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ON C-CONFORMAL KILLING TENSOR IN A COSYMPLECTlC MANIFOLD 

ßy Yong ßai ßaik and Tae Yeong seo 

O. Introduction. 

It is well known that a skew symmetric tcnsor u'" is called a conformal Killing 

tensor if it satisfics the following equation ’ 

(0.1) Vall", + Vbu", = 2p,jJab 

",.hcre Pc is a cer tain vector field. lt is a gcneralization of conformal Killing 

vcctor satisfying the Killing.Yano' s equation 
On tbe other hand, Tachibana [21 has defined a conformal Killing tensor in 

another way. ß)' thc definition, a skcw symmetric tensor ficld "", called a con-

formal K.illing tensor if there exists a vector field p. satisfying 

(0. 2) V.u",+ Vb’"a,=2P,jJab -Pag., - P,g., 
Afterward, Yamaguchi [4] has dcfined a product conformal Killing tensor in a 

localIy product Ricmannian manifo!d and obtained some resu!ts. And Chcn [IJ 

has defined a F.conforma! Killing tensor in Kählerian spacc and gcncralized somc 
rcsults. 

In this paper wc shalI define a C• confonnal Killing tensor in a cosympIectic 

"'4nifold and we obta in analogucs resu!ts to a conformal Ki lling. tcnsor. 

1. PrcIirninarics. 

Let M be a (21'+1) -dimensional differentiable manifold with an almost contact 

mctrio structure (Ø/ , S., η'b ' g.b) satis(ying 

( 1.1) 

(1 . 2) 

( 1. 3) 

(1. 4) 

ø,aø;= -0; Ha

ηb 

￠baEb=o， dba% = 0. faηa=l 

g.l=ηa 

gdÞ생bd =gab - ηaηb 
lf the almost contact structure is normal. thcn the manifo!d M is call떠 a normat 

contact manifold Or a Sasakian manifold . An almost contact metric structure is 
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said to be cosymplectic if it is normal and 2- form øob=ø:g<b and 1-form ~b are 

both c1oscd. It is known that the cosymplectic is characterized by 

( 1. 5) 'V/Þ/ =0. V, 'l.=O. 

Lct R."'d and R .. be the curvature tensor and thc Ricci tensor respectively. ln 

a cosymplectic manifold. by virtuc of ( 1. 5) \\'e have 

(l 6) Raxdnd=0, Radη，d=O 

lf wc put 

F야=융Rabc얘，d 

then making use of the Ricci identity for Ø'd' we have 

Rakr￠td+Rabdt@tt =o 

Contracting g'" to thc last equation. wc obtain 

(1.7) 

from which 

( 1. 8) 

R;까b=FOb 

F 'ø .. =-R aγtb "'Lab 

2. C-conformaI KiIling tcnsor 

In this section we shall definc a C-conformal Killing tensor in a cosymplectic 

manifold M . For a skew symmetric tensor field μ:cd if there exists a vector field 

p. such that 

(2. 1) VbU'd + V'''bd = 2Pdg", -Pbg'd-P;Jbd-2Pdηbη" +Pb~'~d 

+P,'7,'7d + 3CÞb"'ad + Þ,Øbd) 

where we put ]I， =ø써'/' then we c.all α，d a C-conformaI Killing tensor and p. the 

associa ted vcctor of llcd" T he associated vector of u cd is given by 

(2.2) 
V'싸 (Vo"，.)ηcηι 

Pd=걷긁0-+2자뇨5二-

and if Pd vanishes identicaIly then "ad is a KiIling tensor. 

By the dcfinition and ( 1. 4). we bave 

(2.3) 

(2. 4) 

κp' =0. Þ,'7' =0 

P'p' -Þ;þ'= ì.2 

where ì. =p，'η，c is a scalar funcnon. 
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Si nce we obtain the follo、<;-ing formula for any skew syrnmctric tensor T af? 

Vav"T a.=O, 

f rOrn (2, 2) we get 

(2. 5) (V&Pc)nbnc= ( ,c+ l)TPc= o. 

Next, 、ve shall seek for differential equations of second order satisfied by ν'cd. 

U 、，ve put 

(2. 6) Gab=gab-η'allb' 

then thc equation (2.1) becornes 

(2, ï ) V,u'd+ V,"M =2pp", - P.c'd- p,GM+3(þb'fJ'd+ þ,rþM) 

Operating '1 a to the last equation , we get 

(2.8) VaV,“"d+ '1 a V,"M=2PadG", -Pa.G'd-PaPM+3(Þa. rþ'd+ Þa,ø.d) 

whcre ""-C put 

Pa. = VaP., Pa， =VaP.=Pad앙. 

Changing the indices a, b, c cyclically, adding these two equations and sub. 

tracting (2. 8), we obtain 

(2. 9) 2V.v μ - 2R_<_tu -,, -RL_ .. tU_.-R _.tu,._ R .. tu dt ~Lbad ""ct "L acd ω "'d 

=2(PadG., +PódG" -P'dGa.) - (p,. + pba)G d, - CP" - P,,)G db 

(pó, -P,,)Gda + 3(P,. + P")rþ'd+ 3(P ,, - P,.)Øbd+ 3(þó, - Þω)Ø'd 
Again, changing the indices b, c, d cyclically and adding thesc three equations, 
we have 

(2. 10) 2Va 'Vbucd- Rcbatudt- RbdatucJ - R dcat’‘., 
= CPbd - P d,)G" + (p" - p",)G ad+ (P'd- Pd)G a' + CP d' - Pbd)G'a 

- 2PacGbd十2paP", + (P", - ’',,)'Î'ad+(P,d- pd)rþa' + (Þd, -PM)rþ" 

+2(Pda - Pad)따+2(þ" - P,,)rþbd+2(Pa, + P'a)Ø'd’ 

wherc we have used the following equation 

'1 a V.u'd+V a V'Udb + '1 a '1 d"",=3(V a V.u'd+PaP.d - PadG", + pa.øbd 

Pacl껴'bd + 2Pa.ød')' 

3. Integral formula , 

In this section we shall prove some integral formula about a tensor ficld. Let 
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"'d be a C-conformal Killing tensor. Then we obtain 

(3. 1) "1까1tcd RcQZtda • Racdbiab 

= -(21l -3)P，d-Pd， -3Þ:Ø，d+2Pad끼cη'，+ cÞ" -Pac)ηaηd 

-3(þa, - Þ,)ø: 
by transvecting (2.9) with ga'. 

Now. we shall show that a skew symmetric tensor 깐d satisfying (3. 1) is a 

C-conformal Killing tensor provided that M is compact. 

If we put 

(3. 2) U b<d= V''''d+V' ''bd - 2pdG" +P,cd' +
ρ'Pdb -3(Þ,Ø'd+ Þ/Þ'd) 

for a skew symmetric tensor ’tcd' where Pc and Pò arc given by 

V'1l"" (Va"a，)r，':ηc 
P，=낀감1)+-장다꾀-) 

=7Ai (?1t + Vu )암 
6(,,+ 1) , . "',d' • ,-" 

Simplc computations givc us the following 

(3. 3) UbcdIlkd = 2UbcdvbuCd 

(3. 4) μCdU&d=acd(7aVaκd-Rruda-R임κa.+(2n-3)p'd + d， -2P쩌naηc 

-cÞca -Pa)ηaη'd-3Þ:Ø，d +3CÞac - Þ,,)ø:). 
Substituting (3.3) and (3. 4) into 

b ... r • cd ... ~br r cd . .. .. ....... 6 cd V"(U ""dμ ) =V"U ""dU" + U bcdV ' U" . 

Thus we havc 

THEOREM 3. 1. 1" a compac/ cosy때lectic ’”이
，tifold M . tlze folloω'ing integral 

fOTmula is valid for any skew symmetric 1α'zsor 1.I"d 

j사[U'd(VaVa감 
1.. , .bcdl - cÞca -pac)η ηd-3bg ￠cd+3(bac-bca)@d +숭Ub<dÚ-

U 

Jdu=O. 

zohere dq 1Jlιans the vo/ume eleme.μ 01 M. P'd and 7>'d are give’‘ úy 

V，V'u，ω (VcVb7%a)ηaηd 
Pcà=걷하후1)1--경자g주~ 
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Pcd=값눈iT(?c?dμuò+ Vc없)ifJab 

Thus we have 

THEOREM 3.2. Jn a co찌þacl cosymþleclic manifold M , a necessary and sllffiαeηt 

condilion for any sliew symmelric U'd 10 be a C-conformal Killing lensor is (3.1) , 

4. A manifold of constant C-holomorphic sectional curvature. 

It has been shown that in a Sasakian manifold or a cosymplectic manifold of 

constant C-holomorphic sectional curvature k. thc curvature tensor R abcd has the 

form 

(4.1) Ra/xd=a(g adg/x - ga，gbd)+b(ifJad와-ifJa/Þbd- 2ØabØ'd 
gudTfbηc-g@ηaηd+gacηbηd+gbdηa깨'，) 

where a=(k+3)/4 and b= (k-l)!4 in Sasakian manifold, a=b=k/4 in cosymplectic 

manifold. This formula was shown for the Sasakian case by Ogiue and for the 

<:osymplectic case by Blair. 

Now we shall show the following 

THEOREM 4. 1. Jn a cosymþleclic maη，jold of consla，η:1 C• holomorþhic seclional 

cμ7νature. the covaηaηI deη'vative Vcv d 01 αzy KilUJtg vec/or V d ;s- a C-conformal 

K aUng tensor. 

PROOF. Let V d be a Killing vector. Then as is well known we have 

(4. 2) VbV,vd+R,b"V"=O. 

:Substituting (3.1) into the last equation, we get 

(4.3) VbV,Vd=-c(t’dgbc νcgbd-vdØI“ v,ifJbd + 2v bifJ ,d 

Vdηf;1Jc -λgbc1Jd+ vc1Jbη'd+λgbdη'c)' 

1‘.rhere vd=Ødovu and λ=ucηo' 

1f we put 

then 、，ve obtain 

Þd=-C(Vd-Àη'd)' pd=ø:Pa=-cvd, 

VbV"’d=Þdgbd-P,gbd- P,Øbd - PbØ，d+2p얘ad 

Pdηbη'c-Pcηbηd. 

'Changing the indices b and c, adding these two equations, 、，ve have 
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V,V'"á+ V,V'"d= (2þdg" - þ，g，á-Þ~bd) - (2Þáηbηc 

-Þ.ηcη'd-Þ'깨bη'd+3(]J.Ø，d+P<，껴'bá) 

This equation shows that V ," d is a C• conformal Ki1ling tcnsor. 

We know the COnverse of Theorem 3. 1 is valid as follows 

THEOREM 4. 2. 111 a C05)'ηψlectic ma1zi[old M , i[ Lie algebra o[ all Killillg 

vectors V d is tronsitive alld the covaria111 derivaUve 'V cV d 01 any K itling veclor V d is 

a C-collformal K illing tensor, then 111 is a 11띠lli[old o[ cO" 5Ian! C-hoI011lO1ψhù.' 

sectional curvature. 

PROOF. Taking u,,=V'''d in (2.7) and by making u50 01 (3. 2), wc have 

(4.4 ) - (Ra"d+ R. ,bd)u. 

= (2ÞdG" -Þ,c,d-ÞPbá)+ 3cþ，얘"d+Þ，찌'bá) 

T ransvecting (4.4) with l' and ø'd r않pectively， we have 

(4.5) -Rad". = 2(11 + l )Þd 

(4. 6) -Fabl/=2(1l十 l)p，

by virtue of ( 1. 5) . 
Substituting (4. 5) and (4.6) into (4. 4) , we have 

(Ra"d+Ra쩌)μa_값늙y-(2RadG" - R야Gcd-RacG!Jd 

+3(F뼈아'd+Fa，Øbd)u.) 

Since the last equation holds for any vector μ. we obtaîn 

(4.7) Ra"d十Racbd =걷;곱y-(2RaP" - R a.G'á - R .,Gbd 

+3(F •• Ø'd+FaAd)) 

T ransvecting (4.7) with gad and taking account of ( 1. 8), we have 

(4.8) R =」-RG,, - 2η 

Substituting the last equation into (4.7), we have 

(4. 9) R + R ---」ζ--;-or- (2G. .G" -G" G,d-G .. G abc.d, .J.lacbd- 21Z (1~+ 1) \.~""ad"" bc .... aJi .. Jcd '-'a= 성 

+3(，이a.ifi'd+9a/Þbá)) 

→、

lnterchanging indices b, c, d in (4. 9) as b• c• d• b and then substracting what 

follows from (4. 9), we have 
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Racbd =행싫j(GadGbo -G4bG，d+Øa6따- øa,ø .. - 2rþ a,1>bd) 

taking account of Gt;c =lfbc-ηbη'" the last equation become~ 

(4. 10) Racbd ==강표)(gadgbo -ga얘'，d+ØabØ~d-Øa，Øbd-2때'ðd 
- gcd~.η'c - g!xlla'ηd내 gab까η'd+ g，d~a~b) 

Thus the proof is complete. 

Let us asswne that c,.;O. lf we put 

(4 1l) qcd=ucd+÷깨d 
then by virtue of ( 4. 3) alld (2.1). it foll。、vs that 

V bQ,d+ V,Qbd=O. 

which means q'd is a KiJl ing tensor. Consequently. a C-conformal tensor ",d is 

decomposed in the form 

(4. 12) "cd = Q'd + Þ'd 

where Q," is a Killing tensor and Þcd= -웅V'Pd is a c10sα1 C-conformal K피mg 

tensor. Thus we have 

THEOREM 4. 3. Jn a cosymþleclic manifold of c01zslall1 C- Itoloml>>'pltic 5ectf01Wl 

curvalure a = R / 21Z(n+ 1)윷O. a C• conformal K illing lerz51>>' " 'd ;5 dec011lþ05ed ;n Ihe 

fom‘ 
μ:Cd=qcd+Pcd 

where qcd ’5 a K illing le1Z501' alld P,d ’5 a cl05ed C-co!l/or11wl Kill;ng lell50r. [" 

111;5 ca5e Þ'd i5 I"e form 

P'd=-소7재d 
whcre Þd is I"e aS50ciuted vcclor 01 ",d' C07wer5cfy if Q'd is a K;llil,g lensor and Þ, 
is 0 Killiηg uector, theM Rcd gtuc” @ (412) ts a C-cotzfOTmI K!lling te%Or. 
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