manifold is Einstein manifold 

(3.14) Ric(Y, Z)=몫 g(Y, Z). 

Comparing (3. 13) and (3.14) we obtain 

R=2mn. 

Thus we have 

THEOREM 3.2. A M-projectively flat Sasakian manifold is a ma쩌fold of constant 

Riemannian curvature and the cχrvatu1’e is 2ηzn. 
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