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STRUCTURE OF COUPLE CATEGORIES

Cuanc Ku Im

1. Introduction

Let S be the category of all sets and C be a category. A covariant func-
tor F: C—8 will be called a grounding of C. Dually, a contravariant functor
F:C*—>8 is called a cogrounding of C, where C* is the dual category of
C. Cat(C,8) denotes the functor category, which has functors from a small

category C to S for objects and for morphisms the natural transformations be-
tween two functors from C to 8, and Co(C,S) denotes the couple category
of C [5.

It is known that any small category C can be embedded into Cat(C,S)
and Co(C,S)

In this note, we shall be to establish the results on the conjugates of ground-
ings and cogroundings of a category C and some results on couple categories.
Next we shall prove that the functor category Cat(C*,S) and the full sub-
category Con(C,8) of Co(C,S), has the natural couple (G, G*, m) for objects
and for morphisms the conjoint transformations (G, G* m)—> (G, G'*, m),
are equivalent.

2. Conjugates of groundings and cogroundings

Any cogrounding F of a category C is said to be dominated by a set S
of objects of C if every set F(A4), A is an objects in C, is a union of sets
F(f) [F(B)], B ranging over the elements of S and f ranging over morphisms
in Hom¢ (4, B).

If F is dominated by some set of objects, it is called proper.

DerFiNITION 1. Let F: C*——S8 be a cogrounding of a category C. The
grounding F* : C—>8, such that for each object A of C, F*(A) is the set
Hom (F, k) of all natural transformations from F to Aa=Homc( ,A) and
for each morphism f: A——A’ in C, p=F(W) and ¢=F*(A4),

LR @ Iw(B)=f-dw(p)
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is called the conjugate of F.
Dually we can define the conjugate G4 of grounding G as follows;
G«(4)=Hom (G,h?),
[G+(NEOIw®)=5w(®)-f
for p=G(W), f; A—>B, £=G4(B).
PROPOSITION 1. If a cogrounding F of C and its conjugate F* are proper
then there is a natural transformation from F to F.*.
Proof. Let 3 : F—>F,* be as follows: For each A=Ob(C) (=the class of
objects of C),
ya: F (Ule) —>F.* lﬁA) =Hom (F*, ha)

-~

ph——p
where pp(p*)=p*, (p)or all p*<F*(B). Then for g: A—>A’ in C and
PYEFA),
[na:F(2)1 (¢ )=n4F(g) ()]
[Fs*(2) - 9210 ) =F:*(g) [92 @ )]=h® -1+ (),
where A® : R4 —>pA,
For B=0Ob(C) and g=F*(B)
(94l F (g) (#") 116(@) =qal F () (#") ]
while
Ch® 943" Je(@)=ks® [+ (#')1s (@
=qx (') -g.
Since ¢ : F—>hp is a natural transformation, we have
9l Fe (#')1=h®lqa (#')I=qu ') -2
Therefore 9 : F—>F* is a natural transformation.

We say that a grounding (cogrounding) F of C is reflezive if F is proper,
and F* is proper and the natural transormation 7 : F—>F,* is the natural
equivalence.

PROPOSITION 2. Let I'; : Cat(C*,S)—>Cat(C,S) and I',:Cat(C,S)*—
Cat(C*,8) be two contravariant functors such that I'y(F)=F* for all F=
Ob(Cat(C*, 8)) and for 3: Fi—>F; in Cat(C*,8), £=F.*(X), [Ii(p)1x(©)
=§-9, and for GEOb(Cat(C,8), ¢:G—>G, in Cat ((,8), ¢=Gu(X),
I'y(G) =Gy, [I:(e)Ix(@)=¢-p. Then the two functors Homcaycr,55(—, I'2)
and Homce.xc.ss(—, I'1) from the product category Cat(C*, 8)*xCat(C, S)*
zo S are naturally equivalent, where for (F,G)<=Cat(C*, 8)*xCat(C, S)*,
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[Hom (—, I—)] (F,G)=Hom(G, I''(F)=F%*) and [Hom(—, I';—)] (F,G)
=Hom (F, I's(G)=Gx) respectively.

Proof. For each (F, G)<=Cat(C*, S)*xCat(C, S)*, we define a mapping
_ ¢&F6  Hom (G, F¥*)~—Hom(F,Gx) as follows; for ¢=Hom(G, F*), pe=
F(X), ¢=G(W) and X, W=0b(C)

dme (6)Ix (@) Iw(@) =[w(g) Ix ().
Then for ¢, ¢s=Hom(G, F*), if
D6 (29 =d e (P2),
[l dw (@) 1x(®) =[Lo2Iw (9 Ix ()

for all p=F(X) and ¢g=G(W). We have [¢;lw=[ds1lw and ¢;=¢,. Next we
shall show that the diagram

. da
Hom (Gy, Fi*) ———— —Hom (Fy, G,*)
Hom(xn, I''(»)) l Hom (v, T’ (%))
Dira62)
Hom (G5, Foy) —————Hom (F3, G24)

where 73 :G;—>G;=Cat (C,8) and v : F,—F,=Cat (C* S), is commuta-
tive. For each ¢=Hom(G,, Fi*), '
[Hom (v, I's(9)) *Perr,601() =T2(0) Perron (@) -¥
and for p,Fy(X), g.=G(W),
CLT () ~Perran(P) +v1x (#2) Twlg)
=) Ix-[drr.en (@) Ixvx (P2) Iw (g2)
={[drren (@) Ix vx(p2) Iw-[1w(g2)]
=[dwlinw(g2) 1x- x(92)).
‘While
(LLdrmen -Hom (g, I'1(2))1($) Ix (#2) Jw (g2)
= Fnep 1) -¢-1) Ix (p2) Jw (g2)
=01 ) -¢-Dw(g2) Ix(p2)
=[[I1 () Jw-dw- 1w (g2) Ix (p2)
=[dw-1w(g2) Ix(x($2)).
Therefore ¢ is a natural equivalence.
A diagram in a category C is a functor D :I—>C whose domain cate-
gory I is a small category, [2], [3].
DEFINITION 2. The limit functor A\p of a diagram D in a category C is
the functor
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Ap=hp-K : C—>Cat(f, C} -—8

U U] U]
W Ky b~—Hom Ky, D)

where for all WeOb(C), Ky is the constant functor, and a limit of the
diagram D is a representation (Wy, @) of Ap (cf. [6]), where ¢ is a nat-
ural equivalence from ky to A\p. Dually we can define the colimit functor
and colimit of a diagram in C.

PROPOSITION 3. There exists a natural eguivalence from the limit functor
of a diagram D in a category. C to the conjugate of a grounding of C.

Progf. Let D :1—>C be a diagram ‘in C and Ap=F~kp-K be the limit
functor of D. If we define Gp : C——S as follows ; Gp(X) is a disjoint union
Uizt APD(X) of the sets A2® (X) for X=0b(C), and [Gp(p)](f)=p-f for
p:X—>Y in C, f=Gp(X), then Gp is a grounding of C. Let define the
mapping ¢y : Ag(W)——>Gpe(W) for Weob(C) and p=Ap(W) as follows;

[ow (@) Ix(z)=z-0- (D)
where z€hP?®(X)Gp(X) and i=L. On the other hand if we define the
mapping ¢ () : Ky())—>D () as follows; ¢o(d)=[dpwIl1lnr) for an
element ¢=Gpxwyy and i<I, then since ¢ is a natural transformation,
EY(D(m)) -¢pr=0p) -Gp(D(m)) for m : i—>j in I Hence for 1p : D(5)
—>D(@@) (in ),
(&Y (D(m)) -¢pay J(Ipy) =hY (D(m)) o> (1pw) ]
=hV ((D(m)) o (s) =D (m) o (2)
[éDG -Gp(D(m))1(1pey) =¢pii» (Iny) =Po (),
that is, the diagram
Ky() =W—>D(@)
| D(m)

Kw(IJ)=W_—>D(J')
commutes. Therefore ¢, is a natural transformation from Ky to D and if we
take [Jw(do) J=¢, then ¢y is an isomorphism. For a morphism a: V—> W
<C, consider the diagram

Lo( IW) v éG";(W)
Lo@ | le;* (@ (1)
Ly(V) —Gy (V).

v
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For z= (Hom(D(j), X)) (=Gp(z)) and p=Lp(W)

[[Gpx (@) ¢w] €) Jx(z)

=[Gpx (@) [w () Ix ()

=[A®-($) 1x(x)

=hx[¢w (@) Ix(z)

=hx? (z-0(j)) =z-9(j) -a, @
while

[Lv-Lp@1(p) Ix(2)

=[Py~ (p-K(a)Ix(z)

=z-[{p-K(@)) ()]

=z-[p(j) -K(a) (D I=z-0(j) e 3
From (2) and (3) we prove that the diagram (1) is commutative. Hence we
have the natural equivalence ¢ : Lp==Gps This completes the proof.

3. Couple eategories

This section of the paper is a sequel to my paper on couple categary [5].
DEFINITION 3. A coupling of a cogrounding F and a grounding G of a
category C is a function. .
m : Uwnecxe FIX) XG(Y)—> Uwnyecxc Home(X, Y)
such that
F(X) TIJ G(Y)—>Homc(X, Y)

&9 l—----—'m(g, D)
and for f: W—>X and g: Y——>Z in C,
m(F(f) (p), G(g) (@) =g -m(p-q)-f.

PROPOSITION 4. There is a one-to-one corespondence between couplings m of
F and G, and natural transformation y: G——>F* defined by

[y(g) Ix(p) =m(p, @) @
for peF(X), q=G(Y).

Proof. Let K be a set of all couplings of F,G, and ¢ : K—>Hom (G, F*)
such that ¢(m) =y where u satisfies the condition (4). Then ¢(m)=¢ (%) im-
plies m=n. For any Hom (G, F*), let m be a function from UF(X) xG(Y)
to UHom(X, Y) satisfying the condition (4). Then forf: W—>X and ¢ :
Y—Z

m(F(f)(#), G(&) (@) (=[rz(G(g)(@Iw(F{)(®))
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=[he-tv(@) Iw (F () (p))
=g Lur(@Iw(F(H) )]
=glhy(f) -Leev(@)Ix(p)]
=glluy@(®)-f
=g-m(p-q)-f

Hence m is a coupling of F,G. This completes the proof.

A grounding couple on a category C is a triple F=('F, F',m;) consisting
of a cogrounding 'F, grounding F’ of C and coupling my of 'F, F’.

Morphisms F=('F, F/, mp) —>G=(G,G’,mz) of grounding couples are
conjoint transformations 7= (', 7’) which are ordered pair of natural trans-
formations 5 : 'F—'G, 7 : G'—>F’, satisfying mc (7 x(9),q) =mr(p, % (q)) for
p='F(X), q=G' (Y).

The category, which has these grounding couples for objects and for mor-
phisms the conjoint transformations, is called a couple category of C and we
denote it by Co(C,S) [5].

Let G be a cogrounding of a category C and a mapping

m: Upecxe GX) XG*(Y)—> N apecxc Home(X, V)
satisfy m(p, @) =qx(p) for p=G(X) and ¢q=G*(Y). Then for f: W—>X
and g: Y—>Z in C, we have
m(G(f) (P, G*(2) (0))=[G*(2) (@Iw(G*() ()
=[r® (@ Iw ((G(N) ()
~ Ly G () ()]
=gw(G() (®)
=hw®qx (p)
=g-qx(p)-f
=g-m(p-q)-f

Hence m¢ is a coupling of G and G*. A couple (G,G*,mg) (=Co(C,8))
is called a natural couple. For two natural couples (G,G*,mg) and (G',G'¥,
mg) let 7:G—>G’ and 7*:G'*—>G* be natural transformations such
that 7*y(g) =q-7 for g=G'*(Y). Then for p=G(z) and ¢=G'*(Y)

m(p, 7*v(@)) =[7*y(2) 1x (p)
=[g-71x(p)
=qxnx ()
=m(1x($), @)-
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Hence (7, 7*) is conjonint transformation from (G,G*, ms) to (G',G'*, mg)
Thus we have the full subcategory of Co(C,S), which has natural couples
for objects and for morphisms conjoint tranformations (7,7*). The full sub-
category of natural couples is called the natural couple category and denoted
by Con(C, S).

LEMMA. A functor T : A—B is an equivalence if and only if there is a
Sunctor S : B—>A together with natural equivalences

@ :18=T-S and ¢ : ST=14, [4]

PROPOSITION 5. The functor ¢ :Cat(C*,8)—>Con(C,S) suck that ¢(G)
=(G, G*, mg) for all GE0Ob(Cat(C*, 8)) and ¢ () =(n, v*) for all morphisms
7y in Cat (C*,8) is an equivalence functor.

Proof. Let ¢ : Con(C,8)—>Cat(C*,8) be a functor such that &(G, G*,
me) =G and ¢(p, p*)=7 for (3, 7% : (G,G* mz)—>(G',G'*,my) and ¢:
leac®so—>¢+¢. Then ¢¢ : lcac* o (G)—>¢+¢(G)=G is an identity mor-
phism and ¢ is a natural equivalence. Similarly we can obtain the natural
equivalence ¢ : ¢p~lcmc*,s»» By the lemma the functor ¢ is an equiv-
alence.

COROLLARY 1. The functor category Cat (C*, S) is embedded into the couple
category Co{C,8) and C is embedded into Con(C,S).

A grounding couple F=('F, F’,mz) is said to be separated if 4 : F'—>
'F* and "p : 'F—>F,’ are monomorphic ([5],[8]). A cogrounding G is said
to be separated if its natural couple (G,G* mr) is separated.

DEFINITION 4. A subcategory A of a category B is called a separating
subcategory if for every two distinct morphisms f,g: X—>Y in B, there
exist an object Z in A and A : Y—>Z such that k-f+#h-g.

We can know that a cogrounding F of C is separated iff F and F* are
reflexive. By Proposition 5, we have the

COROLLARY 2. The natural couple category Con(C,S) is separated iff
Cat(C,S) is separated.
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