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NOTE ON (f, U (k)' U(k)' a(k))-STRUCTURES 

By Bong Koo Kang and Jong Joo Kim 

~ O. Introduetion 

Submanifolds of codimension 2 in an almost contact manifold and hypersurfaces 

of a manifold with (/, g , u, ν. À.)-structure admit an (1, U(k)' u(k)’ α(k))-structure 
[1]. [3] , [6]. 

Ki, Pak and Suh have studied a manifold with (f, U(k)' u(k)' a(k))-structure 

and hypersurfaces of an even-dimensional sphere in terms of this structure [1]. 
The main purpose of the present paper is to study the integrabi1ity conditions 

of this structure. 

In ~ 1, we recall the definitions of (1, U (k)’ U(k)' a(k)) and (f. g. u(k)' α(k)) 

-structure. 
In ~ 2, we study the integrability conditions of (f, U (k)' χ(서’ a(k))-structure. 

In the last ~ 3. we investigate the necessary and sufficient condition for product 

Riemannian manifold MXR
3 to be Kählerian. 

S 1. PreIiminaries 

Let M be an m-dimensional differentiable manifold of class C∞. If there exist on 
M a (1,1) tensor field 1, vector fields U, V and W , 1-forms u, v and w and 
differentiable functions α， β and r satisfying the following conditions (1.1)­

(1.6). Then we say that M has an (1, U (k) ’ U(k)' α(k))-structure# [1] : 

(1.1) f2=-I+μ@U+v@V+w@W， 
1 being the unit tensor field of type (1, 1), 

(1.2) fU=-rV+βW， fV=rU+α'W， 쩌7= -βU-aV， 

(1.3) μ。f=rv-β'w， vof=-rμ-aw. wof=8μ+aν， 

where 1-form μ(k/f is defined by (u(k)o/)(X)=u(k)(lX) (k=1.2,3) for any 

vector field X , and 
‘ 

#We denote by U(1) =U, U(2)=V, U(3)=W. α(1)=μ， w(2)=ι u(3)=W' a(1 )=a. a(2)=ß 

and a(3)=r. 
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2 2 
μ(U)=l-β -r , κ(V)=-a，β， μ(W)=-αr， 

v(U)=-αβ， v(V)=l-α，2 _r2• V(W)=βr. 
w(U)= 一αr， W(V)=βr， zu(W)=1-a2-β2. 

It is well known that any submanifold of codimension 2 immersed in an almost 

contact manifold and anyhypersurface immersed in a manifold with (f, U, V. U. 

v, λ)-structure admit an (f, U(k) ’ μ(k)' α(k))-structure (cf. [1] , [3] , [6] etc.). It 

is verified that the dimension of a manifold with (f, U(k) ’ U(k)' α(k))-structure 

is odd [1]. If a manifold with (f, U(k)' χ(k)' α(k))-structure has a positive 

definite Riemannian metric g satisfying the conditions; 

(1. 7) g(U, X) =μ(X)， g(V, X)=v(X), g(W, X)=w(X), 

(1. 8) g(fX ,ty)=g(X, Y)-u(X)u(Y)- ν(X)v(Y) - w(X)zν(Y) 

for any vector fields X and Y , then we say that M has an (f, g , u(k)' α(k)) 

-structure [1]. Any submanifold of codimension 2 immersed in an almost contact 

metric manifold and any hypersurface immersed in a manifold with (f, g , U, ν， λ) 

-structure admit an (f, g , u(k)' α(k))-structure (cf. [1] , [3] , (6] etc.). 

§ 2. An aImost compIex structure on Af >< R3 

Suppose that an m-dimensional manifold M has an (f. U(k) , μ(k)' α(k))-structure. 

3 ~3 Now. we consider the product manifold MXR'"', R'"' being a three dimensional 
3 Euclidean space. We define on MXR'"' a tensor field F of type (1.1) with local 

components F강 given by 

(2.1) 

f: U
a 

V
a 

W
a 

o -r β 

-vc r 0 a 

-wc -β -a 0 

in {NXR
3
• XA}. {N. X a} being coordinate neighborhood of M and X T , X흥.X용 

being cartesian coordinate in R3
• where here and in the sequel the indices A, B, 

C. ••• run over the range {1. 2. 3. …. m, 1. 강， 효} and a. b. ι • •• run over the range 

{1. 2. 3. …. m} and fc a. U
U

• V
a
• W

a
• μc’ v c and Wc are respectively components 

of f. u. v. W. U. v. w in {N. X a
}. Then. taking account of (1.1)-(1.6), we can 

see that F2=-I ho1ds on M ><R3. Thus we have 
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PROPOSITION 2. 1. 1f there is given an (f, U (k) ’ U(k)' α(k))-strμctμre on M. then 

the tensor field F defined by (2.1) is an almost complex structure on MXR3• 

The Nijenhuis tensor [F, Fl of F has local components 
A _ E ~ _ A _ E ~ _ A ，~ _ E ~ _ E , _ A 

(2.2) [F, Fl CB~=FC~ aEFB ~ -F B~ aEFc ~ -(a연‘Bι -aBFc~ )FE~ 

on MXR3• Thus. using (2.1). we can write down [F. Fl CB A as follows: 

(2.3)l [F, F]cZ =￡ eaefba -4eaef2 -(깐져e -abfce)j야+(낀% 

-åb μc)U
a + (åcvb -åbνc)V

a + (åcwb -åbwC)W
a
• 

1 ,. e.... ,,. e 
(2.3)2 [F, Fl cb' = - fc " åeub+ fb oåeuc + (åcJ감-åbfc e)Ue -r(åcvb -åbv) 

+β(åcwb-åbμ’c)， 

2 ,. e.., .,. e", ,''''''' e (2.3)3 [F, F1cb'" =-fc ~åevb+fb ~åevc+(åJb ~-åbj감)Ve +r(åcub -åbuc) 

+α(åcwb -åbwc). 
a ,. e.." ,. e 

(2.3)4 [F, Fl cb Ù = - f/åewb十fb"åewc+(κ fb e-åbfc ")we-β(åcub -åbuc) 

(2.3)5 

(2.3)6 

(2.3)7 

(2.3)8 

(2.3)9 

(2.3)10 

(2.3)11 

(2.3)12 

(2.3)13 

(2.3)14 

(2.3)15 

(2.3)16 

(2.3)17 

- α(åcvb -åbvc). 

[F, F]cIa =￡eaeUa-Ueaej;a-(8cUe)j;a-(acr)Va+(aca)Wa’ 

[F, F] aa =4eaeva-veaej;a-(acVe)fr+(acr)Ua+(aca)Wa, 

[F, F] c3a =j;eaewa- Weae f7- (8cWe)4a- (acβ)Ua-(åcα)V
a• 

[F, F] I2a = Ueaeva- VeaeUa, 

[F, F]Iga =UeaeR7a-W7eaeUa, 

[F, F] 23a =VeaeW2 - Weaeva, 

[F, F1c11 =UeåeUc+capB)μe + (åcr)r+Cåfi)β， 

[F.Fl c/ =f/åer+UeaeVc十Cåpe)Ve +(åcβ)α， 

[F.Fl c/ = -f/åJ3+U
e
åewc + (åpe)ψe+(åcr)α， 

[F, Fl c21 
= - fc eåer+ Veåeμc+ (acV8)Xe+ (acα)β， 

[F,Fl c2
2 

= Ve(åevc) + (åcVB)ve + (åcr)r+Cåcα)α， 

[F, Fl c2
3 

= - fc eå eα+ Veåewc + (åcVe)we -(åcr)β， 

[F, F] cgI =4eaeg+WeaeXc+ (acWe)μe+(åcα)r， 
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[F.FJ c3
2 =f/ðeα+ Wðevc + (ðcWe)ve -(ðcβ)r. 

[F, F] c33 =WeaeWc+ (acWe)%e+ (aC8)β十 (ðc'α)a. 

[F, F] I2I = - Ueaer, 

[F, F] I22 = - veaer, 

[F, F] I23 = -ueaeα+V뼈， 

[F.FJ 1l =U
e
ðj3. 

[F,F]I32 =ueaeα-Weðer. 

[F.FJ 1덮 =W
e
ðj3. 

[F.FJ싫 =v뼈+Wðer. 

[F.FJ싫 =Veaeα， 

[F.FJ 꿇 =weaea. 

We can easily verify that there exist on M a tensor field T of type (1.2) with 

components [F, F] cba ’ three tensor fields P l' P 2 and P 3 of type (0.2) with compo-

2 1r..........' 9 nents [F. FJ cb 4. [F. FJ cb ~ and [F. FJ cb" respectively. three tensor fields Q1' Q2 and 

Q3 of type (1.1) with components [F. FJ 1b a. [F. FJ 2b a and [F. FJ 3b a , three vector 

fields S1' S2 and S3 with components [F. FJ 삶 • [F.FJ 끊 and [F.FJ 옳 • nine 1-

forms w1' w2• w3' w4' w5' w6' W7• w8 and w9 with components [F. FJ c/. [F, FJ c1
2 

• 

3 r............ 1 1" ........... , 2 r .......... ' 3 f' ........... , 1 [F.FJ cI: [F.FJ c2" ' [F， FJc2~' [F.FJ c2" , [F.FJ c3
4 , [F.FJc3~ and [F.FJ c3

v 

and 

1 r , r .......... ' 2 ninefunctionsK1=[F, FJ I2
4

• K2=[F, F1 I2"' , K3=[F.F]12v
• K4=[F, FJ I3

4 , K5= 

2 .,.". r ..... .,...' 3 r :r 1" .......... , 1 
[F. Fl 13~' K6= [F, F1 I3

v
, K7 = [F， FJ 평 , K8=[F페삶 and K9= [F， Fl싫 . 

We know that the Nijenhuis tensor [F.Fl of an almost complex structure F 
satisfies the conditions 

A ,..... E. r .,.... --., E ..... A 
(2.4) [F.FJ C; FB~+[F.FlcB.r:. Fgn. :::O (cf~ 찌). 

Substituting (2.1) into (2.4). we have 

(2.5)l [F,FlJ &e+ fF,F]J 4a ‘ fFiFltIa깐+ [F,.Fl cb 1 Ua - [F.FJ c2 a Vb 



(2.5)2 

(2.5)3 

(2.5)4 

(2.5)5 

(2.5)6 

(2.5)7 

(2.5)8 

(2.5)9 

(2.5)10 

(2.5)11 

(2.5)12 

(2.5)13 
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+ [F， F1}~ε [F. F1 c;확b+ [F,F1}Wa=0. 

[F, F1ce 
1 

fó e - [F, F1có e ue - [F, F1 cI
I 

uó- [F, F1 c2 1νb-r[F， F]cb2 

- [F， F]c3IZUb+β[F， F]cbg =0, 

[F, F]ce2 4e- [F, F]cfUe- [F, F]cI2%+7[F, F]cbI - [F, F]c22% 

- [F， F]c32ZUb+α[F， F]cbg =o, 

[F, F1ce3 f/- [F.F1c/we- [F.F1 cI3 Uó-β[F， F]cbI - [F, F]c23% 

-a[F, F]cb2 - [F, F]c33%b=o, 

[F, F1 ce 
a Ue 

+ [F, F1 cI
e 
f/ + [F. F1 CI 

1 Ua+r [F.F1 c2 
a 

+ [F. F1 cI
'}, 

V" 

-β [F. F1 c3 
a+ [F.F1 cI 

3 Wa=O. 

[F,F1 ce 
a V e + [F. F1 c'},

e 
fe 

a 
-r [F , F1 cI 

a + [F. F1 c:/ U
a+ [F. F1 c:/ V" 

-α [F.F1 c3
a + [F.F1}Wa=0. 

[F, FLea we+ [F, F] c3e f￠+β [F.F1 cI
a + [F ,F1

c3
1 Ua+α [F.F1 c2

0 

+ [F , F1 c3
'}, 

VO+ [F. F1 c3
:3 Wa=O. 

[F.F1 1/ f/+ [F, F1 Ib
e 

f/+ [F , F1 I/ Ua_ [F,F1r:2
a 

Vb 

+ [F,F1r/ V a- [F, F1r30 W b+ [F, F1 Ib
3 Wa=O, 

[F, F] 2ea ji e+ [F, F] 2be fea - [F, F] 2Ia %b+ [F, Fl2bI UZ 

+ [F , F1 2/ V a _ 
[F' Fl '},3

a 
Wb+ [F, F1 2b

:3 WO=O , 

[F.F1 3e
a f •e+ [F, F]gbe La- [F, F]3Ia Xb+ [F, F]3bi uα 

- [F, F] g2a ”b+ [F, F] 3b2 va+ [F, F] 3b3 wa=o, 

[F, F] Iea ve+ [F, F] r2e j감+ [F, Fl1l U
a
+ [F, F1rl V

a 

-α [F， F1r:t + [F, F1 r23 WO=O , 

[F, F] Iea we+ [F, F] I3 
e j감+ [F. Fl 13

1 uO+a [F. Fl 12
0 

+ [F. Fl1l' V a+ [F. Fl 1S
3 Wa=O. 

[F.PJ 2e
a tt+ [F.FI 2I

e f e
a+ [F.Fl 었1 Ua+ [Þ.Fl 2J

2 Va _β[F， F]23a 

- [F, F]2Ig R7a=0, 
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(2.5)15 
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[F, F] 2ea we十 [F, F] 23e f￡十β [F, F1 21
a + [F, F1 2-i Ua 

+ [F， Fl싫 va+ [F，뀐싫 wa=o, 

[F,F]3ea ue+ [F, F]3ie j삼十 [F,Flg/ Ua十r[F， Fl32a

+ [F,Fl 퍼2 va+ [F, F] 3I3 W7a=0, 

[F, F] 3ea ve+ [F, F] 32e fea - r [F, F] 3Ia 十 [F, Flgl U
a 

+ [F， 뀐 322 va+ [F， F]덮wa=o. 

We now assume that [F, F]cba , [F, F]cbI , [F, F]cb2 , [F, F]cb3 

on M. Under these conditions (2.5\ becomes 

are all vanish 

a 
(2.6) [F,Fl CI 

~ uò+ [F, Fl c2 
~ vò+ [F, Fl c3 

~ 

Wò =0. 

Ó TTb ... TTTb Transvecting (2.6) with U", V" and W V respectively, we find 

(2.7)1 (1-β2-r2)[F， F]cIa -αβ[F， F]c2a -αr[F， F]c3a =o, 
a . /_ 2 2 

(2.7)2 -αβ [F， Fl c1
U

+ (1 -α -r ) [F, F]c2a +βr [F, F]c3a =o, 

(2·7)3 -αr [F, F] da +βr [F,F] aa +(1-α2-β2) [F, F]cga =o. 

If 1-α2-β2-r2 is a1most everywhere non-zero on M , then, from (2· 7)1’ (2.7)2 

and (2.7)3’ 
we have 

(2.8) [F,F]cIa =0, [F, Fl c2 
a 

=0, [F,F1c3a =0 

because of 
2 2 

1-β -r -αβ -ar 
det I 2 2 

-αg 1-α -r βr =(1-a2-β2 -，- li. 

-αr βr 
22 

1-α -β 

Transvecting (2.5)2,,",(2.5)16 with UÒ, VÒ, WÒ respectively and taking account of 

[F, F1còa =0, [F,F1c/ =0 (5= 1, 2, 3) and (2.8), we also find 

[F, F] I2a = 0, a [F,Fl13- =0, [F, Fl 23 a=O; 

I 
[F. Fl c1. =0, 2 

[F,.Fl c1 
- =0, 3 

[F， Flc1~ =0, 

I [F. Fl c2. =0, 2 [F, Fl c2- =0, 3 [F, Fl c2 
- =0, 

(2.9) [F. Fl c3. =0, 2 _ ._ _. 3 [F, Fl cf =0, . [F, Fl c3 
~ 

=0, 
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I [F.FJ I2• =0. 2 
[F. FJ 12~ =0. 

3 
[F.FJI2~ =0. 

I [F.FJ I3' =0. 
2 

[F. FJ 13- =0. 
3 

[F.FJI3~ =0, 

I 
[F, FJ 23' =0, 

2 
[F, FJ 23- =0, 3 [F, FJ 23~ =0. 

2 2 2 
we can prove that if the function 1-α -β -r is 
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non-zero almost 
everywhere on M and 

[F, FJ cb a =0, [F. FJ CI a =0, [F, FJ c2 a =0, [F, FJ c3 a =0, then the other twenty­

four components of the Nijenhuis tensor (2.3)2’ (2.3)3’ (2.3)4 and (2.3)8~(2.3)‘ 

are all zero on M. Hence, we have 

2 2 2 
LEMMA 2.2. 1f the func tz"on 1-α -β -r is alηzost everywhere non-zero and 

[F.FJ Cb a and [F, FJ c/ (or [F , FJ Cba and [F， FJ c낀 (s=l. 2, 3) are identz"cally va쩌sh 

on M , then the other twenty-foκr componeχts of the Nijenhuis tensor (2.3)5’ (2.3)6’ 

(2.3) .., and (2.3)or.{2. 3) ... o (or (2.3).... (2.3)~. (2.3) , and (2.3)o.-v(2.3) ... J are all 28 ,_. '---.... 2" '-............. 3. '-... - .... 4 

vanish. 

If a symmetric affine connection V is given on M. then we can easiIy see that 
a r..... _, 1 ,............., 2 

the components [F.FJ c/' [F.FJ cõ'. [F.FJ cõ" and [F, FJ cõ
u 

can be written as 

follows; 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

[F.FJ cõ
a =f/''Vef↓a-jie?efr-(Fcfbe-FbfLe)fea+(Vcμb- 'Võ:μc)Ua 

+ (VcVð- Vbvc)ya + (V'cWb - VbU!c)W
Q

’ 

{F,FjcbI =-I;eVeXb+4eVeMc+(Vcjie-Fbj;e)2te-r[ FcUb-FbUc)

+β(VcWb-VõWc)' 

[F, Fl cb2 = -4eVe%+4eVeνc+(Vcfb e 
-Vbfc 

e)νe +r('VcμÓ- 'Vbμc) 
+a( 'Vcwõ - Vbwc)' 

[F, F] cb3 = -j;eVeWb+4eFe%c+ [ PcJie- Fbj;e)”e-β(VcUb-VbUc) 
-α(VcvlJ-Vbv). 

that is, we find that all the partial differentiatimls a e involved in [F. FJ cõ 
a 

’ 
I .. __ .. 2 r 

_ _ 
.. 3 

[F.FJ cõ ‘ . [F. FJ cõ 
M. CF.FJ cõ

u can be replaced by the covariant differentiations Ve' 
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Thus we have 

LEMMA 2. 3. If M is a di.죄'erentiable ηzanifold with (f, g , μ , α )-'-strμct Ck)' --Ck) 
a .................. 1 • __ .. 2 .. __ .. 3 .. ____ .. a 

then the sets 01 components [F, F]cb ’ [F, F] cb' , tF, F] cb ~， [F, F] cb u , [F, F] CI U , 

[F, F] c2a , [F, F] c3a , [F, F] I2a , [F, F] Iga , [F, F] 23a , [F, F] cII , [F, F] cI2 , 

2 r .............. ' g ,. .......... , I 
[F, F] cI , [F, F] c2 ’ [F， F]c2~' [F, F]c2 ’ [F, F] c3.' [F, F] c3 ~， [F, F] c3 U , 

3 ........,...., I r............' 2 
[F,F] 12 ’ [F, F] 12~' [F, Fl 12 ’ [F, F] 13' , [F, F]13 ’ [F, F]13

U

, [F， F]~ ’ 

3 [F, F] :;!g~ and [F, F] :;!gu of tlre Nijenh껑s tensor of the almost complex structure 

F on MXR3 define twenty-eight tensor ßelds 쩌 the manifold M , which are 

determined by the giνen (f, g , κCk)' aCk))-structure. 

We can get directly from Lemma 2. 2 

PROPOSITION 2.4. The almost comPlex structμreF 0χ MXR
3 

is integrable if 

a7Zd 0%ly if the fb%r te%SO7S [F, F] cba , [F, F] cbI , [F, F] cb2 a%d [F, F] cb3 ua쩌sh 

z"dentically on M , or, if and only if the four tensors [F, F] cb a ’ [F, F] cIa , 

2 ~2 2. [F, FJ c2 a and [F, FJ c:! a vanish identically on M , provided that 1-a~-β -r zs 
non-zero almost everywhere. 

~ 3 •. A Riernannian rnetrie on MXR
3 

Let M be a differentiable manifold with (f, g , μ , a ,,,)-structure. =-- ，~. C>' -- (k)" - (k) 

consider a Riemannian metric G on MXR- with components 

(3.1) 

gcb 

(G,..,) = I 0 
)ι 10 

O 

000 

100 
010 
o 0 1/, 

If we 

gcb being the components of Riemannian metric g on M , then we see that 

3 
(F, G) defir뻐san almost Hermitian structure on Mx R", F having the almost 

complex structure (2.1), that is, 
c~ B 

(3.2) GcoF'DvFEu=GDE’ 
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where Fc B are components of F. 

We denote the Christoffel symbols formed with G and these formed with g 
~ 

r않P않tively by 않. and by 앓. Then we find that 

~ 
(3.3) cab} = {cab}' 

(3.4) &}={3}={표}={펴={옳}=…={g33’ =0. 
We denote by V B and V" the covariant differentiations with respect to 

~ A 
CB 

and 1 싫 respectively. Then the covariant derivative of F with re맹ect to 

~ 
A 

CB is given by 

(3.5) 

that is. 

(3.6)1 

(3.6)2 

(3.6)3 

(3.6)4 

(3.6)5 

given by 

Hence we have 

- -

딴ba=8c4a- {융} ￡a+ {fe} 4e=Fcr. 
-_r _ -:::_2 _ -:::_3 
VcF" ‘ = - VcU". VcF" - = - Vcv"’ VcF" ~ = - Vcw", 

fcFIa=FcUa, fcF2a= FcVa, fcF3a= FcWa, 
~a~a~a~ 1~2~s~1~ 
VrF，，-=V2F，，-=쩍F，，-=V1 F"'=VrF，，-=VrFb~=V2F，，'=V2F，， 

~ 3 ~ I ~ 2 ~ 3 ~ a ~ a ~ 
=V~，，~ =V3F，，4=V3F，，-=V~l，，~ =VrFl-=VrF2- =VrFg 

~ a ~x‘ a ~ ...... a ~ ...... a ~ ..... a ":::: ...... a ";::: ...... 2 
=P2FI =Ff g =V2F3 =맥Fr-=ViF2-=V:lF3~ =VrFr‘ 

=---=f암F얄=0， 

fcF3I=댐· 

PROPOSITION 3. 1. Suppose that M has an C!. g. u(k)' α(k))-structμre. Then a 

necessaηI and sμIficient condUioχ for the product Riemannian ηzanzfold MXR- to 
be a Kählerian space with (F, G) is that all of f. u, v. w, a. β and r are covaη·a%μy 

constant on M. 
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