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A NOTE ON A C-UMBILICAL HYPERSURFACE OF A 6-DIMENSIONAL K-SPACE

By Hong-Suh Park

The 6-dimensional K-space (or the almost Tachibana space) has been studied
by Takamatsu [3] and Matsumoto [1]. The orientable hypersurface of a K-space
admits an almost contact metric structure. We know that in an orientable C-
umbilical hypersurface of a K-space, the induced structure tensor is an conformal
Killing tensor (see [4]). On the other hand, it was proved in [2] that any
conformal Killing tensor in a Riemannian manifold of constant curvature is
decomposed into the form stated in the following theorem. And the decomposition
of conformal Killing tensor in a Sasakian manifold was studied in [6].

In the present paper we study the C-umbilical hypersurface of a 6~dimensional
K-space and prove the following main theorem

THEOREM. In a C-umbilical hypersurface of a 6-dimensional K-space, the
induced structure tensor f; s untquely decomposed as follows;
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if C-mean curvature o:;é—(l-l——é—), where w ' ts Killing tensor, qu' 'S a closed
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conformal Killing temnsor and k ts a scalar curvature of the 6-dimensional K-space.

I. Preliminalies.
Let M be an almost Hermitian manifold of dimension # (>2) with Hermitian

structure (F g Gﬁa), l.e. with an almost complex structure Fﬁ"slr and a positive

definite Riemannian metric tensor G,s ., Satistying
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Putting F a=Fﬁle, we have Fﬁa,=—Faﬁ.

F

If an almost Hermitian manifold satisfies

1.1) VoF, +V Fg =0,
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where Vg denotes the operator of covariant differentation with respect to the-
metric Gﬁa, then the manifold is called a K-space, or an almost Tachibana:

. A . .
space. Now let &K Bk K ﬁa:K 28 and K= 5 MG’Q":r be the Riemannian curvature,
the Ricci tensor and scalar curvature respectively.

T

Let M be a orientable hypersurface of a K-space M and M be expressed by
X;{:Xl(xh), where {X’1 } and {xk} are local coordinates of M and M. If we put

B£R=B£X 4 @, = 3/3x£), then Bz.l are linear independent tangent vectors at each point.
. . . . . . : B

of M. The induced Riemannian metric g; m M is given by g,=Gg,B sz. .
Choosing a unit normal ¢* to the hypersurface M in such way that ¢! and Bi‘s"

form a frame of positive orientation of M and B, # form a frame of positive orie-
ntation of M, then we have

G4 B, C*=0, G, CC%=1,

The transformations F," B, *of Bi'ﬂt by F," and FJ,.':"'C'1 of C* by F,” can be

expressed as

(1.2) F,°B*=f,"B,“+uC® FC*'=-4"B"
where %"= gkfui, from which, we have

(1.3) fz-h =Bh1Fﬁle-ﬁ, zaz:CZF;Bi‘B:BiﬁFﬁZC)‘,
where B,"=G,,B,“g", C4=G,, C".

We can easily see that theset (f ; o %, gﬁ) define an almost contact metric

structure.
Denoting by V; the operator -of covariant differentiation with respect to the

induced metric g, we have the following Gauss and Weingarten equations for
hypersurface respectively.

A )
(1.4) VB '=H,C\ vC,=-H B,
where H;; is the second fundamental tensor of the hypersurface M. Differen-

tiating (1.2) covariantely along M and taking account of (1.1) and (1.4), we
have

h h _ B
h k
Vau+Vau=~fH,—f Hy
because B 1-2, C2 are linearly independant.
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The hypersurface in 'Wh.ich the second fundamental tensor has the form
(1.6) H:gﬂ—]—auu

is called a C-umbilical hypersurface (see [5]). In C-umbilical hypersurface, (1.5)
becomes

k h ; h h

(1.7) V].fz. +Vz-fj = —2u gﬁ+zzjb‘z. -I-uzﬁj ,
Thus n a C-umbilical hypersurface of a K-space, the induced structure tensor
f; 1S a conformal Killing tensor wilth associated vector - — u' and induced structure

vector u' is a K tliing vector [4].

2. C-umbilical hypersurface of a'(-i—dimensional K -space.

In a 6-dimensional K-space M,
_ K
(2- 1) Kﬁa——é"‘ Gﬁal
that is, a 6~dimensional K-space M is an Einstein space [1].
LEMMA 2.1 [4] In a 6-dimensional K—space,

By V__

where ¢= ;B- .S a postiive constant.

!

Substituting (2.2) into the Gauss and Codazzi equations:

(2.3) Rkjik=B ;B ;FB z'ZB hrK u,uur_[_'H th i th ki
2.4 V.H; vV H,=B,B ;‘ch 'K, 2,
we have
(2.5) Ryiy=Hyt—H H Ry, —(H, Hy
"szHjm)}f;fhm'I'e(gkhgjz'"gkz‘ g in ~ St i S b f;h)’
(2.6) V,H;~V.H, =H ~V.H, Suu"
H{(H B =~ H o H D~ Ry Y i +e( fin = it)-

Substituting (1.6) into (2.4) and transvecting with gﬁ', we have
(2- 7) Vja — ZM],

where Z::ufvaa. Operating V, to (2.7), we have
(2.8) ViVx= (Vkl)uj—l-lvkuj.
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Interchanging the indices 7 and # in (2.8) and subtracting the equation thus
obtained from (2.8), we have

(2.9) (V A~ (V A, +A(V .~V ) =0,
because V & IS a gradiant vector. Transvecting (2.9) with f"’JF and taking account

of that @ is a Killing vector, we have
AfV ga.=0,
Hence A=0 because f kv, =4 in C-umbilical hypersurface of 6-dimensional
K-space [4]. Thus we have

LEMMA 2.2. In C-umbilical hypersurface of a 6-dimensional K-space, the C-
mean curvalure o is q constant.

Substituting (1.6) into (2.5), we have
R, in=8n8 i~ & mil jn T (& py ;8 ;%
—gphtl, =B ati) TAR, — (8., 84— 81 & im)
l .
(2.10) -l gy, s, 80, =8y Y =8 i)Y i S i
+e(e &8 ri8 i~ T it/ S i)
Transvecting (2.10) with 4 and taking account of j}faj =0, we have
: |
(2.11) . Rkja’hu =C(%jgkh—ukgjh),
where C is a constant by Lemma 2. 2.
On the other hand #* is a Killing vector, we have
i
Vthuj+Rkﬁku =(,
from which,

(2.12) V,V.u J.=C(z¢kg jk—ujgkh).
3. Proof of the main Theorem.

LEMMA 3.1. In a C-umbilical hypersurface of a 6-dimensional K-space, if
V.0;;i=0 for a skew symmetric tensor p; and a7 —(1—e), then P;=0.

PROOF. By Ricci identity, we have

[ [
(3. 1) Rppi Lrt 8By Py=0.

ik

Contracting (3.1) with «"4 and gkac respectively and using (2.11), we have
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C(Pki_“k PZ‘I'ZGZP k)=0' 3CP2=O:
1
where P,=u P,.

From the above two equations we have P;=0.

Proof of the Theorem. From (1.7) and (2.12), we have
V.f(Cf i}:_viuh) +V£(C B Vj”k) =0,

Putting Cf,,—V,u,=u,,, then the skew symmetric tensor #; is a Killing tensor.
Therefore we have

Fin=Win gy
where w,,=(1/C)u,, is a Killing tensor and ¢,=(1/C)Vx, is a closed conformal

Killing tensor. Next we prove the uniqueness of the decomposition., If there exist
a Killing tensor #’,, and a closed contormal Killing tensor ¢';, such that f,, =",

+4¢";» then wy,—~w';,=q’;,—q,, is a closed Killing tensor. Thus
Viwy—w' i) =0, Vq ;,~a;)=0.
Therefore w,,=w';;, ;=4 i by Lemma 3.1. This completes the proof of

Theorem.

When the hypersurface is a totally umbilical, we have
_ Vptp AT
gV H—g,VH=K, , B, B;B;C,
where H= gﬁﬂﬁ/ 5 is a mean curvature. Transvecting the equation above with

gj *and using (2.1), we see that the mean curvature A is a constant. Thus

COROLLARY. I#n a totally umbilical hypersurface of 6-dimensional K-space, the
induced structure temnsor is decomposed as follows;

: 2 ?

where wji is a Killing temsor and qf 1S a closed conformal Killing tensor.

Yeungnam University.
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