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MEIJER’S G-FUNCTION
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1. Introduction. Rainville [5, p. 104], Abdul Halim and Al-Salam [1] have

shown that the single and double FEuler transiormations of the hypergeometric
function pF , are effective tools for augmenting its parameters. Recently Shrivas-
tava and Singhal [8] and Shrivastava and Joshi [9] have discussed some similar
interesting properties of 5, in double Meijer and double Whittaker transforms
respectively.

The object of the present paper is to establish a double integral transform of
Meijer’s G-function which leads to yet another interesting process of augmenting the
parameters in the G—function. The result is of general character and on specialising
the parameters suitably, yields several interesting results as particular cases.

In what follows for the sake of brevity we have used the symbols (a,), A,

a), A, +a), A((7, @) to denote the set of parameters g, @, < . G
.a'j:]- , esvee , __a"l"::_]. : A(?’: a)’ A(r: _a) and A(r: al)’ A(r’ ‘22)’ ...... , A(r,

a p) respectively.

2. In this section, we have established the following double integral transform

of G-function.
If s,k and r are positive integers, then
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KGM—I—Dg, n+o+Df ]
p+o+Dv, g+ p+ Du 27 A(D,1-A—C,), (b)), Alk+s, 1—a—f),
&(D,IHA_-d!.I.l)’ 'y &(D,I—A—d_) )

( 5 PO AD A= A=d))  Als 1=, Ak 1=6), (@,

AND,1—-A-C ), v A(D,1-A-C))

s_k
where 9=—3% . o=s+k, D=s+k+r, A=c+a+B:
(s+£)
0<Dg<Du<Dv<Du+q—p, utv—2g<2f<2, 0<un<p, p+q—2n<2m<2q;

. . s—a k-8 P T O evees
Re(mmdi—l—Dmm bJ_)>Re(—A)>Re[D( - 7 e:zl)—l—CJf D IJ, =1, 2, ,
[; 7=1,2, seseee s My [=1,2, conees s My 1=1, 2, eeeee , &; #. Re(min C;,+A)—v. Re(max
dj+4)=uD-+v+-5-D(Dv—Du+1)> D(Do~—Du). Remax(S=%, 228 ),
£=1’2’ ...... , U j=1’2, ...... U l=1,2, ...... s U; Iargl‘g(f—kg—-—zl—u—%v)ﬂi
jarg ¢| <(m+n——p——-a)r, Re(a+s6)>0, Re(B+E)>0, j=1,2,, m, and

the double iniegral converges.

PROOF. To prove (2,1), we start with the following known result [2, p.177]

(2. 2) f f o(x+y)x _lyﬁ"ldxdy=B(a, 8) f ¢(z)z“+’3"1dz
00 0

which is valid for Re(a) >0 and Re(8) >0.

It is easy to prove by following the technique of reversing the order of
integrations, that

(a,)

(b'))dxdy

(2.3) { Of Y e e (7 CR %)

1 1

- A——pm B——pe 2
- - 2 k 2 — n, n &(511"'“)- /_\(krl—ﬁ)r (a!)
= /9 a+8~—1 o D
v atf-L / 6@z Goto q+p(’5z (b0) ACk+8,1—a—B) )az
(s+k) a 0
where s,%2 and 7 are positive integers,
N 1 1
0 =: (s—l—k)”k’ o=s+k, D=st+k+r, p+q<2(m+n), Iargt|<(m+n—-§— —-2*-4)7?-
Re(a'—l—sbj)>0, Re (,6+kbj)>0. 7=1,2, seseee , m:

In (2.3), taking

¢(z)=z”0i'f(lz l E:,;)
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and evaluating the integral on the right hand side using [7, p. 401] the result
(2. 1) follows.

3. Particular cases. On choosing the parameters suitably in (2.1), several
known and unknown results are obtained as particular cases. However, we
mention some of the interesting results here.

(a) Taking f=v=2, g=0, =1, ¢;= é , di=v, do=—y, 0———#-[—-—%— in (2.1) and

using (3, p. 216, (5)]

Gz' O(x Fé_ )=7r—_é—e_%-xffb(—l—-x),

1, 2\"| &, —& 2
we obtain
e L =52+
— — 1+ 2
(3.1 ‘0[ Of XAl ) T 2 K y[—;—l(x-i—y)} X
m,n s k y | (@)
XGp’q (z‘xy (x+y) (bi))dxd’y

1 1

2 -p — A= P

=(21) 2 ( D\ —2— i =X
Za+a+ﬁ(3+k)a+ﬁ—-—2—

><Gm..:rz+p::'+2}.') (té‘(—%)-*)p

A(D,1-AFy), A(s,1-a), A(&1-=5), (a,))

(8, AlD. -é--—A), Alk+s, 1—a—~B)

where ¢, D and A have the same value as (2.1) and 4= ﬂ+a+£+—%— :

p+q<2(m+n), Re(a+sbytu)>0, Re(f+kh£0)>0, Re(a+B+utu+Db+-L)>0,

7=1,2, - ,m, Re(A)>0, |arg ¢] <(m+n-———é—-p———;—q)m

(b) Further, replacing g, ¢ and (ap) by ¢g+1, —f and (l-czp) respectively and

then putting m=1, n=p, b,=0, b; 1=1=b; (7=1,2,-,¢), using the result [3,p.
215,(1)] and [3,p.4,(11)] we obtain an interesting result.

1o ——1—2(x+y)

(3.2 f f x“_lyﬁ"l(x'ﬂ’)H ‘e ° K {—%—2(x+y)} qu[EZ:)) : txsy""(x+y)’]dxdy
0 0

VT F(a+5+yiu+-—%—)
2 Blap)X
2 P(a+B+u+1)

(a;).
P+ 3s+3k+2r Fq-l- 2842k 3 r [(’b.).

a+B+u+

A
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As,a), AR B), A(s+k+r. a+ﬁ+#iu+%) : t&( s+k+r‘)s+k+r]

A(s+k, a+B), A(s+k a+B+p+l) A
provided Re(a)>0, Re(8)>0, Re(D)>0, Re(ar+B+utuv+-3-)>0,

recently obtained by Shrivastava and Singhal [8].

(c) Setting v=f=2, g=0, #=1, ¢;=1-4, dl=%—+u, d2=—;:-—u in (2. 1) and

using the known formula (3, p. 216, (6)]
1

17 ——
2. 0 5
—e
G1. 2(3’ 1 1 m) W (2,

VA
we have
i — L Az+9)
—-1,,6—1 o, 2 m.n{ s k y | (@)
(3.3) Of Ofxa Wl aty)e T W, AGDIG, (1 ) | ) )dxdy
1 1
.—1—(2—D) ;.t+A——1—- Sa_Tkﬁ—T

=(2$’I)2 D z.aﬁ; Cl'.ﬁ—]')(
P )T T

o G0+ 2D (ta( D )D A(D,-—L—-AiU).A(S-l-ﬂ)-A(k-l—ﬁ)-(ﬂr))

2
p+p+2D,9+04D | (bs), A (R+5,1—x—=8), A(D,u—A4)

where D, 0,5 and A are given in (2. 1) ;
p+a<l2(m+mn), |arg ! <(m+n—%p-———%—-q):r, Re(A)>0, Re(a+sb;)>0,

Re(8+46)>0, Re(a+B+0+Dbjtv+-)>0, j=1,2,,m.

(d) Furthef,‘ replacing ¢, ¢ and (¢,) by ¢+1, —¢ and (l—ap) respectively and
then putting m=1, n=p, b;=0, b; 1=1-b; (7=1,2,--,¢) and using the result [3,p.
215, (1)1, (8.3) reduces to a result due to Shrivastava and Joshi [9,p. 19, (2.3)]

OO00 1
a—1 8-—1 g~ A(E+Y) (@) , s Fk r
(3. 4) Of df T T (xty) e Wﬂ_ U[Z(x-l—y)] qu[(b'). Ixy (x+y) ]dxdy

I'(a+B+otv+—5)
— a+ﬁ+a_ — -——B(a’,ﬁ)x
A I'a+p+o—pu+1)
1

(a)) A(ss ), A (R, B), &(ﬂ+f-ﬂ+ﬁ+ﬂ'iu+-§-) ) t&&’]
G A a+ B Alptr,at+B+o—p+1)

><ﬂ+3p’:ﬁ+?J'Ffi'+21t='+:r [

where

o=st+k, 0=

Sskk ’ 5’-_( s+ E+7r )s+k+r
(s-l—k)s” A
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Re(a)>0, Re(B8)>0, Re(A)>0, Re(a+5+aiu+—%—-)>0 and the resulting hyper-

geometric series converges.

With p=0, u=i-—1— and c:r=,——-1——. (3.4) will reduce to the earlier results of

2 2
Jain [4] and Singh [6].

(e) Choosing f=g=u=1, v=2, c1=1—k, d1=——%—-—l—M, d2=—é—-—M in (2.1) and

using the known result

L | 1k [(5-+kt+m) _1,
G (x ): e 2 M (x
— m k,m

1,2 ; +m,-%—- I'CCm+1)
we obtain

©o 0 —_1_2(x+y)

a—1 g—1 i) ) mnf, s & r | (a»)
(3.5) { bf T () e M, o RCGADIC, (655 () | 7)) ddy
LC-D) 4iail  PeMtD) T
=(2TL') 2 D T “Tr 1 - S ﬁ 1"'><
F(!e-l—M! 2) AN

gD oD (ta,(_z)__)n &(D,%—A—m),a(s.l—a).A(k.l—ﬁ).<a,),a(n.—§-—A+M))
p+o+2D.0+0+ D\ AT | A0, k1), (), AGs R L-a—B)

where 0, 0, D and A have the same value as in (2.1) ;

p+q<2Amt+n), |arg z[<(m+n—-%—p—-§—q)n, Re(2)>0, Re(a+sb)>0,

r

Re(8+kb) >0, Re(a+5+a+Dbj+M+—;—-)>O, 7=1,2, -, m.

1 1

(f) Substituting f=1, g=#=0, v=2, d1=—2—v, d2=——2—- and using the result
[3, p. 216, (3)]
1,0 o _
GO,Z ¥ %‘Ur _%v :]u(z"/x)’

(2.1) reduces to

F [ a1 p- 0 . maf, s (@)
(3.6 f f Y )T (2 A D) G, ( 2’y (5+9) (b’))dxdy
00 ¢

1 1

—vi D __s y
Ra+cr+5(s+k)a+ﬁ__%_'““

o« G HOED (ta(__l}__)ﬂ a(D,1-4-11), AG1-a). AG1-8), (a), 5(D.1-4+1 ))

p+p+2D' q+p 2 (bl)l A(k'l' Sy l—a—ﬁ)
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where 0, D, o and A have the value given in (2.1) .
p+a<2m+n), largt] <(m+n—Lp—-Lqg)z. Re()>0. ReCatsb)>0,

Re(8+#5)>0, Re(a+ +a+-51+Db;)>0, j=1,2, -~ m, Rea+B+0—D+Da)<

174, :=1,2, +-,n.

In view of the numerous. praperties of Meijer's G-functiom [3, p.256—219], on
speclalising the parameters suitably, a large number of interesting results may he
obtained as particular case.
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