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NOTEON (, U (k); Uy a(k))—STRUCTURES

By Bong Koo Kang and Jong Joo Kim

§0. Introduction

Submanifolds of codimension 2 in an almost contact manifold and hypersurfaces

of a manifold with (f, g, #, v, A)~structure admit an (/f, U(k). %y a'(k))—structure
[1], (3], [6].
Ki, Pak and Suh have studied a manifold with (f, U iy % a'(k))—structure

and hypersurfaces of an even-dimensional sphere in terms of this structure {1].

The main purpose of the present paper is to study the integrability conditions
of this structure.

-structure.
In §2, we study the integrability conditions of (f, U & %y a'(k))-—structure.
In the last § 3, we investigate the necessary and sufficient condition for product

Riemannian manifold M XR3 to be Kadhlerian.

§ I. Preliminaries

Let M be an m-dimensional differentiable manifold of class C . If there exist on
M a (1,1) tensor field f, vector fields U, V and W, 1-forms #, » and w and
differentiable functions «, 8 and 7 satisfying the following conditions (1.1)~
(1.6). Then we say that M has an (f, U & %y a'(k))—structure# [1] ¢

(1.1) fo=—I+uQU-+oQV +w@W,

I being the unit tensor field of type (1, 1),
(1.2) fU=—yV+ W, fV=yU+aW, fW=~-8U—~-caV,
(1.3) uof=rv—pLw, vof=—yu—ow, wof=LBu+av,

where 1-form u(k)ﬂf is defined by (u(k)nf)(X)-—:u(k)(fX) (k=1,2,3) for any
vector field X, and

#¥*We denote by U(1)=U. U(2)=V, U(3)=W, Uy=th Uy =V, U =W, & =a “(2)_“:‘8
and @3y =T
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(1. 4) w(U)=1—B—7% w(V)=—aB, u(W)=—ar,
(1.5) o(U)=—aB, v(V)=1-a’~7", o(W)=8r,
(1.6) wU)=—ar, w(V)=8r, w(W)=1—a"—4%

It is well known that any submanifold of codimension 2 immersed in an almost
contact manifold and any ‘hypersurface immersed in a manifold with (f, U, V,«,
v, A)-structure admit an (/. U(k), U gy a(k))—structure (cf. [1], [3], [6] etc.). It
is verified that the dimension of a map.ifold With (f, U (& %ery a:(k))—structure

is odd [1]. If a manifold with (/. U(k), %k cx(k))—structure has a positive
definite Riemannian metric g satisfying the conditions:
(1.7) gU, X)=u(X), glV,X)=v(X), g(W,X)=w(X),

(1.8) g(f X, fY)=g(X,Y)—u(X)u(Y ) —v(Xv(Y") —w(X)w(Y )
for any vector fields X and ¥, then we say that M has an (f, g, % iy a(k))

~structure {1]. Any submanifold of codimension 2 immersed in an almost contact
metric manifold and any hypersurface immersed in a manifold with (f, g, #, v, A)
-structure admit an (f, g, %y a(k))—structure (cf. [1], [3], [6] etc. ).

§ 2. An almost complex structure on M ><R3
Suppose that an m-dimensional manifold M has an (, U(k), % py» a(k))—structure.
Now, we consider the product manifold M XR°, R° being a three dimensional

Euclidean space. We define on M X R° a tensor field F of type (1,1) with local

components F BA given by

(& v vewe
A | — 0 —7 B
(2.1) (Fgl=|. °
-v, v 0 «
l —-w, -8 —a O ,

in {N XR3, XA}, {N, X"} being coordinate neighborhood of M and X 1 x2 x3

being cartesian coordinate in R°, where here and in the sequel the indices A, B,
C, -« run over the range {1,2,3,---,m, T, 2,3} and a,b,¢, --- run over the range

{1, 2, 3, **+, m} and f, “ UV W ou » V. and w, are respectively components

of LU V,W,u,0,w in {N, X%. Then, taking account of (1.1)~(1.6), we can
see that F2=—I holds on M XRS. Thus we have
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PROPOSITION 2.1. If there is given an (f, Uy, %, 0ty )-Structure on M, then
the tensor field F defined by (2.1) is an almost complex structure on M X R,

The Nijenhuis tensor [F, F] of F has local components

(2.2) (F,Fl gpf =Fg 0,Fp" —Fg 0,F" —(.Fg" —0,F " )F
on M XRS. Thus, using (2.1), we can write down [F, F] CBA as follows:

(2.3), (F, R, =f"8,f," —=f, 0,F° ~@,f," =d,f.° )f," +(9,u,
—3,2 U +(3.0,— 3,9 IV + (8 w,~3,w W,

(2.3), (FFl," =—F. %0 u,+F,0u+@ f,—d,f,Ou—10,—dp)
+6(0 w,—d,w ),

(2.3), (7, F) " =—F£.00,+F, 0.+, f°~0, £, +7(0 u,~ 3,8
+o(0 w, ——6’bwc),

(2.3), [F, F,,° ==, 0,41, 0+ (8, f,—d, f. Y, ~ B(0,u,~ 1)
—a(ﬁcvb—-ﬁbvc),

(2.3); [F,Fl,1° =f,0U" =U3,f.°=@UD, =@ rV'+(@8W",

(2.3), [F,F) 5" =£,9 V"=V, 1, =@V )f,"+@rU'+@,0W",

(2.3), [F,F) 3 =f.W*-W f.°—@W)f,"~(@8U - @,a)V"

(2.3), [F,Flyy” =UQB YV -V U",

(2.3, [F,Flyg" =U9 W’ ~W* U",

(2.3)y, [F,Fly =VOW —W3 YV,

2.3),, [F,F) ;' =U%3 0+ U"u+@.1)r+0.8)8,

(2.3),, [F,Fl (> =37 +U% 0 +@.U" 0+ B)a,

(2.3), [F,F] 1° =—F.% 8+U°3 10 +(@ U w +(3.7)a,

2.3),, [F,F] 5 =—F.81+Vdu+@Vu+@a)8,

(2.3), [F.Fl 3° =V°@0)+@V 0 +0.r)7r+@ x)a,

(23, [F,F) 50 =—F. 8,0+ V8 0 4@V w0,— @008,

(2.3),, [F,F) 5 =£.0 8+ W9 4+ W +(@.a)r,
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(2.3)q [F, F] 5° =£.% a-+ W3 p 4@ W )w,—08)r,
(2.3) [F,F) > =W w 4@ W w,+(3B)B+(0.ma,
(2. 3),, [F,Flyy =-U%y,

(2.3),, [F,Flyy ==V,

(2.3),, (F,Flyy =—U3a+V84,

(2.3),5 [F,Flys =U%,

(2.3),, [F,Flg5 =U3a—Wy,

(2.8),s [F,Flgs =W4,

(2. 3, F,Flys =V38+W7,

2.3),, [F,Fly =V3a,

(2. 3), [F,Fly =W a.

We can easily verify that there exist on M a tensor field T of type (1,2) with

components [F, F] cba , three tensor fields P,, P, and P, of type (0,2) with compo-

nents [F, F] cbI , [F,F] .,-52 and [F, F] cbg respectively, three tensor fields Q;, Q, and

Q, of type (1,1) with components [F, F Iba , [F,F] %a and [F, F] gba , three vector

fields 5;,S, and S; with components [F, F] -1_—2“ , [F,F] -1_—; and [F, F] ?; , nine 1-

I 2

forms w,, w,, w3, wy, wg, wg w,;, wg and wy with components [F,F] ;~, [F,F] ",

[F,Fl ;°IF,Fl 5, [F.Fl 5, [F,Fl,°, [F.Fl,", [F,Fl," and [F,F] " and
nine functions K, = [F,Flyy , K,=[F,Flgs , K3=[F,Flgy , K,=[F,Fli3 , Ks=

[F, F) 15» Kg=[F.Flyy , K;=[F,Flg , Kg=[F,Fly and K,=[F,Fl,.

We know that the Nijenhuis tensor [F,F] of an almost complex structure F
satisfies the conditions

(24) [F,Flof Fg +[F.Fl.f Fi=0 (cf. [7))
Substituting (2.1) into (2.4), we have
(2.5), F,F1," f,"+1F.Fl, f,°=F.Fl "+ F.Fl, U~ [F,Fl 4",
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+[F,F] ,V*~ [F,F) Jw,+F,F) > W=,
(2.5), [F,F1, f,°— [F.F),*u,~ (F,F] ;' 4,~ [F, F1 , o,~7[F, F] ,°
— [F,Fl g w,+BIF.F],° =0,

(2.5), (F,F1,° f,'— F,F] fv—[F.F) ; u+7IF,Fl 1~ F,F 0,
—~[F,F) 5~ w+alF,F)_° =0,

(2.5), (F,F1,° f,"~F,F) ,*w,~ [F,Fl ;" u,—BIF,F1 , — [F,F] 5°0,

—alF,F] ° —[F,F] 3" w,=0,

(2.5) [F,F1,,° U+ [F,Fl i° f,°+F,F) ;' U7 [F,F] 5° + [F.Fl ;°V°
~BIF,F] 3 °+ [F,F] ;°W°=0,

(2.5), [F,F1,°V + [F,F) ) £," ~7IF.F] ;* +[F,Fl 5 U+ [F,F] 4 V°
—alF, F) 3* + [F,F] 5> W*=0,

(2.5), [F,F1,,* W+ (F.Fl g £ HBIFFI "+ F.Fl g U+alF,F)
+[F,F) 2 V°+ [F, F] ;° W=,

(2.5), [F,Fl;,° f,°+[F, Fl;,° £,°+[F,Fly, U~ [F,Fli v,

€

+[F,Fly" V — [F,Flg w,+ [F, Flg,” W°=0,

€

(2.5), [F,Fl5,° f,5+ [F,Fly° f.°— F,Fly" w4+ [F,Fly U’
| +(F,Fly V*_ (3 Flgg wyt [F,Fly,° Wo=0,

(2.5)1 [F’F]Beﬂ fbe'l" [F’F]Bbg A [F:F]SIE %, T [F,Flsbl U?

€

— [F, Flgy vy+ [F, Flg,° Vo+ [F, Fl3,°  W*=0,

(2'5)11 [F:F]Ieﬂ Ve—l_ [FsF]Tze fea_l— [F:F]IEI Uﬂ—l" [F:F]Igg Va
~alF,Fl +[FFlgy W=,

e

(2.5),, (F,Fly," W+ [F, Fl s £+ F,Fly U°+alF,Flg
R IR R VO IE RIS W=,
(2.5),4 (F,FYp," U+ [F,Fly’ £ 4+ F.Fly U4 [F,Fly” Vo= BIF, Fl
= [F, F)s" W=,
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(2.5),, [F,F), W'+ [F,Flss f,+BIF. F]zl- + [F, Fl 5 U
+[F,F]g3 Ve4 [F,F] W =0,

(2.5);5 [F,Flg° U+ [F, Flg f "+ FF]SI Uty [F,Flgy
-I—[F,F] s Vot [F, Flap W*=0,

(2.5) 5 [F, Flx, V+[FF32 f, - FF]g + [F,Fl s U°
+[F,F]gg Va [F,F]g‘z"w =(),

We now assume that [F,F] ", [F,F] cbI , F,F] cbz , LF,F] ch are all vanish

on M. Under these conditions (2.5); becomes

(2.6) [F,F] 1° wy+ [F,F] 5 v,+ [F,F] 5" w,=O0.
Transvecting (2,.6) with U b, v° and W’ respectively, we find

(2.7, (1-B -1 F.F) ;* —aBIF,F] 5° —ar(F,F] 5* =0,
(2.7), ~aBIF, F] ;* +(1—a ~y)F,Fl 5° +Br [F, F] 5 =0,
(2.7), —ar [F,Fl {* +BrF. F] 5° +(1—a’~ B [F, F] 5 =0.

2 2 2
If 1—-a —8 —7 is almost everywhere non-zero on M, then, from (2. 7)1, (2. 7)2

and (2. 7)3, we have

(2.8) £, F].«:I =0, [F:F]cga =0, [F,F]CBE =()
because of
2 2 \
(1-6~r  -—aB  -—ay
2 2.2
det _aﬁ 1_a2_r2 Br =(1_a —52“7 ) .
2 2
\ —ay Br 1—a —5 )

Transvecting (2.5),~(2.5),, with vl v wt respectively and taking account of
[F, F] cbﬂ =0, [F,F] ch =0 (s=1,2,3) and (2.8), we also find ‘
| [F, F] -,_—{z =0, [F,F] Iga =0, [F,F]s3 “=0,
F,F] L =0, [F,F] CI =0, [F,Fl; =
[F,F] 5' =0, [F,F],’>=0, [F,Flz =0,

(2.9) ( [F, F]'E:3 =0, [F-,F]cf =0, [F, F]cg =
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[F,Flp =0, [F,Fly =0, [F,Flgy =0,

[F,Flys =0, [F,Fly =0, [F,Fls =0.

_ : : 2 2 2
Similarly, we can prove that if the function 1—a —8 —7* is non-zero almost

everywhere on M and

[F,F],," =0, [F,F];°=0, [F,F],"=0, [F,F]zg®=0, then the other twenty-
four components of the Nijenhuis tensor (2. 3)2, (2. 3)3, (2.3) . and (2. 3)8—---—-(2. 3)28

are all zero on M. Hence, we have

2 2 2
LEMMA 2.2, If the function 1—a —8 —y is almost everywhere mnon-zero and
[F,F]_,° and [F,F) cf (or [F,F],, and [F,F] ; )(s=1,2,3)are identically vanish
on M, then the other twenly-four components of the Nijenhuis tensor (2.3) . (2.3) -
(2. 3)7 and (2. 3)8~(2. 3)28 (or (2. 3)2, (2. 3)3. (2.3) . and (2. 3)8~(2. 3)28) are all

vanish.

If a symmetric affine connection V is given on M, then we can easily see that

the components [F, F] cba, [F;. Fj cbI , [F,F] 662 and [F, F] CbB can be written as
follows;

(2.10) [F,F] ,* =£.V £, £,V £, = (V.1 =V, [, 4 (Vu,— Vu YU
+(V,2, =V, WV +(V 0,— Vo )W, |

(2.11) (F,Fl | =—FVu,+1,V a4+, 1 ~, £, Ou,~1(V0,~Vp)
+8(V.w,—V,w,),

(2.12) [F, F] cbz =—£.V o, + £,V +, 1, =V, [ o +r(Vu—~Vu)
+a(V w,—V,w.),

(2.13) (F,F) " =—F,°V 0, + £,V o, +(V, [,* =V, £, Dw,—~ BV ,— Ve,
—a(Vo,— Vo),

that is, we find that all the partial differentiations 4 . involved in [F, F] cba.

[F, F] cbI , LF, F] cb2 , LF,F] cf’ can be replaced by the covariant differentiations Ve
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Thus we have

LEMMA 2.3. If M is a differentiable manifold with (f, g, u B o (k))—'stmcmre,

then the sets of components [F,F] cba, 7, F] cbi , F,F) cbg , [F,F] cbg , [F.F] ;"
[F,F) 5%, [F,Flg", IF.Flpy’, [F.Flg", [F.Fly’, [F.Flg, [F.F
F Fl;°, [F.Flg . [F.Fl,, IRF, [F.FS . [FFZ . FFS.
F,Flgy , [F\Flyy , [F.Fly ., [FFlg , [F.Fly, FFly, [FFly .
F, F 232 and [F,F] 233 of the Nijenhuis tensor of the almost complex structure
F on MXR define twenty-esght tensor fields in the manifold M, which are

 determined by the given (f, &, % gy a(k))—stmctme.

We can get directly from Lemma 2.2

3
PROPOSITION 2.4. The almost complex structure F on MXR s integrable if
and only if the four tensors [F,F),°, [F,F1,', [F,F),° and [F,F]° vanish

tdentically on M, or, i:f and only if the four tensors [F,F] cb“ , [F,F] Ja ,

[F, F] cza and [F,F] cga vani sh identz'cdlly on M , provided that l—crz—ﬁz—rz'z's

non-zero almost everywhere.

§ 3. 'A Riemannian metric on M ><R3

Let M bé a differentiable manifold with(f, g, # .., « (k))—structure. If we

(&)
. 3 .
consider a Riemannian metric G on M XR with components

(8, 0 0 0\

(3.1) (G )=|0 1 0 O
B~ 10 0 1 0

\O 0 0 1/
g., being the components of Riemannian metric g on M, then we see that

(F,G) definmes an almost Hermitian structure on M ><R3, F having the almost
complex structure (2.1), that is,

C,. B
(3.2) Gepfp Fg =Cpps
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B
where F,~ are components of F.

We denote the Christoffel symbols formed with G and these formed with g

et

respectively by {CAB} and by { cab}' Then we find that

(3. {}{},..., S
(3.4) { b= { 3 = {Ib} 5 =) = ={3’5) =

We denote by Vyz and V, the covariant differentiations with respect to

e

{CAB} and [ cab} respectively. Then the covariant derivative of F with respect to

o

{CAB} is given by

(3.5) ECF BA'_“acF BA_ {CEB} 4 EA+ {CAE} F EB’
that is, given by
(3.6), CA AT AR AT A SATACL A
(3.6), Vr'=—vau, VF°=-Vo, VF'=-vu,
(3.6), VF =VU", VF°=VV’ VFS '=vw’
(3.6), ViF ba=$2F ba;ﬁsF bazﬁﬁi F bI:HﬁIF aQZETF bEZEQF bI=$2F .52

~ g 1 ~ 2 ~ 3 ~ a -~ a -~ a
=Vol", =Vl =Vl =Vl =ViF1 =ViFy =V;iFg
~ a a a a 9
=VoFr “‘VzF;:Vst =Vgl'p =Vgly =Valyg =Vihy
=...—_—-V5F3 =0,
~ .2 ~ 3 ~ 1 ~ 8
(3- 6)5 VcFI :'_VCT: VCFI ="'V6.18- VCFQ =Vc7‘.- V,;FQ =_Vca’
~ ~ 1
VFy=Va VF5=VA.
Hence we have

PROPOSITION 3.1, Suppose that M has an (f, g, u (kY a'(k)) -structure. Then a

necessary and sufficient condition for the product Riemamntan manifold M X R o
be a Kdhlerian space with (F,G) ¢s that all of f,u,v,w,, 8 and v are covariantly
constant on M.

Kyungpook University
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