Kyungpook Math, J.

Volume 13, Number 1
June, 1973

MILDLY NORMAL SPACES

By M.K. Singal and Asha Rani Singal

The concept of almost normal spaces has been introduced recently in [5]. A
space 1s sald to be almost normal f every pair of disjoint sets, one of which iIs
closed and the other is regularly closed, can be strongly separated. Obviously,
every normal space is almost normal. Also, there exist almost normal spaces
which are not normal. In the present paper, we propose to introduce the class.
of mildly normal spaces which properly contains ‘the class of almost normal

spaces. Mildly normal spaces have also been studied recently by E.P. Lane [2]
in connection with insertion of continuous functions.

DEFINITION 1 A space X is said to be mildly normal if for every pair of

disjoint regularly closed subsets F; and F, of X, there exist disjoint open sets U
and V such that F,CU, F,CV.

Obviously, every almost normal space is mildly normal. However, a mildly
normal space may fail to be almost normal as is shown by the following example.

EXAMPLE 1 Let X =1{a;; ¢,,a:4, j=1,2,}. Each g, +1s isolated. A fundamental
system of neighbourhoods of ¢;is {U"(cp) : #=1,2, .-} where U"(c)={c;a;; : =7}

and that of a is {U"(a) : #=1,2, -} where U"(a)= {a, a;; 7,7>n}. It may be

verified that this space is a Hausdorff space which is mildly normal but not almost
normal. '

THEOREM 1 For a space X, the following are egmvalem
(a) X is mildly normal.,

(b) For every regularly closed set A and every regularly open set B containing
A, there is an open set V' such that ACVCV CB.

(c) For every regulariy open set B conitaining a regularly closed set A, there
exists a regularly open set U such that ACUCUCB. |

(d) For every pair of disjoint regularly closed sets A and B, there exist opew
sets U and V such that ACU, BCV and UNV =¢.
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PROOF. (a)=>(b). If B is a regularly open set containing a regularly closed
set A, then A and X~B are disjoint regularly closed subsets of X. Therefore,
there exist disjoint open sets U and V such that ACV, X~BCU. It follows
that X~UCB and thus ACVCVCB.

(b)=>(c). If B be a regularly open set containing a regularly closed set A,
then there exists an open set ¥V such that ACVCVCB. If V°=U, then ACUC
UCB where U is regularly open.

(c)=>(d). If A and B be disjoint regularly closed sets, then X~B is a regularly
open set containing the regularly closed set A. Therefore there exists a regularly
open set W such that ACWCW CX~B. Again, since W is a regularly open set
containing the regularly closed set 4, therefore there exists a regularly open set
U such that ACUCUCW. Let X~W=V. Then, ACU, BCV and UV =¢.

(d)—>(a). Obvious.

THEOREM 2. Every closed, continuous, open image of a mildly normal space is

meldly normal.

PROOF. Easy to verify.

THEOREM 3. A space X is mildly normal if and only if for every pair of
disjoint regularly closed sets A and B, there exists a conttnuous function f on X

into the closed interval [0,1] such that f(A)={0} end f(B)={1}.

PROOF. First, if A and B be disioint regularly closed sets and if f be ‘the
continuous function on X into [0,1] such that f(A4)=1{0}, f(B)=1{1}, then the
 sets f_'l{[O, 1/2[} and fﬂl{] 1/2,1]} are disjoint open sets containing A and b
respectively. Hence X is mildly normal.

Conversely, let X be mildly normal and let A and B be disjoint regularly closed
subsets of X. Let X~B=G,. Then &, 1s a regularly open set containing the

régularly closed set A. Therefore, in view of theorem 1. (c), there exists a
regularly open set Gy,» such that ACG, /2C§1 »CGy. If the sets Gyoy D=1,

22 have been determined such that ACGl/Zi Cél/zi CGZ/ZIC"'CE(p——l)/Z{ CGP/ZI C
-« C Gy, then since X is mildly normal, there exists Gg;11y/o+ Such that ACG

_ _ . .
1/21+1 CG 1/2‘+1CGZ/2+'+1 and GZJ/2I+1CG(21+1)/21+1 CG(Z}—[— 1)/241 CG(2j+2)/2'+1, i<1<2

—1. By induction it follows that if Q be the set of all rationals of the form ;/2
1<<j<<2", 7 being any natural number, then the sets &, may be defined for all
7&Q such that ifr,and 7, be any two rationals in Q where 7; <75, then AC




Mildly Normal Spaces 29

G, CG,CG,CG, CG,. Let f be a function defined on X into [0,1] such that

f(x)=1 for all x&B and f(x)=glb{r : r&Q, x&X~G,} for all x&G,. Then

fCA={0}, f(B)={1}. Thatf is continuous may be verified as in the proof of
the standard Urysohn’s Lemma.

THEOREM 4 A space X is mildly normal if and onl v of for every funciion f on

a regularly closed set A into (0,11, there exists a continuous function f* : X— [0, 1]
such that f*/A=/.

PROOF. Using theorem 3 above and observing that every regularly closed subset
of a regularly closed subset of X is itself a regularly closed subset of X [1,

page 75], the proof involves standard techniques used in the proof of the well
known Tietze extension theorem for normal spaces.

DEFINITION 2 [Singal and Arya, 4]. A space X is said to be almost regular

if for every regularly closed set A and a point x&A, there exists open sets U
and V such that ACU, x&V and UNV =4.

THEOREM 5 FEvery almost regulcz}', almost compact space is mildly normal.

PROOF. Let A and B be disjoint regularly closed subsets of an almost regular,
almost compact space X. X being almost regular, for each x&A4, there exist open
sets G, and Hp, such that x&€G,, BCHp, and G,NHyz =¢. Then, {G_.NA:xSA4)
is a relatively open covering of A. Since every regularly closed subset of an

almost compact space is almost compact, therefore A 1s almost compact. It

follows that there exists a finite subfamily {G, ﬂA :2=1, «--, #} whose closures (in

A) cover A. Obviously then ACUGx. Let H —ﬂ Hp and let G= Xwﬂ Hp, .
Also, ACG,BCH and GNH=4. Hence X 1S mlldly normal

COROLLARY 1 [Papié, 3]. Every almost compact Urysohn space is mildly normal.

PROOF. Every almost compact Urysohn space is almost regular [3].
THEOREM 6 Every almost regular, Lindelof space is mildly normal.

PROOF. Let X be an almost regular, Lindelsf space and let A and B be two
disjoint regularly closed subsets of X. For each x&A, there exists an open set U.

such that x&U CU,CX~B. It follows that for each point xEA, there is an
open set U, such that €U, and U NB=¢. Then Z={U,:xEA} is an open
covering of 4. Since every closed subset of a Lindeldf space is Lindelof, therefore
% admits of a countable subcovering {U, : #=1, 2, ---}. Similarly, for each point
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y&EB, there exists an open set V, such that y&EV, and VyﬂA:qu. Again 77 = {Vy :
y& R} is an open covering of the Lindelof set B and therefore Z” has a countable
subcovering {V,, : #=1,2,---}. Let 4,=U,~U {Vk : B<m} and let BH:V,EMU {Uk W
<n} for each »#=1,2,--. Since 4, NV,=¢ for all z=>m, therefore A NB,,=¢ for
all #>m. Similarly, A,NB,=¢ for all #<<m. Hence A NB, =¢ for all m,un. If

G=U{4,:2=1,2, -} and H=U{B, : n=1,2,--}, then &G and H are disjoint open
sets such that ACG, BCH. Hence X is mildly normal.

THEOREM 7 Every almost regular space with a o-locally finite base is muildly
si0vmal.

PROCF. Let F; and F, be disjoint regularly closed subsets of an almost regular
space with a o-locally finite base {Gn@ c72=1,2, -, ZEAH}. Since X is almost
regular, therefore for each point x&EF), there exists a basic open set &, i
containing x whose closure is contained in X~F, and for each y&rF,, there 1s a

basic open set G, ;,, containing y whose closure is contained in X~F,. Let
Gry=Y Grany and Gypy=U, Guzyyr  Then Gypy=U Gy, CX~Fp  and

.«—FE
Gk(FE)“gFEGk(Zy)C X~Fy. Let Uy py= :;(Fl)““kléﬁck(n) and let U,ry=Cury™
jEJg ) Gk(F) If Ug ,;U 1U?1(F1) and U 2:HU=1U?I(F=) then F\CUy,, F,CUp and Up

NUgp =0¢. Also, Uy and U, are open. Hence X 1s mildly normal.

DEFINITION 3 [Singal and Arya,4]. A space X is said to be weakly regular

if for every point x and every regularly open set U containing x, there 1s an
open set V such that 2&VCV CU.

THEOREM 8 Every weakly regulay nearly _zbczmc'ompczct space is mildly normeal.

PROOF. Let X be a weakly regular, nearly paracompact space and let A and
B be any two disjoint regularly closed subsets of X. Let xEA4. Then {y} CACX

~B. Since X is weakly regular, there exists an open set ¥V such that V_NB=¢
and *&V .. Then (V° i x&A4} U {X~A4} is a regular open covering of X. Since X is

nearly paracompact, therefore this covering has a locally finite open refinement.

Let Z={U_,: a&4} be the family of those members of this refinement which
intersect 4. Let U=U{U_:a&A}. Then U is an open set containing A. Let U*
::X-'*------U{ﬁﬂr :ae=4}. Then U* is an open set such that UNU*=¢. For each a& A4,

there exists an #&EA such that U _CV'. Since Uac_ﬁfzvxCZMB, therefore B
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NU ,=¢ for all @ Thus BCX~U{U, : a&4} =W (say).
Then U and W are disjoint open sets containing 4 and B respectively.

COROLLARY 2 Every almost regular, nearly paracompact space ts mildly normal.

PROOF. Every almost regular space is weakly regular.

COROQLLARY 3 Every nearly paracompact Hausdorff space is mildly normal.

PROOF. Every nearly paracompact Hausdorff space is almost regular.

THEOREM 9 Every regulariy closed subspace of a mildly normal space is mildly
normal.

PROOF. Follows easily in view of the fact that if / be a regularly closed subset
of a regularly closed subset ¥ of X, then F is a regularly closed subset of X.
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