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A NOTE ON FIBRE BUNDLES

Leg, HONG JAE

Let é=(X, p, B) be a principal G-bundle (§2), where G is a topological
group ([1],[2]). For a left G-space F the relation (z,y)s=(xs,s 1y) defines
a right G-space structure on X x F, where (z,y) € XX F and s G. We
put Xr = X X F mod G, and we define pr: Xr —> B by the commutative
diagram

X ?
XxF X —>B
\ e
PR
Canonical\ © .-
Projecti®n, .-
XF

where p:X(z,y)=2x for all (z,y)= XxF (§2).
In this paper, we shall prove that the bundle &(F)=(X;, pr, B) is a fibre
bundle (81) under some conditions (Theorem 1 of §3).

1. Fibre bundles

Let §&=(X,p, B, F) is a bundle with fibre F satisfying local triviality ([17,
[2] and [8]). Thus there is an open covering {Uj}jes of B such that for
each jeJ

¢ : Uix F—>p™(Uj)
is a homeomorphism. {Uj}jes is called @ system o f coordinate neighborhoods,
and each ¢; is called the coordinate function. The coordinate functions are
required to satisfy the conditions:
p0i (8, y)=b for (b, y)=U;xF and for j=J.
Sometimes, (Uj, ¢;7) is called a chart of & over U;.

Let F be an effective G-space (§2), where G is a topological group (that

is, G is a group of automorphisms of F) ([1]). We define a map
Bip 2 F—>p71(0)

by
$5.5(3) =¢; (5, )
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(in the sequel, a map means a continuous map), then for each pair (i, j)=
JxJ and for b=U:NU; G must satisfy the condition that the homeomor-
phism ’
Gis Logis : F—>F
coincides with the operation of a unique element of G.In this case, the group
G is called structure group of the bundle &.
Thus, the map gji : U:(1Uj—> G defined by
i (B) =jp 1o
is continuous. We have the following results:
(i) For any (G, j,l)edxJIxJ
g5i(0) 2ii(B) =gkri (b)), b= U:N Ui Us.
(i) For i=J gi,i(d)=the identity of G,b=U:
(iii) In (i), put i==Fk, then from (ii) we obtain
g (0)=(gr;(®)) 7Y, b=U;N Uk
If we define the map pi: p™(U;)—> F by
0i(@) =¢ip"1(z),
where p(z)=>, the following identities hold.

(v) pigi(l, )=y, ¢i(p(2), pi(x)) =z, gii(p(x))pi(x)=pi(z),
where (b, y)=UixF, z=X and p(x)<Ui\U;.  {gi i} a peix} is called a
system of tranmsition functions of B relative to an open covering {Uj}jc;. In
this case, for 4<U:\U;, we have

$i (b, y)=6: (b, i, i(B)y)-
The bundle é&=(X, p, B, F,G) is called a coordinate bundle with charts {({U;,
i)} and the structureé group G.

Two cbordinate bundles £ and § are said to be equivalent in the strict sense
if they have the same bundle space, base space, projection, fibre and groups,
and their charts {(Uj, ¢5)}, {(U’s,6's)} satisfy the conditions that

Z6i(B)=¢'53-dis, b=U;NUs,
coincides with the operation of an ¢lement of G, and the map
&ei  UiNU +—>G
so obtained is continuous.
PROPOSITION 1. The above relation is a proper equivalence relation.
Proof. By definition of gj:, reflexivity is obvious. For
gL (B)=¢'ii-gin, bSU;NU's,
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which is in G,
2 () =050 b
is (Z%,7(8))! by the above (iii). Therefore we have the commutative diagram

, Zik
U;nU=U'.NU; —G

where ( )1:G—>G is defined by ( )1 (g)=g !, g=G. Since G is a
topological group, ( )~!is continuous, and therefore Zj: is continuous.
Symmetry is proved.

Assume that & is equivalent in the sense to & and &’ is equivalent in the
sense to &/. We want to prove that for all <U;N\U"":

2., :UiNU" 1—>G
is continuous at b, where Z1,7(6)=¢"'7}-dis. Take U’: such that b<U;NU:
NU'"1, then
g6i cUiNU +—G, gue: UeNU1—G
are continuous. Since
21,:(B) 21,5 (0) = (¢ 730" 1p) - (¢' 55+ $ist) =4 73 Ginb

and GXG—>G defined by (g, g’) ———gg’ is continuous, g,jis continuous
at b. Therefore transitivity is verified. q.e.d.

With this notion of equivalence, a fibre bundle is defined to be an equivalence
class of coordinate bundles. Thus a fibre bundle may regard a maximal
coordinate bundle having all possible coordinate functions of equivalence class

([33,[4D.
2. Principal G-bundles

Let X be a topological space, and let G be a topological group. X is a right
G-space if a map XxXG—>X defined by (z,s) ~~—azs=X satisfies the fol-
lowing conditions:

(i) For each z=X, s, t<G, the relation z(st)=(xs)z holds.

(i) For each =X, the relation 1=z holds, where 1 is the identity of G.
A right G-space X is said to be effective if it has the property that zs=z
implies s=1. Let X* be the subspace consisting of all (z,zs) €Xx X, where
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z€X, s&G for an effective G-space X. There is a function 7 : X*——>G such
that zr(x, zs)=zs for all (z, 2s)=X*. The function 7 : X*—>G is called the
translation function. From the definition of ¢ we have the following:

(i) z{z, x)=1

(v) oz, 2Dcla’, 2" )=z, 2'")

&) (@, o)=((z,2)) " for z, 2/, Z'<=X.

A right G-space X is said to be principal if X is a right effective G-space
with a continuous translation function 7 : X*—G. A principal G-bundle is
a G-bundle (X, p, B), where X is principal.

Let £&=(X, p, B) be a principal G-bundle, and let F be a left G-space. The
bundle & (F} = (X, pr, B) is called the associated bundle of & with fibre F(see
the first part of this paper). The group G is called the structure group of £(F).

PROPOSITION 2. In E(F)Y=(XF, pr, B), pr (k) is homeomorphic to F for
all b<B. .

Proof. Note that there is the translation map 7 : X¥*—>G of the G-bundle
&=(X,p,B). Let p(xy)=>b for some xy=X. We define the map f: F—>Xr
by fF(y)=(20,%)G for y=F, where (24, ¥)G is an element of Xr. Since
2e((20)G) =p(z0)=b, f(F) is a subset of pz™1(8). Define

g1:p71(0) x F—>F by g1(z, y)=c(xp, x)y,
where z=1,s for some s&G. Then g;(xs, sLy) =g, (z, y). If the map g : p~"1(3)
—>F is defined by the commutative diagram A
231

PG XF —E
; e
Canonical © -
Projection g
NS
J. AR ()]

we know that f and g are inverse to each other. g.e.d.

3. The Main Theorem

An atlas of charts of a bundle £=(X,p,B, F) with fibre F -is a family
{U;, )} jer of charts such that U;csU;=B.

LEMMA 1. For the product bundle ([1]) &=(XXG,p,X) there is a one-to-
one correspondence between all X-automorphisms E—>& over X and all maps ’
X——>G, where G is a topological space. That is, an X-automorphism ¢g: &
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—>& corresponds to the map g : X—>G such that ¢,(z,s)={(x, g(x)s) for
{z,5)=XxG.

Proof. Define (XxG) xG—>XXG by ((z,5),t) ~——(z,5)t=(z, st). Then
XXG is a right G-space. Since ¢, :&—>€ is an X-automorphism we have
the commutative diagram;

1
g

X X‘G“—“—_“ - —=XxG
N © b
\~ Ve
NS
X

where ¢; is a G-morphism ([17). From pd,=p, we have ¢.(z,s)=(z,
f(z,3)) for some map f:XxG—>G. Put g()=F(4,1). Then we have
86 (2, ) =¢e (2, Ds=(z, g (2))s=(z, g (2)s).

Conversely, from the relation ¢, (z, st) = (z, g(z)s)t=6;(z, 5)t, it follows
that ¢; is an automorphism with inverse morphism ¢¢ '=¢,, where g’ (z)=
g(z)™? for z=X.

LEMMA 2. Let §=(XXG,p,X) be a right G-bundle ([1]), and let F be a
left effective G—space. The bundle automorphisms

§(F)—§(F1=(XxF,q,X)
are all of the form ¢ (z,y)=(z,g(x)y), where g: X—>G is a map and
Xx F=XxGxF mod G. '

Proof. By Lemma 1, our bundle automorphisms are quotients of (z, s, y) ~——
(z, g(@)s5, y). Since (z, g(z)s, ) =(z, g(z)y) mod G, our bundle automor-
phisms are of the form (z,y) M—(z, g(x)y) =¢¢(z, ¥). Since g(z) =G, g(z)
is an automorphism of F. q.e.d.

PROPOSITION 3. Let £=(X, p, B) be a principal G-bundle, and let &(F) be
the associated bundle of & with fibre F. If (U, ¢1) and (U, ¢2) are charts
of E(F) over UCB, then there is a unique map g :U—G such that ¢,(b, y)
=, (b, g(b)y) for each (b,y)=UXF, where g(b) is an automorphism of F.

Proof. By the hypothesis ¢;71-¢; : UxF=~UxXF. By Lemma 2, the auto-
morphism ¢, 1-¢; has the unique map g :U—>G such that ¢,71-¢,(b, v)=
(b, g(B)y). Since F is a left effective G-space g(b)=G is an automorphism
of F. In this case, we have ¢;(b, y) =¢-(b, g(d)y). q.e.d.

Suppose the associated bundle & (F) = (X, pr, B) of a principal G-bundle &=
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(X, p,B). Let {(U,$;)}ics be an atlas of §(F). Then U:NUj ¢|U:NU;)
and (U:NU; ¢ilU:NU;) are charts of &(F) over U:[\U;. For b<U:NU; we
define
Bip 2 F—>p71:(5)
i} u
e 1))
and
Ot 2 F—>p712(8)
] u
y =65, )
Then, by Proposition 3 there is a unique map
gii t UiNU;~—G
such that g7,:(8) =¢ 1js-dis, where gj:(b) is an automorphism of F. If all
gii(8) for 3€U:NU; and (G, ))=JIxJ are in G, then {gii}whecixs is a
system of transition functions of B relative to {Uj}jes, because of we can
easily prove that gj, satisfies the properties (1)-(iii) in §1.

THEOREM 1. (Main theorem) Let E(F) be the associated bundle with fibre F
of a principal G-bundle = (X, p, B). If §(F) has an atlas ((Uj, ¢i)}ict, then
E(F) is a fibre bundle. ‘

Proof. We have already proved that £(F) is a coordinate bundle. Therefore
we have to show that two coordinate bundles £(F) with atlas {(Uj, ¢5)} and
E(F) with atlas {(U’;,¢'/)} relative to G are equivalent in the strict sense.
Since U;NU";, ¢;[U;NU';) and U;NU’;, ¢';|U;NU’)  are charts of £(F)
over U;(1U";, by Proposition 3{§(F), {(U;,¢)}} and {E(F], {(U';¢'1)}} are
-equivalent in the strict sense (81). q.e.d.
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