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CONVEXITY THEOREM FOR (N. P. q) 

By Rajiv Sinha 
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1. Let EPn be an i퍼inite series, and {sn} be thc sequence of its pa퍼al sums 
n=u 

1. e., 
n 

S“=~그Q.;. 
” j i=0 • 

For a real. define 

Ag=1, 
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A ” (κ=1. 2. …). 

Let {Pn} be a sequence with Po>O and 와르o for κ>0. Define 

N n N_l 

p;=gA-껴· 
." r=u ，~ --, 

(1.1) 

The following identities are immediate: 

!:... .ß-1 .a .a+ß 
E그A‘ _P_=P-

1'=0 ""-7 T n 
(1.2) 

,., _...1.. 1 n ,., 

F~=p~'. =E.P=. 
,. ,.. r=u ’ 

(1.3) 

where 
n 

P.=ε"'4'，.. 
r=u 

Let {qn} be any sequence of constants. and write 

(P*Q)n=POQn+P1qn-1 +… +Pnqo' 

DEFINITION. (N.pa. q) summability. 
。。

For α>-1 and L그a， a series. let 
r=O ’ 

a 1 n ,., 

t”=램둡: 월 P:-rq껴f (1.4) 

표 양→S as n→∞ we write 
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。。

~ar=s(N， pa， q) or sn• s(N,pa, q). 
r=u 

If @=o(1) we write 

00 

E a .. is bounded (N.pa. q). 
n=O . 

REMARK. If we takePO=l. Pn=O for n>O and q,,=l for'n르O. then the above 

definition yields the standard definition of Cesaro summability of order α. 

2. The foUowing theorem concerning Cesaro summability is kno、iVTI.
c。

THEOREM A. lf L. a
Ø 

is bounded (c. α) and summable (c. ß) where β> α> -1, 
”=0 --

then it is suηtínable (c. r) for every γ>a. 

A proof of this theorem is given in Zygmund [4]. and for the case where 

α， β and r are integers in Hardy ([2]. Theorem 70). 

The purpose of this paper is to extend the scope of this theorem to include 

certain other families of (N, p, q) methods of summability. The theorem which 

we establish here includes theorem A as a particular case. 

3. In order to prove our theorem we requires some restriction on the sequence 

(p환q \. We shaIl impose the foIlowing condition: 

For each 옹> -1 there exist positive constants H 1 and H 2 (which may depend 

on ~ but not on n) such that 

H1싸드(ps*q)η/(썼q)1I드H2차• (3.1) 

1t may be remarked that (3. 1) does not hold in general. 

。。

THEOREM. I! β> γ> α> -1. (3.1) holds for ~> -1, E aη is bounded (N. 
n=u 

。。

pa, q) , and sμmmable (N, pß, q), then ~ an z's summable (N. pr. q). 
t=0 ” 

In view of ([3] , Theorem 1), the above theorem is a consequence of the 
folIowing lemma. 

。。

LEMMA. lf α> -1, (3.1) holds for ~> -1. ε a
1' 

is bounded (N.pa, q) , and 
1'=0 ’ 

su;ηzmable (N. pa+1, q) to zero , 
。。

and 0<δ<1， then ζ。 a，. z's summable (N. pa+δ • q) 
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to zero. 

PROOF. 
(r) ” 

Let Tn = 필 Pn-, q7· Si· We are 얽ven that 

(a) 
T” = o((P %q)n), 

and 
(a+1) 
n =o((P %q)n). 

We are required to prove that 

Now 

(a+o) _...,.. a+o 
n =o((p %q)n). 

(g+6) ” δ-1 ~(a) 
T" '=2그 Æ~ r: 

n i=O n-z z 

Thus for Q in the open interval ( 윷， 11 we have 

(a+δ) [9nl .0-1 ~(a). < n δ一 1 ~(a) T'-- . -. = 2그Æ ~ r:-' + L그 A ~r: 
n i=O n-z Z i= [Qn] +1 n-z z 

=11+12 say. 

Let us consider 11 first. By Abel’s formula for partial summation we have 

[Q써 ::-1 .0-2 ~(a+1) . .0-1 ~(α+1) 
11= 침 An-i Ti +At- [Qn] T[Qn] • 

So 

[Q씨 δ-2 .. • (a+1) ,. ". ，~‘、 0-1.a+1

Now by the condition (3. 1) we find that 

!I1l (þa+1*q) "- [Qn] δ-2 
숭.드 a+δ “ L: IA_ .. 1 η +0(1) ; 

(pa 쩍샤 (엉 육q)η i=O 

39> 

where 7li늘o and tends to zero as z' tends to infinity. Again using (3.1) we obtain 
+0 . . 1-0 [Qn] δ-2 

111 1/φ · 헨n =o(n- [필 IAη_; 1ηi1 )+0(1). 

Now it is easy to see that 

Consider 

1 12 1 드 

1111 =o((pa+δ륨q)n)' 

n 6-1 (a) / 
g A .. ;|T.. l =이 max. - (p %q)i 

i= [Qn] + 1 n-z ‘ ‘ [QII] + l::;;:i::;;:n ‘ 
” g 

i= [Qn] + 1 

-δ-1l 
.f:I. ., 

n-z 
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h "-[Q,,J "'_. 
=o(φ%ψ” 필 r-‘) 

=o(φ와q)，， {n- [Qχ] }Ö). 

Again using (3. 1) we find that 

1/21 /(pa+ö*q) ,, =O( {1-Q} δ). 

Thus 

꽤풍P(lTf+5)l/삶+알q)n)드li맘양P(I/11/삶+잃)" +1/2 1/(pa+ö*이”)· 

드H(I -Q/' 
Since Q is any number in the interval ( 웅， 1) it foIlows that 

T?+5=o((Pα+ö *q)) as required • 
., • ,. 

It may be remarked that for q,,=1, n=α 1, …, our theorem reduces to the 

theorem of Cass [1]. 

1 take this opportunity to express my sincerest thanks to Dr. N. Singh for his 

constant encouragement and able guidance during the preparation of this paper. 
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