
Kyungpook Math. J. 
Volume 13. Number 2 
December. 1973 

POINCARÉ PERIOD RELATION ON ACT RIEMANN SURFACES 

By Ok Young Y oon 

1. Introduetion. 

Let S be a compact Riemann surface of genus g르2. F=(η， r2' …, rg); ..1=(이， 

δ2' …, å g) (abbreviated by (F, ..1)) a canonical homology basis on S and dκl' d갯， 

.... dUg a nOIInalized abelian differentials of the first kind on S, uniquely detennined' 

by the given homology basis (r, ..1). such that 

(1) Cj d한=싫 과jd싼=π깜 i,j=l,2 ..... g. 

The gXg matrix II=(l테J is said to be the period matrix (by contrast, gX2g 

matrix (l~， II), where 1~ is the gXg identity matrix. the full period matrix) of g 

S and (r,J). 

It is well known that II 성 complex symmetric with positive definite imaginary 
part, the set of all such matrices is generally called the Siegel (or generalized) 
upper-half plane !5

g 
of degree (or genus) g , and that are holomorphic func더ons 

of 3g-3 cöinplex parameters, “ the moduli", for a non-hyperelliptic Riemann 

surface, of 2g-1 complex parameters for a hyperelliptic Riemann surface, S of 
(g-2)(g-3) genus g는2 [4]. Consequently, there are \.5 '"'/2' 5 V/ holomorphic relations for 

,J: ______ _~ A __ ..3 ( g-1)(g-2) a non-hyperelliptic Riemann sunace S of genus g는4 and ", ~-:..\.Õ '"'/ holo-

morphic relations for a hyperelleptic Riemann surface S of genus g늘3 among πψ· 

Such holomorphic relations of π쉰 are usually called the period relations on compact 

Riemann surfaces. One of the classical problems in the theory of compact Riemann' 

surfaces is to fonnulate such relations, for more than a centry since Riemann. 
1n 1888 [5, 6]. Schottky first derived a period relation for g = 4 and 5 

(2) ‘/ε:t.v'rn :t.v'rn =0, 2 --. '3 

where 깐， i=l， 2， 3， are the products of 8 theta contants associated with S and a 

definite . canonical homology basis (r, ..1). 

On the other hand. in 1895 [2J. Poincaré obtained an approximate period relatioTh 

/ 
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(3) ν π13π14π23π24 :t../ π12π14π32π34 :t‘/ π12π13π42π43 =u 
for compact Riemann surfaces of genus g=4 whose period matrices rr’s are close 

to diagonal form. Recently, Rauch [3] showed that Schottky’ s period relation 

implies Poincaré’ s approximate period relation for compact Riemann surfaces of 

genus g=4, and 1 [7] showed that a period reation of Schottky type ../깜±ν깔 

:t../잘=0 holds on hyperelliptic Riemann surfac않 of genus g늘4， which canbe 

recognized as a generalization to a relation for genus g>4 from a relation for 

genus g=4. 

In the present paper, on hyperelliptic Riemann 

shall obtain a period relation of Schottky type 

surfaces of genus g늘4， we 

(4) ../간±ν감±ν깔=0， 

where 

(5) y =6| 1omo---o 6 1OOlo---0 6 01100…O erg2!2…~lx 01110…O l- V 110100 ... 0 1 V 111110 .•. 0 01010 ... 0 

er?22l2"'~1 er??l?2"'2 erl!!22.'.21 e 01010…O 
00100 ... Qj' 10000 ... 01 v 111010 ... 0 00000…O 

- || 11000---0 6 11110…O 6 O1no---0 6 1ono---O | × 
2- V 111000 ... 0J v 110010 ... 0J v 111100 ... 01 v L00110 .. '0 

er?l??2'.'~l erl??~~"'~l e 222?2 .. '21 e 00110…O 
01000 ... 0J' 10110 ... 0J v L01100 ... 0 00010 ... 0 

7 =6| 11000---0 6 11110…21 er?!g~ ... 2 
3- v 1 1111O ••. 0J v 110100 ... 0J v 11101O ••• 0 

6 OO110---o | × 
01110 ... 0 

er?l~~~"'~l er~9~9~"'~1 er~~9~~":~1 er~~~~~:::~ 10000 ... 0J v L01010…OJ v L00100 ... 0J V LOOOOO ... OJ' 

and then derive a Poincar6 ’ s approximate period relation 

(6) ../π13π14π23π24+0(elO) :t ../π12π14π32π34+0(elO) :t ../π12π131t"42π43+0(elO) =0, 

where e=max{"/다꾀}， from (4) in case the period matrices are close to diagonal 
l s.i<is.g . "J 

fOlIll. 

In Section 2 we review some of well-known facts about compact Riemann 

surfaces and Riemann theta functions. 

In Section 3 we obtain (4) on a hyperelliptic Riemann surface S of genus 

g늘4， choosing suitably a canonical homology basis (r, ..1) and considering two 

kinds of multiplicative functions on S. 

In Section 4 we give the precise comp매tations to derive (5) from (4) on S in 

case the period matrix rr of S and (r, ..1) is close to diagonal form. 

\ 
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2. Terminologies and N otations. 

Throughout this paper we primarily concern for a compact Riemann surface 
S of genus g는4， but assume for the moment g>1. 

Let C be the fie1d of complex numbers. 2g columns e(j), π(j)， j=1,2, "', ε， of 

the full period matrix (1 g , n) of S and (r,.1) are linearly independent ovcr the 
rea1s R and generates a discrete abe1ian subgroup L of Cg of g comp1ex variab-
1es. The quotient group C

g 
IL is called the lacobi variety J(S) of S and J(5) is 

a compact abe1ian group. 
(j) -(j) An integra1 1inear combination of e\JI, π , j=1,2, …, g, i, e. , 

(7) 따늬er----양 .1=불ej(”+솥επ(j)， 
~ , ‘ê( ...... êg '" )=1' )=1 ' 

is called a period in J(S). The half of a period, 

(8) 양)=웅{침， 
is called a half period in J(S). 

Fixing a point Po as a base point on S, we can define a map u : S-• J(S) 
P P 

by u(P)= ( I‘ du
1
, "', dU g for each point P on S. Since a change of a path of 

PO Po 
integration from Po to P differs bya period, U has a well defined image in J(S). 

Furthermore, this map μ can be extented to an arbitrary diγisor S=P~I ... P깡 on 

S by 

(9) 

P; 

μ(0=(젤))= (졸1%jjaμil' 
"'-‘ PO 

where i=1,2, …,g and n;,j=1,2, ;", m, are integers. 
1 

2Xg matrix ~，=원::::::짧， where 씬， μ;， j=1,2, , g , are O or l, i· e. , 
in Z2' is called a characteristic. 

g 

μ， 1 is ca뼈 even or odd depending on whether μ·i=월씬씬/三o or l(mod. 2). 

There are 2
g

-
1(? + 1) even and 2

g
-

1(? -1) odd characteristics. 

A meromorphic mu1ti-va1ued function 1 on S is call'ed mu1tip1icative with char-

acterístíc 

inuatk 

낀=1캉젠않J ， where 꺼， νj j=l, 2, .", g, are 0 or 1, 

、f 1 a10ng rior 낀) carries to [ -1)” f (or [ -1)PlJ f)· 

if a cont-

For ~~. 、 …, Ug ) in Cg , T=(tij) in CSg and a characteristic ~， , the function 
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defined by 

(10) , μ
 

/ 
I 

、
’ 

( C 

t ‘ 에
 T)=N될gexp 2센웅 N+훌 TN+훌 + N+ 윷 μ+- 칭 

is called (the first order) theta function with characteristic 1 응 1 and theta matrix 

T. The theta constant with characteristic 1 틴 at T is 

(11) el델(0， T)=()뚫 I • 

el 원 (u, T) converges abs이utely and l파 

\ 

r 

and hence it is an analytic function on C g
X6g• We note that the theta constant 

el심 (0, T) is an analytic function of T. The following properties of theta 

functions will be useful in the future: 

(12) Functio때 equation; el웹 (u+ 않}， T 

=expπi[(e.μ’-ε·μ)-2，μ.u-μÌ'ttJ e않 I(u， T) , 

(13) Reduction formula; e ~， t짧 (u， T)=(-l/ μ’6않 I(u， T). 

(14) el 등 (-u， T)=(-l)N’ el~， 1 (u, T) , 

(15) Substitution for야ornll 

=뜰ex뼈p π쩌쩨t치1-τ소￡μ때T때μ-윷μ.(eεEε’+얘μ')←-얘u.μ.u사e뱉뜯/±짧짧z&/ |Kμ(uμ， T꾀T잉). 

By (14), el 델 (u, T) is even or odd function of u depe뼈ng on whether 않 1 is 

even or odd. 

Hence there a 're ~-1(2g+1) even and ~-1(~_1) odd theta functions of u, and 

theta constants 01응 with odd characteristic 흘 always vanish, but not e ~， 
with even characteristic 1 응 1 necessariIy. 

Since the period matrix II of a compact Riemann surface S of genus g르1 'with 

a canonical homology basis (r, J) is in 6 g , we can have theta functions defined 

by 81델(μ(P)， II) on S, choosing a base point P 0 on S and replacing μ by u(P) 

and T by II in( lO). These functions are called Riemann theta functions associated 

with S and CI’,41.). If 8않1 (u(P), II) does not identicaIIy vanish on S. it has weII 

defined and l1niquely detennined g zeros "=Pl … Pg on S such that u(O+K三

응)， where K 성 a vector of Riemann constants depen버ng on a base point 샌 
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3. Period relation 01 Schottky type. 

Let S be a hyperelliptic Riemann surface of genus g르4 which can be reaIized 

as the Riemann surface of an algebraic funcion W on S, satisfying an irreducible

algebraic equation w
2
=z(z-1)(z-À1)(z-λ2)-"(Z-À2g_ 1 )， where 전， i=l, 2, ----

2g-1, are mutually distinct finite different from 0 and 1. 
We choose a canonical homology basis (r, L1) on S as foIIows; 

1"4 /' 1" 5 

oì éJ2 5'3 5'. δ5 òf: 1"~ 

j •1;tt!! ) ) - -~ , . - - ‘ • 
싸 샌2 λ3 “À" A-; O. 1 ;:6\、、‘ À7 Às‘、、、‘~ 22g-3씨뚱-김:상딘/”// / ll j 
-- "‘ -、‘ 、“、‘ --‘-‘-------------------- / / / / \ 、、 、“ “‘~‘- ----/ / / / 

、、 、ζ“、““‘ •------------------------- ----/ // // 

。。 / 

“‘ 1 “ ·i -‘--------- ------ -// ‘/ 、“ ~.‘---- ------------------------ ---- -/-
-~‘- -“-‘-- ------• -~’ “-‘------ ------‘i---------------------- ----------“--~--- -- -- ----------- -r 

Now, taking a point Po (with z(Po)=λ1) on S as a base point and finding the 

uniquely determined normalized abeIian differentials t:l깐， i=l, 2, …, g , with 

respect to the chosen (r, L1) on S, we have a map μ :S• 'I(S). 
1n particular, we can find aII the images of 2g+2 branch points under μ inJ(S) : 

(16) μ(λli(88%8:::8” 

μ(λ2)三 (&8888:::8l , 
f10000 ... 0 

u(À3)三 lîïööö:::ö)' 
μ(4)三 (ff%8:::8I, 

u(λ5)三 ( f&%8:::8 , , 
μ(0) 三 ( 짧88:::8I ， 
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ν(1) =( f3%8:::8 ,, 

ti(λ6)三 ( f짧8:::8l ， 

μ(λ7)三 ( f68%8:::8 ” 
μ(λ8)三 (f해값8:::8 , , 

μ(i2k-1)E(f(3)k-1%:::8，’ 

써2k) =(없)k-lf8:::8 ，， 
--- 3드k드g-1， 

U(i.2g_ 1 )三 (f3%&:::::::::3 !’ 
μ〔∞)

_ 100000 ... ..•... 0 
-‘ 10000 ......... 0 ’· 

A vector K(λ1) of Riemann constants with respect to a base point Po is given by 

(17) K(il.1)르(융 gE1 gE?::::::f)三활(À.2k- 1) 
At this point we can find many non-zero Riemann theta functions associated 

with S and (r • ..:1). In particular, 
(18) Theta functions 

6| 8%f8:::8l (μ(P). IT) 

6|88앞823|(μ(P)， IT) 

(}I 끓888:::8l(μ(P). IT) 

6| 8gf%:::8l(μ(P). IT) 

Zeros 

0, À.1' À.2• À.4• À.8• À.1O’ ---, %g-2· 
∞ λ X λ λ λ ... λ 1’ 2’ 4’ 8’ 10' ---, '"2g-2' 

0， λ λ X λ λ , …， λ l ’ 2’ 6’ 8’ 10' '--2g-2 

∞ λλλλλ …A l ’ 2’ li' '-8’ 10’ ’ 2g-2’ 

6l f??882:8 | (μ(P)， IT) 

매표882:8l 〔μ(P)， IT) 

6| f8표8:::8l(μ(P)， IT) 

6|g짧8:::8l(%(P)， n) 

8l &짧8:::8l (μ(P)， IT) 

0, 자， λ5’ À.6• λ8' λ10' "', À.zg - 2’ 
∞ X λ X λ λ ... λ l ’ 5’ 6’ 8’ 10' ---, '"2g-2’ 

0, À.1' À.4À.5• λ8' λ10' …, λ2g-2' 

∞ λ À.,. À. λ λ .. , λ l ’ '4' ""5' "'''8’ 10' .. 
'''2g-2'’ 

1, λ λ À." À. λ ... λ 1"2’ 4’ 8’ 10' ---'''2g-2’ 
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6l8%f8:::8l 〔μ(P)， II) 

8 Ô짧8:::8l (a(P), H) 

6| 69fg앙깨 I(μ(P)， II) 

81 없%:::8l(μ(P)， II) 

81 앞8%:::8l (μ(P)， II) 

81 쇄해8:::8|(μ(P)， II) 

6l %8f8:::8l (x(PL n) 

6l3%f8:::8j(κ(P)，II) 
8gg앞8:::81(μ(P)， II) 

∞ λλλλλ … λ l ’ 2' ''"4'' ''"8’ 10' ---, "2g-2’ 

1， λ λ X λ λ … λ • l ’ 2’ 6’ 8’ 10' - -, "2g-2’ 

∞ λ λ iL.Â λ ... λ - -
/‘2’ . ".8' ''"10' ---, ''"2g-? 

1, Â1> À. λ λ λ --- a -l' "5’ 6’ 8’ 10' , "2.1r-2’ 

∞ λ λ λ X X --- λ - -8’ 10' ’ '2Jl-? 

1, λlλ4' λ5' Â8' ÂlO' …, Â2g- 2’ 

∞ λ λ λ Âo. Â", • .... Â l ’ 4’ 5’ 8' "10' ---, "2g-2’ 

• is multiplicative fUDction on S with 

n 

괜
 

n 

맨
 

m 
m n 

ν
 빼

 
獅

, m 
with a zero 0 and a pole ∞. On the other hand, we 

easily see that ‘ l -z is also multiplicative function on S with characteristic 
11100 .•• 01 ôôÎüü:::ül , with a zero 0 and a pole ∞. Hence there exists a constant C such 

that 

(19) 

m 
m 

R 
-R /

짜
‘
 

-
/
짜
 

/\ 

-/k 페
-
-
페
 

m 
m 
-m 
m 

에

L
-「에
 

”
하
 

-Z 
/
ν
 

Putting P with Z(P) = 1, 

(20) C= 
Iro09~0…O 11100 ... 0 , II 00110 ... 0 10010 ... 0 

Ir11110…O 11100 ... 0 , II 00010…O 10010…O 

=-z~ 

8r~~~~2…0 10100 ... 0 

8r?22~2"'2 10000 ... 0 

using (13) and (15). Consequently, we have from (19) and (20) 

6’ 11110…21 er?~~;2"'2 t10100 ... 0J L1101O ... 0 
객 = -t immo---of amI샘r， 

ν 110000 ... 0J ν L11110".0 

(21) 

again using (13), (15) and putting P with z(P)=λ3 in (19). 

Carrying out the similar computations for the rest of functions listed in (18), 
we obtain the f이lowing four different expressions of .v:Æ<! and .v객-1， , respecti-
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vely; 

(22) 
ef~~~~~…0 

/τ_. vL10100 ... 0 
'v 11.3 - ’ Ll fOOO lO ... 0 

V 110000 ... 0 

6| 10(EO---o 
l01010 ... 0 

Ok Yoμng Yoon 

ef?~~~2"'2 111010" ,0 
에 10010 ... 0 

11110 ... 0 
=z 

efg?92'''2 11110 ... 0 

ef99~92'''2 11010 ... 0 

6l O1OOO---o 
10000 ... 0 

6| 1Oloo---0-
10100 ... 0 

6l ooooo---o 
00100 ... 0 

3 6l10110 01 6[OO110 0 
00000 ... 01 V L0111O •.. 0 

-

= z 6Ionoo---o 
101110 ... 0 

6l11loo---o 
00000 ... 0 

-‘ Ll f01010 ... 0l a 111010 ... 01 ’ 
V L00100 ... 0 1 vI01010 ... 0 

and 

23) ν 6tf짧8:::8] 6[앞표8:::8] - 6[표%8:::8] 6[%%8:::8 

원= -z 6[?8838:::8] 6[짧8:::8] -z 6I끊8:::81 6If8없:;:8 
- ; 6lS??88:::8] 6[888%:::8] ; 6[68표8:::8] 8[8%&8:::8 

--‘ 6I8ff?8:::8] 8{해388:::8「-강I8짧녔。1파끔8f823j--
To obtain (23), we only need to consider two kinds of πlUltiplicative functions 

on S with charact앙i때c l8%382:8| , with a zero 1 때d apole ∞， for example 

r1111O ••• 01 
|omoo---o(μ(P)， IT) 

μz-l and. ~~~~~~ ... ~~ , etc. We note that denominators in (22) and f00010 ... 01 I ööïîä:::ä I (u(P) , IT) 
(23) are coincided. 

Since for any complex number λ~O， λ-(λ-1)=1 and hence 

(24) 지g νXJνÀ3 ν~3 :t Jν밀-1ν원-1ν훤-1 "";검=r= ±1. 

Putting (22) and (23) in (24), and then rearranging the terms suitably, we 
finally obtain a period relation of Schottky type on a hyperelliptic Riemann 

surface S of genus g늘4. 

THEOREM 1. On a hyperelliPtïc Riemann surlace S 01 genμsg르4 with a canon

ical homology basz's (r,.1) as shown in Figure, a period relation 01 Schottky typo 

，，;갇±/잦 ±ν깔 =0 holds, wheγe r
k’ k = 1, 2, 3, are given by (5). 

4. Poincare’s approximate period relation. 

As in Section 3, we consider a hyperelliptic Riemann surface S of genus g는4 

endowed with a canonical homology basis (r,.1) as shown in Figure, We assume 

further that the period matrix IT of S and (r, 이 is very close to diagonal form 
I1=r π11 0 

π22. 

o “ -.... gg • 
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Since each Riemann theta ∞nstant appeared in a period relation of Schottky 
type in Theorem 1 is an analytic funciton of. entires πij’s， and hence as of the 

g(g-l) 
혹한ι off-버agonal entri않 딛’s， 1 <i <J$;g, 

In case n is very cIose to η， we can expand each theta constant shown in (5) 

in a MacIaurin series about “ the origin" 합=0， 1드i<i드g， 

of n, 

ln fact, since 

01픽:::앓 (π)다516[탤 (πkk)=k516l$$lk and (25) 

￡옳 o 짝JCu ， 당) | f 01.5k 

‘ k 

1 용 

2πi u 
k=1 
k ;éi.j 

a앓 o 휩:::탤 Ic디)= (26) 

01쩍
. Cu， 잠) 

0 

(jJ쩍::學(H)= KE16[짧+1s뭔￡g(앓 8펀:::탤\(디)，π젠 
+O(영) 

(27) 

2￡--1:앓:;;;:g 탤1 6l탤lk6/l델1i6/l꽉Jjπ젠 
k，ξ1， j 

=않1 6l탤Jk 十 

+0(ê4
) , 

1드k드g， Cu, πkk) 1 ’ .. =0 

Ol_~k 
"k 

d 
dμ 

and θ|탤h= where s= - max {/낸;/ } 
1:;;;:i<H:.g - '-') 

o f (χ，-r) =-π o 어 o 헤 6 [gl#O 
appealing tó (27) and 

θl f1(o, r)=값 
Now, 

(28) 

Z &좌 36l8]k6터]업[?]k·6[8]26%]4. 월56%1k·π13+뼈， 

for any -r in 6 1' we can easily check that from (5) 

6| 1moo---0‘

1= 10100…O 
(29) 

=」L K되 46l없6[&]k6[?]k·6[?]26[?]3· 떨56[81k·π14+0(엄). or!99!2'''2 11110…O 

8| 8]k6[헤i ~ k'O 어 l6[?]4· 흠연[에k'π23+0(ε\ or2!!92"'21 = π n 011l0 ... 0J - 2i k:Z.3 

=도많， Pl8]업[&]k6[않·6[&]l6[8]3 k를56[81k·π없애야\ oH!2!2…0 
01010 ... 0 

’ 、, / 
j 
u 
1 p ‘ 아

 

+ ‘ “ 
이
 이
 

J 

이
 

t 

g H 

냉
 

‘ “ ‘ % 

n 
이
 

J 

이
 

l 
” J 

이
 이
 

「

셰
 
” 

l 
n 4 

이
 미
 
” 

「

셰
 익
 

l -이 
n 혜

 
or92212…0 

10000 ... 0 
\ 
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01 옆%8:::8] =6[g]18[임28%]36때4 k55 6[임k+O(강)， 

6| &3388:::에 =0 헤 16[H껴[8]36[임4 ka5 6[임k+O(ε4)， 

얘짧8:::임 =0 임 10 헤ZÐ 임 30 헤4 뭘5 6[81k+0[s4)·

Note that 

obtain 

01 과=0' 어k=6/R|k=6’ g|k=o, 1르k三g. Multiplying together, we 

(30) 1'1=월별1 (6떼kO .헤k6%]k)4짧6 8%1k·π13π14π23π24+따\ 
For 1'2 and 1'3’ 

the similar computations give the expressions 

(31) 

(32) 

%=3릎 설1(6때k6[&]k6[g]k)4많않[8]k·π12π14π32π싫+0(E10)， 

전=월 별1 @[8]k6[&]k6[?]k)4· 열5 ￠[81k·π12π137r42π43+0(i\ 
By Theorem 1, we know that on a hyperelliptic Riemann surface S of genus 

g는4 

(33) ν감±ν감±ν갇=A(ιπ137r 14π잃π24+0(elO) 

/ 

±‘/π12π14π32π34+ 0(ε10) 

±‘/π12π13π42π43十O(elO ) ) 

=0 
.2 $, ("f01 "fn t:l rOl \2 !,,,4r nd A=τ않1 \8비업LôJkOLïJ샤 • 많5 0

'

löJ셜0， 

and thus we have a relation (6) among π상 in II. 

THEOREM 2. On a hyperellψtic Riemann surlace S 01 genus g는4 with a canonical 
homology basis (r, .1) as shown in FigU1’e such that the φeriod mat1’ix II 01 S and 
(r, Ll) is close to diagonal lorm, a Poincaré’ s approximate period 1’elation (6) 
exists. 

VvTe remark that our result of Theorem 2 of course includes the result done by 

Rauch [3) for genus g=4. 
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