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ON C-CONFORMAL KILLING TENSOR IN A COSYMPLECTIC MANIFOLD
By Yong Bai Baik and Tae Yeong Seo

0. Introduction.

It is well known that a skew symmetric tensor #,, is called a conformal Killing
tensor if it satisfies the following equation:

.1 VoV, =208,
where p, is a certain vector field. It is a generalization of conformal Killing
vector satisfying the Killing-Yano's equation.

On the other hand, Tachibana [2] has defined a conformal Killing tensor in
another way. By the definition, a skew symmetric tensor field #,, called a con-

formal Killing tensor if there exists a vector field p° satisfying
(0' 2) Vaubc+ vbﬂ'ac :chgab_pagbc_pbgac
Afterward, Yamaguchi [4] has defined a product conformal Killing tensor in a

locally product Riemannian manifold and obtained some results. And Chen [1]

has defined a F-conformal Killing tensor in Kdhlerian space and generalized some
results.

In this paper we shall define a C-conformal Killing tensor in a cosymplectic
n:anifold and we obtain analogues results to a conformal Killing tensor.

1. Preliminaries.

Let M be a (21n+1) -dimensional differentiable manifold with an almost contact
metric structure (gﬁb", ol ny £,) satisfying

1.D q5:¢;=—d‘;+§'a72b
agh a
(1.2) ¢b E =0, ¢b 7?a:0, Eaj?a:]_
(1.3) g6 =n,
(1.4) gcdgbacqbbd =80 gy

If the almost contact structure is normal, then the manifold M is called a normal
contact manifold or a Sasakian manifold. An almost contact melric structure is
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said to be cosymplectic if it is normal and 2-form ¢_,=¢ g, and 1-form 7, are
both closed. It is known that the cosymplectic is characterized by
(1.5) V8, =0, Vnx,=0.
Let R, , and R, be the curvature tensor and the Ricci tensor respectively. In
a cosymplectic manifold, by virtue of (1.5) we have
d d
(1.6) R, =0, R_a'=0
If we put
1 d
F ab:TRabc F
then making use of the Ricci identity for ¢ p we have
t t
R brat Ry 6 =0

Contracting gbc to the last equation, we obtain

1.7 Ra!¢rb :Fab
from which
(1.8) Farqﬁtb == ‘Rab

2. C-conformal Killing tensor.

In this section we shall define a C-conformal Killing tensor in a cosymplectic
manifold M. For a skew symmetric tensor field #,, if there exists a vector field

2" such that
2.1) VitttV oty =2p .8, — 5,8 4= P &pa— 2D ML N4
TN+ PPeqt B by
where we put Ivc:qﬁ:pt, then we call #,, a C-conformal Killing tensor and ?° the
associated vector of #_,. The associated vector of #, is given by

- Vi, : (Vb”bc)vc’?d
2.2 = 3mrD) T onnt D)
and if p, vanishes identically then #, is a Killing tensor.
By the definition and (1.4), we have

2.3) =0, py=0

@4 b5 -0 =2

where 2=p 7 is a scalar function.
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Since we cbtain the following formula for any skew symmetric tensor T,
V.=,
from (2.2) we get
(2.5) (Vp )11 = (n+ DV p,=0.

Next, we shall seek for differential equations of second order satisfied by #,.

If we put
(2.6) Al
then the equation (2.1) becomes
@7 Vit g+ 24,,=2p G, —,G.,— .Gy +3BBeat BBy
Operating V, to the last equation, we get
2.8 VoVittea VY 3y =2 G = Dt Goi = Crat 3B gy Pea+ D oPoa)

where we put
b b vap [ -TJ ab ™ Vaj_h b =2 Mgb;.
Changing the indices @, & ¢ cyclically, adding these two equations and sub-
tracting (2.8), we obtain
t 1 t
2.9 2V V= 2Ry uyy— Ry, acd “ot ™ Ry Yy
= 2<padGbc+pbdGca _pchab) . (pab+pba) Gdc_ (Pac —Pca)Ga’b
- (pbc _pcb)Gda+3(ﬁab+ﬁba)¢cc‘+3(ﬁac—Eca)gbbd_i_s(ﬁbc_ﬁcb)qsad
Again, changing the indices 4,¢,d cyclically and adding these three equations,
we have

(2.10) A S IS R Y
= s =P )G et @es—23)G sa+ Bea=PuaIC o+ By= 13 G,
=20, a2+ By~ Pe)Paat Bog—Pad Bt By~ Bs)Pee
2Py Do)y 2By = Do) Ppy 2Byt Ppa) P
where we have used the following equation
VoVt gtV oV gtV N gty =3V Vgt oy 0, Gog—044Coc+ PoiBsg
—Dasat2P, 4840

t
duct"R

3. Integral formula.

In this section we shall prove some integral formula about a tensor ficld. Let
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#,, be a C-conformal Killing tensor. Then we obtain

@, a a &
(3.1 v Vaucdec tha*R cd “ab

a

== (20— g—Dac— 3Py Boa T2 1M N Bog= 0,7 Wy
= = ; 2
—3(pac_ﬁca}g)a‘
by transvecting (2.9) with g%.
Now, we shall show that a skew symmetric tengor #,, satisfying (3.1) is a
C-conformal Killing tensor provided that M is compact.
If we put
&2 Upea=Vitteat V= 20,Gp G gt 2.6 35~ 3PPyt D 5y)
for a skew symmetric tensor #_, where p, and p, are given by

Vbubc (Vauab) ’?bnc
b= 2(n+1) La 2n(n+1)

. T od
Simple computations give us the following
d b cd
(3.3) U, U =20, N
(3.4) WU, =u" (VY ~ R g~ R Syt @3,y + 5= 28,17,
—(pca_pac)navd_?’ﬁaagﬁcd +3(§a€_ﬁca)¢'da) *
Substituting (3.3) and (3.4) into
vb U cd _vi.'rU cd U vé cd
Wyt D=V U0 U N us

Thus we have

THEOREM 3.1. In a compact cosymplectic manifold M, the following integral
Sormula is valid for any skew symmetric lensor u,,

d b
f M[u‘ V'V, —R 2y~ Ju - @n—3)p +p,~2 11,
= = = g 1 d
- @ca -pac)ﬂa"?a‘_3paa¢cd+3(pac—pca)¢d +7cha‘Ub¢ ]dg:o'
where do means the volume element of M, p_, and P, are given by

VVu, VV'un'n,
bea™ 3+ 1) * 2n(n+1)
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@b

0o

% . F "
pcdf 6(%+1) (cha'uab-i chﬂua‘b

Thus we have

THEOREM 3.2, In a compact cosymplectic manifold M, a necessary and sufficient
condition for any skew symmeiric ., to be a C—conformal Killing tensor is (3.1).

4. A manifold of constant C-holomorphic sectional curvature.

It has been shown that in a Sasakian manifold or a cosymplectic manifold of
constant C-holomorphic sectional curvature %, the curvature tensor R, ; has the
form

4.1 Ribea =08 1183~ 8 4o 83) TV B iPpe = Do P50 = 2D Pea

~ &My~ Escalla 8 oM+ Eoallale)
where a=(k+3)/4 and b=(k—1)/4 in Sasakian manifold, a=b=%k/4 in cosymplectic
manifold. This formula was shown for the Sasakian case by Ogiue and for the
cosymplectic case by Blair.

Now we shall show the following

THEOREM 4.1. In a cosymplectic manifold of constant C-holomorphic sectional
curvature, the covariant derivative N v, of any Killing vector v, is a C-conformal
Killing tensor.

PROOF. Let #, be a Killing vector. Then as is well known we have

(4.2) Y,V R, 0 =0,
Substituting (3.1) into the last equation, we get
(4.3) YV 0,=—c(v,2,,~ 0.8~ 0 0, ~ T Dyt 20,0 4

—0 M0, ALy Ny TN A M,
where 7,=¢,"_ and A=v"7,.
If we put
py=—cCw,~2n),  B=9, b=V,
then we obtain
ViV 270480 DLy Dby Py 20 Pea
PN —P Ny,
Changing the indices & and ¢, adding these two equations, we have
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V V2 VNV 2= (208, — 038 s PeLha) — (0T
=DMy Ny 3(ByB.a D Bra)
This equation shows that V., is a C-conformal Killing tensor.
We know the converse of Theorem 3.1 is valid as follows.

THEOREM 4.2. In a cosympleciic manifold M, if Lie algebra of all Killing
vectors v, is iransitive and the covariant derivative N p, of any Killing vector v, is
a C-conformal Killing lensor, then M is a manifold of constant C-holomorphic
seclional curvature.

PROOF. Taking #,,=V,u, in (2.7) and by making use of (3.2), we have
4.4 — (R g+ Ry )
=(2,Gs.=8Gea= Gy ) +3ea 0 840
Transvecting (4.4) with g and ¢™ respectively, we have
(4.5) —R a*=2(n+1)p,

4.6) —F ' =2(n+1p,

by virtue of (1.5).
Substituting (4.5) and (4.6) into (4.4), we have

1
Rapeat Ruad#® =57, 17y @RadCoc~ RasCoa— RaGoa

+3(F bt F ac¢bd)ua)
Since the last equation holds for any vector #°, we obtain
“mn Ropei+ Roora= 50575 PR uaCre~ BaBoa= RolGi -
T3(F et F, acébd))

Transvecting (4.7) with gadand taking account of (1.8), we have

1
(4- 8) R&:WRGM
Substituting the last equation into (4.7), we have
R
(4.9 Rabcd+Racbd: on(n+1) (2Gan‘Gbc_Gachd_Gc:GM

+ 3(¢db cd+¢a{;¢bd))

Interchanging indices &, ¢, d in (4.9) as b—c—d—bd and then substracting what
follows from (4.9), we have
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R
Racbd = onln +1) (G iGhe=CasGoatPasPoa—Pacboa—20aPsad

taking account of Gy =g, —n,7,. the last equation becomes

(4.10 R acbdzéﬁ(:’Tl)’ (80088~ EaBeat Paslea—Patra—20ubra
~&oale— EcNaMa+ €l Mgt Ecaay)

Thus the proof is complete.

Let us assume that c#0. If we put

(4.11) Gy =ty +V,1,
then by virtue of (4.3) and (2.1), it follows that

VileatVelpa=0:

which means ¢, is a Killing tensor. Consequently, a C-conformal tensor #, is

decomposed in the form
(4.12) Uoq=eqtbog

where ¢, is a Killing tensor and p_,= —-*};cha. is a closed C-conformal Killing

tensor. Thus we have

THEOREM 4.3. In a cosymplectic manifold of constant C-holomorphic sectional
curvature a=R/2n(n+1)7#0, a C-conformal Killing tensor u , is decomposed in the

Jorm
“ea =ch+ﬁca’
where q.4 is a Killing tensor and p, is a closed C-conformal Killing tensor. In

this case p,4 is the form

1
Ped=""g Veba
where p, fs the associated vector of uz. Conversely if q,, is a Killing tensor and p,
s a Killing veclor, then u, given by (4.12) is a C-conformal Killing tensor.
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