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ON THE MEANS OF AN ENTIRE FUNCTION OF 

TWO COMPLEX V ARIABLES풍 

1. Let 

I(ZI ’ 

By Arun K. AgaI wal 

Z,,)= ~그 a“ Zlmlzf”‘ 
ι ml.ma능o fI.“’ …E 

be an entire functibn of two complex variables zl and z2’ holomorphic for 

1 Zt 1 드깐， t= l, 2 .. Let 

M(rl， r2)=m~~. I/(zl , z2) 1 .t=1.2. 
Iz,l :5:r , 

The Geometric means G(r1, r2) and girl' r2) of the function I/(zl' z2) 1 for 

1 Zt 1 드깐 (t= 1, 2) have been defined as ([2]) 
2π2π 

1 f f , __ , .N .. jli, __ jli 
-上.?lllogl/(rleOV' ， r2e ‘) 1 d{}l d{}2 
(2πj‘j 6 

(1. 1) G(rl' r 2)=exp 

and 

gk(rl' r2)=exp (k+ li '; ~. _ _ b 

-화r 11 (x1x2)’‘ log G(xl' x2) dXl dX2T' 
(7lY2) OO ‘ 

where O<k<∞. 

In this paper we have obtained a few properties of the Geometric means 

G(η， γ'2) and gk(rl' r2)' 

2. THEOREM 1. 11 l(zl' z2) is an entire lunction, other thaχ a constant, thtm 

r 1 
(2: 1) Iim j 

71, 72-，。。 llog gk(?’1, 72) - (ala2) + 1og gk(alfl, a272) I 

where a1, a2 (0 <al' a2<1) are constants. 

• 

In order to prove this theorem, we need the folIowing result • 

*This ￦ork was partialIy supported byNational Science Foundation Grant GP 23853 at 
Grambling ColIege. 
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LEMMA 1. Let ICz1, Z2) be an entire lunctz'on, then 101' O<r{ <Rl' <Rl and 

0<1'2’ <R2'<R2’ 
log GCR{, 1'2') {CR{)k+l_ CR{)k+ 1} {CR2’ )k+l-Cr2’ l+l} + {CR2)k+ l_ CR2, )k+l} 

log GCr1' , R2') {CR1’l+I-C1'1’ )k+ l} +log GCR1' , R2') 

{CR1)k+ l- CR
1’ )k+ l} {CR

2
)k+ l_ CR2,)k+l} 

(2.2) 드CR1R2l+1 log gkCR1' R2)-CR{ Rz')k+ l log giRl', R2') 

<log G0.R1, R2') CR2,)k+ l {CR/+ 1-CR1,)k+ l} + 

log GCR{, R2) CR1,)k+ l {CR2)k+ l_ CR2’ )k+ l} + 
log GCR1, R2) {CR2)k+ 1_ CRz')k+ l} {(R1)k+1- CR{)k+ l }, 

where O<k<∞. 

PROOF. From C1. 1) and C1. 2), we have 
/ 

C2.3) 
C1',1''})k+1 ηrg 

h 
-스Lτ;--' log gir 1, 1'2)='/ .1 (x1x2Y' log GCxi, x2)dx1 dx2• 

Ck+1) ι 6 3 
The function GC1'I' 1'2) is an increasing function of (i) η for a given 1'2’ 

Cü) 

1'2 for a given 1'1' and Cili) 1'1 and 1'2 both increasing. 

Now for 0<1'1’ <R1' <Rl and 0<1'2' <R2' <R2’ 
k+ 1 '- __ _ /'... ..., /' ... , n "k+ 1 

CRIR2)~'L Iog gk CRl' R2)-CRr'R2')~'L log
, giRl’ ,R2') 

R , R,’ R‘’ R, R , R, 
=Ck+1)2 + + (XlXi)k 1og G(X1, X2) dXl dX2 

R ,’ o 0 R,' R,’ R,’ 
k+ l 

C2.4) 드CR2T'ïCR1)"
，

L-CR1')"'L} Iog GCR1,R2')+ 

_AIso 

CR1
,)k+ 1 

{CR2l +1-:- CR2
,)k+ 1} log GCR1’ , R2)+ 

1, t /, ... , k+l /, ... "k+l {CR2)" 
, L 

- CR2’) ‘ } {CR1)"
, L-CR1’) 

‘ } Iog GCR1, R2). 

CR1R2/+
1 

Iog giRl' R2)-CR{R2'l
+1 Iog gkCRl’ ,R2') 

R, R,’ R ,’ R, R, R. 

는Ck+1)2 + + (XlX2)k Iog G(Xl, X2) dX1 dX2 
R/ '2’ r,’R,’ R ,’R,’ 

(2.5) 는 {CR/
+1 _

CR{)k+ l} Iog GCR{,1'2') {CR2’ )k+ l_
C1'2’ )k+ l} +-

Iog GC1'I’ , Rz') {CR{)k+1 _
C1'1’ )k+ l}-" {CR2)k+l-CR2’ )k+ l} +-、

{CR1
)k+1 _

CR1,)k+ l} {CR2)k+l-CRz')
k+l} Iog GCR1’, R2'). 

‘ 
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Combining (2.4) and (2.5). the result foIlows. 

PROOF OF THEOREM 1. Let us set R 1= 1"1' R{=a11"1' 1"r' =b11"1’ 

and R 2= 1"2' R 2'=a27'2' 1"2'=b21"2 in Lemma 1. Then for O<al' a2• bl' b2<1, 
k+l 

Iog G(a11"1' b21"2) {1-(a1YT"} {(a2r T" -(b2r
T"} + 

k+l Iog G(b1깐 • a21"2) {(a1Y
T

" -(b1rT"} {1-(a2r T"} + 

log G(al71, a272) {1-(al)k+1} {1-(a2)k+1} 

드Iog gk(71, 72) - (ala2)k+ 1 log gk(ai7l’ aZ1"2) 

k+l ,. /' , k+l 드Iog G(1"l' a21"2) (a2)~T" {1-(a1Y
T "} +Iog G(a17'1' γ2) (a1)k+ 

{1-(a2)k+1} +Iog G(71, 72) {1-(al)k+1} {1-(a2)k+1} • 

Taking the Iimit as 1"1' 1"2→∞. the result foIIows. 

3. THEOREM 2. Let !(zl' z2) be an en!z"1"e !zenction. then 

Iog gi1"1' 1"2) _ ,. Iog gi1"l' 1"?) 
Iim sup 1~= x-:;.;.~ .-_ ~- < Iim sup-; R ..... 1 y <1. 
η• r.→∞ IogM(η， 72) - 7i, rg→∞ 

(3.1) 

PROOF. From (2.3). we have 

l앵 gk(71, 72)= ( k+l)2 긴간 
(717?)k+1 j j (XlX2) log G(Xl, x2) dXl dX2 

i ‘ o 0 

<Iog G(1"l' 1"2)' 

as G(1"l' 1"2) is an increasing function of both 1"1 and 1"2' 

Taking Iimits. we have 
log gb(η. 1"?) 

(3.2) 피n sup “ i ι 드1. 
1"1 ，1'2→∞ log G(1"1' 1"2) 

Also from (1. 1), 
(3.3) 

we get 

log G(1"l' 1"2)드log M(1"l' 1"2)--

Combining (3.2) and (3.3) the result follows. 

‘ 

Grambling College 

\ 

Grambling, La 71245 

U.S.A. 

REFERENCES 

[1) A. K. Agarwal. On the Geometric means 01 entz"re lunctions 01 seν'eral comPlex variables. 
Transactions Amer. Math. Soc.. Vol. 151. 1970. pp. 651-657. ' 

.(2) R. K. Srivastava. Integra! lunctions represented by Dirichlet series and integral I1αnctions 
01 severa! complex variables. Ph. D. Thesis. Lucknow University. Lucknow. India. 1964. 


