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COMMON FIXED POINT FOR SOME 

BOUNDED LINEAR OPERATORS 

By Dae Hyeon Pahk 

1. PreIiminary and notation. 

Jn [3] , Markov and Kakutani had found what families of bounded linear ope
rators have common fixed .point property in a compact convex subset of a linear 

topological space. 

1n this paper, we shall find what families of bouned linear operators have 

common fixed point property in a weakly compact convex subset ofa Banach 

space. First, we can easily see that the main theorem in [1] is the following 

form for bounded linear operato:r: 

THEOREM. Let K be a weakly compact convex sμbset 01 a B-space. 11 T : K • K 

is a linear φerator with IITII드1 ， then T has a lixed poz'nt iχ K. 

On the basis of this theorem, we shal1 find the condition that some fam i1ies of 

bounded 1inear operators has common fixed point in K. 

We consider X as a B-space with nonn 11.11 and d as a metric in 쪼 by d= 

11'11. If ‘r is a family of mappings on X , for each x E X , we denote ‘웃(x)= 

{Tx: T ε ‘웃}. If A C X is nonempty, d(A) denotes the diameter of A with 

respect to d. If 엔 is property, then a mapping T or a family Y of mappings 

on X is said to have (선 iff T or ‘윷 has (*) at x for each x E X ’ ‘룻 has (용) 

iff each T ε ‘r has(선. If A C X is nonempty, we denote by Co(A) the convex 

hul1 of A and Co(A) the closed convex hul1 of A. 

Unless otherwise, we shall follow the terminology and definition in [3] 

2. Common fixed point theorem. 

DEFlNITION 2. 1. Let K C X be nonempty closed convex and Y be a semi

group with identity of mappings on K. For each x ε K , let C(‘r , x) be the 

smallest closed convex subset of K containing x which is ‘:T -invariant (i. e. 

invariant under each T ε ‘:T). 
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Then (i) ‘r is said to have convex dimz'nishing orbital diameters (c. d. o. d. ) at 

x ε K iff either ‘r(x)= {x} or there exist an x;。 ε Co(‘T'(x)) such that dιý'''úo)) 

<d(‘ 9""(x)) <∞. 

(피) ‘r is said to have regμlar orbital diameter (r. o. d.) at x ε K iff either 

.!T(x)= {x} or there exist Y. z E C(.!T. x) such that sup {lIy-Tz lI: T ε ‘..sr} <d 

(Cι윷• x)). 

THEOREM 2. 1. Let K be a nonemþty weakly comþact convex subset of 쪼 and ‘F 

be a family with identity of linear oþerators which maþ K into itself satisfyz'ng 

the following þroþerties: (1) T .!T = ‘..sr and IITII 드 1 foγ each T E .!T. (2) ‘..sr has 

r. o. d. 생 K. Then ‘r has a common fixed þoint in K. 

PROOF. By weak compactness of K and by Zorn’s lemma. let K 1 be minimal 

with respect to being a nonempty closed convex subset of K which is Y -inva .. 

riant. Suppose there exist an x，。 ε K and a T ε ‘r such that T(xO) ,pxO' 

By minimality öf K l' we must have C(.!T. xO)=K. Since .!T has r. o. d. and 

F(xo) ,p {xo}, there eXist yO' zOEC(F. xo) with ro=sup{IIYo-Tzoll:T ε ‘옷} 

<d(Cι웃. XO)). 

Define M= {Y ε Kl : sup{1ψ-T(zo) 1I : T E Y}드해· 

Then M is nonempty as y ε M. It is clear that M is also closed and convex. 

We shall show that M is .!T -invariant. lndeed let T 1 ε ‘롯 and y ε M. Then 

sup {IIT1y-Tzo lI : T ε ‘9'""} =sup{IIT1y-T1T'zoll : TT'=T. T ε Y} 드 sup {IIT111 I1y

T'zoll : TT'= T. T ε Y} =IIT1 1I sup {lIy-T'zoll: TT ’ =T. T ε ‘9'""}드 sup {I내

T' zoll : TT' =T. T E ‘찍 드 ro' Hence Ty E M. i. e. M is Y -invauiant. Hence 

M=K. -by minimality of K. Next we define N= {z ε K 1 : lIy-Tzll 드 ro' for all 

Y E K l' all T E .!T} . Then N is nonempty as z ε N. Since each T ε ‘sr is 

continuous, N is closed. Convexity is clear. We shall show that N is Y -invari

ant. lndeed let T 1ε ‘윷 and z ε N. Then Ily-T(T1z)II= lIy-(TT1)zll<ro' for all 

Y E K 1 and all T E ‘룻. since TT1 ε Y. Hence T 1z E N , i. e. N is ‘..sr -invariant. 

By minimality of K 1 again, K 1=N. Since ro<d(C(‘롯， xo)=d(K1)， there are a, b 

E K 1 with lIa-bll> ro' Since 1 ε ‘9'""， it follows that neither a nor b is in N , 

which is contradiction. Therefore T(x)=x for each x E K 1 and each T ε ‘갖. 

Since K is nonempty. Y has a common fixed point. 

DDEFINITION 2. 2. K ζ X is said to have normal structμre iff for any bounded 

convex subset H of K , if H contains more than one point, then there exists an - ~ 

、

‘ 
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Xo E H such that sup {llx-xoll : x E H} <d(H). 

COROLLARY 2.2. Let K C X be nonenzpty weakly compact convex and ‘종 be a 

lamUy with identity 01 linear operators which map K into itself satisfying the 

10110μIÌng properties: (1) T Y =Y and IITII 드 1 for each T ε Y. (2) Co( .9'""'(x)) 

has normal structure for each x ε K. Then ‘중 has a common fixed point in K. 

PROOF. We can easily see that Co (‘윷(x)) hag normal structure implies Y has 

r. o. d. at x. Hence by theorem 2. 1. above result follows. 

, COROLLARY 2.3. Let K ζ X be nonempty μleakly compact convex with norma[ 

structμre and ‘윷 be a family with idenz'ty of linear 0양erators which map K intO' 

itself satisfyz'ng T Y = ‘:r and IITII드1 for each T E Y. Then 호 has common 

lixed ψoint 쩌 K. 

COROLLARY 2.4. Let K C X be nonempty weakly con갱~act convex and Y be a 

lamt1y wt'th z'dentiψ of linear operators which map K into itself satisfying the 

following pro.양erties: (1) TY=‘슛 and IITII 드 1 for each TE ‘윷. (2) Y has 

c. d. o. d. z'n K. Theκ ‘r has common fixed point in K. 

PROOF. It is cIear that Y has c. d. o. d. at x implies Y has r. o. d. at x. 
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