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A THEOREM ON MEIJER-LAPLACE TRANSFORM OF TWO VARIABLES

By N.C. Jain

1. Introduction.

The author has introduced the generalisation of the Laplace transform of two
variables [3, p.657]

LD Fp.0)=p [ [ e fCx.y)dxdy, R(p.0)>0.
00

in the form [4]

a +b PRI/ +b 1.0 'C1+d1."',cn+dn
1.2 F m+1,0 1 1 m m) ni 1, (
1.2) Fpa) qufc,, me1|P Ll, ......... P T o P
X f(x,y)dxdy, R(p,q)>0

and denote it symbolically by

b .a

F(p, 4)=G[f(x,y): ; "'“]
c

nntl
We shall call (1.2) as Meijer-Laplace transform of two variables.
Taking §,=0, i=1,2,+-, m—1; d;=0, j=1,2,+, n—1,

(i) and bm:amH:d,‘:c"H:O. (1.2) reduces to (1.1):
(ii) and bmz—ml—kl, a,=m —k, “m+1:'"”’i_kl- d,=—my—Rky, cn=m3—k2.
Cpp1=—My—ky,

(1.2) reduces to Meijer transform of two variables [6, p.83]
1 , A,
~h—g  ~h—g —gF—3@

a3 Foo=p[[on ‘@ e ¥, .
(V)

';'cml

GOW 4,1 L @S, 7)dxdy, R(p,0)>0;
1 . R | . = B
(iii) and bm_T_ml_kr amﬁle, am+1~0.d”—~2——m2—k2, c,=2m,, c”+1—0,
we get (1.2) reduced to [8, p.49]
1 1 1

oo ol oml Ll Ly
(1.4)  F(p.9)=pq f f (px) 7(!130 v = W m@OW,
00

X (gy)f(x,y)dxdy, R(p,q)>0
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and shall call it as Varma's transform of two variables.

We denote (1.1), (1.3) and (1.4) symbolically as F(p,q) = f(x.y).

bt bl

fxy) ==

In this paper we have obtained a thecorem for Meijer-Laplace transform of two
variables, on parallel lines to that of Tricomi's theorem [9, p. 564] for Laplace:
transform of one variable. Several interesting particular cases have been obtained
and the theorem is illustrated by an example.

In what follows, we have used the symbols (a,), A(n,a), A((ma,)) and

i, kg .
F(p,q) and f(x, y)m F(p,q) respectively.

A(n, £a) to denote respectively the set of parameters @), a,,++, @, : ,: . ‘an_l_
...... 3 a+:'— 1 s An, a1)' wnne, Ant, 612), A(n,a,) and A(n' a), A(n, —a) throughout
this paper.
2. Theorem.
If
F(p,a) =G[f(x. »: b O ‘]
dn  Cntl 4
then
M -, ——r, o0 oo
@n p* ¢° F (P":L.'. q‘%)=G[S"t'f H(s,1,%,y) f(x,y) dxdy:
L)
fu’ eu+1]
h,, vyl
where
L l " .!_
L ntm—s—s)g e fszc'+'-f§id'+ $
2.2) H(stxy)=-CD"_ L
)ll"“—?:_ﬂﬁ'l"ri--é— wlf.ﬂ—‘:i:iirl' f:+%
(M-S, My 3 e e = \
' Sms, mu ( 1-:’-3"” !.‘.((nl. e =f ), A((sl, a b"),)
nou--s,m, sm4 5, +nu4 8.5 1 " _ =
. M\ S As a, ) Aln, —e 1)
St Sn MY ( yum [Am, —g —h —r), Als, c'ﬂ:-d”);)
Sy n ”
i AT A A =At(sz. Cn+i))' A(("z' —g”“-—rz))

provided n,, s, are positive integers s,>n,, r=1, 2;

larg(x*/p") | <(s1—m 12’—. min {R(e,), R(e,1)} +ny min[R( ;‘i )}) ~1-R(r)>



A Theorem on Meijer-Laplace Transform of two Variables 139
—R(e;+fi+r )2 for i=1,2, »oe o U F=1,2, ceeee » mtl;
|arg(y"/g") | <(s,~n)-5-, min{R(gy. R(g,,}+n, min{R(%)}> ~1-R(r)>

—R(g,+h,+r)—2 for k=1,2, «-e s U =12, e » m+1:
and the double integral in (2.1) is absolutely convergenl and Meijer-Laplace

transform of

;s'lt'f f H(s, t,x,%) dzdy: exists.
0o

" 2
PROOF. In (1.2), replacing p and ¢ by p~ s, and q":_, and multiplying by

i
ps " gs T, we get

+1, 0 |
s otk o o R)freel
. 8 El Si q 52 TR |

ntl, Cf  m [(¢ +d)
XG (q ‘=;1 " )f(x.y) dxdy

non+l (ens1)

(e Fby ))

(am+ D)

Further, it can be proved easily, using [I,p.3, (2.3)], that
% (am+bm)) GMI. O(yq_:T.'(c”—}—dn))
(am+1) (Cu-:—])
o= utl, 0f (e +f)\ v+l 0 (g +h)
R g LA v
o woutl\ I(@yy1) (gv+1)
On using (2.4) in the right hand side of (2.3), and interchanging the order of
integration, the result (2.1) follows.
To justify the change of order of integration we observe that
(i) s, t-integral in (2.4) is absolutely convergent [7, p.84] as n,n, s and s, are
positive integers,
§>m, Iarg(x"‘/p"')l <(51—n1):r/2,
min {R(e,), R(e, )}+n, min {R(aj/sl)}>—1—R(r1)>—R(e,+f,;+r1)—..

n, n+l

mil, Of  _ m
@49 pe"6 (xﬁ "

m, m+1

) s H(s, t,x,y) dsdt

v, v+1

for i=1,2, «-ee- s Uy f=1,2, eeeee m+1;

s,> M, |arg( ys’/q"’)] <(s,—n,)n/2,
min{R(g,), R(g,, ). +ny min{R(c/s,)}>—1-R(ry))> —R(g,+hy+r,)—2
for k1,2, - , U, 1=1,2, eeenen , n+1.

(il) x, y-integral in (2.1) is absolutely convergent.
(i) the repeated integral is absolutely convergent as Meijer-Laplace transform of
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exists.

IS’ 't"j ] H(s,t.x,y) dxdy

3. Particular cases.

In what follows, we have assumed n,, #, s, and s, as positive integers with
§>n, S0
arg(x"/p"');[ <—;— (sy—n)m, larg( y"/q"‘)l <—%—(s_,— n,)7,

and integrals involved are absolutely convergent.

(i) Setting b;=0, j=1,2, += » m=1:b,=a, =—m—k, a,=m—k ;
d;=0, i=1,2, s » m—1:d,=c, =—my—ky c,=m,—k, we obtain:
If

b+ _,_E_ k,+-.21-

@1 foN— g F.2),

then
N - s — N (Mt my—s,—5,)/2 1/2
(3. 2) p 5 'Iq Sz i F(p 5, q Sy ): (211.) . (315‘2)'
m'm—.zs:lf'”"f'% nzg'"":‘g‘;h'J“"J'”l'Z
f,
s"t"ffﬂ(s txy) (Jxy) dedy: ¥ Cut1
v v+l
where
25, mu s [Almy, —e —f,—r) A(s;, —2k)
(3.3) H(s,t,%,y)=C ( w1 ¥t )
( J’) mu+s, 28 4nutn, sl ‘" A(sl' mp— |)' A‘-\"l' —€y 1Ty
XGZ!;- " y"f'" (”2' —gl'—k —r.—,;‘}, A(SE' —2k-})
no+5,, 25,4 mo4n, ) ﬂ,"i A(S » imz kz) A(nl' gv+:"f)‘

provided

min (R(e). R(e, )} +n; min {R(Em —k)D/s)}>—1-R(r)> —R(e,+f+r)—2,
f:l'z. ...... , U

min {R(g). R(g,; Pt +nr, min{R(Zm,—k,)/s;}> —1-R(r,))> —R(g;+h;i+ry) -2,
J=1,2, == y Vs

(ia) Further with k,=+m,, k;==xm, in (3.1) to (3.3) we get:
If F(p.q) # f(x.y), then
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Mo, om o _m _m\ (o)t m—s—5)/2 /(s o)
@0 pu g 'F(P s, q ")z e — o i
"lf-4|—£f-+'|+§ n"ﬂ'.rl—gh.ﬁ";-l'-z“

xa[s’ltﬁf f H(s, t,2,9) f(x,) dxdy: ,{ ;"“‘ lﬂ

v Sv4l
where
s MW xss”’ Wy, =—e _fu—r )}
(3.5) H(s,t,xy)=G ( LA‘ 1 » . )
mu-t S, S+mutn 31 ”l ‘Acsl,o)n A((nl. —eu.,.]—flj)
XG:.. ny (y‘*t”’ A(n,, —g,—h,—r,5) )
R0+ Sy, SobMgU-F Mg 523"”2’rx ;A(Sr;_, 0), A((?lg. —&y+1—12)
provided
min {R(e), R(e,, )} +R(r))+1>0, R(g;+f)> -1, i=1,2, s, u;
nﬁn{R(gj). R(g‘,“)} --I-R(r2)+l>0. R(gj+hj)>—1, 7=1,2, seeeee v D5
(ib) Putting &, =xm,, k,=Em, and f;=0, i=1,2, eooe, w; €,.1=0, h}.:o,
j=1,2,=0, g, ,=0in (3.1) to (3.3) we have:
If F(p.q) = f(x.5),
then

i 2 1 ( i+ 13 1,7
(3.6) p:T_"q"g.-"" F(p_%, q “’)--(2“) e sm«/(s.sa) Ya
n'l +§ n2'1+ 1

% j fH (s, t,x,9) f(x,y) dxdy,

where
0 : —
3.7 H(s,txy)= G (x’ls"' )
0, s4m \SL %1 |ACs;,0), A(my, 7))
" (y"t"* - )
0, st \S2 M2 |ACs, 0), Ay, —75)

for R(r,, 20> =L

(ic) Setting n =s,=n,=s,=1, ry=n;, r,=n, in (3.6) and (3.7) we get a known
result obtained earlier by the author [5].

(id) Further with »,=r,=0, we get a known result [2, p.58, (2.58)]

" - ¢ 1
(ii) Putting 4;=0, {=1,2, === , m—1, bﬂ=——ml—kl. a,=2m;, a_ =0;

2 m+1
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d;=0, j=1,2, +e, =1, du=—%——m2—k2. ¢,=2my ¢, =0, we get
If

fa, :v) F(p q),
then
Bop o _m M ('h+~.-s,—9.)/2 m+k my + ky
(3.8 po g "F(P “.q ) - 5
Ef+rl+% &t — Zhl'l""r‘*‘%
”l n2 Jum)
fo €
"!’f H(s, t,x,y) f(x,3)dxdy; ¢l
v gu+1
where
28, mu S n.| B R J 5 _
(3.9) H(s,t,z,9)=CG (;.—su 3“":- e, fu rl)). A(sn' 5 tm, kx))
8y, 28+ mu+m 1 “l : A(s[' gml). A(51.0)| A((nl' _el‘+E_rl‘l')
adad Y1 (Nny —g,~h,=ry) Alsy —-+my—ky)
xXG ot < 22 2
v+ s 25t mr+m 02 T2 1A(s,, 2my),  A(s,, 0), A((nz. =B =Ta)

min (R(e,)., R(e, , )} + 2—:min (R2mD) > —1-R(r)> — R(ei+fitr)—2, i=1,2, -, u;

min (R(gy), R(g, ) + 5-min (RE@mp)) > —1=R(r)> — R(gyHhy7) =2

k=1,2, teeee, 0

. : - 4 - 1 _ . .
(iia) Further with £;=0, {=1,2, e » #=L f=5—u-v, e =2, ¢ =0:
h=0, j=1,2, =wee » 0=1, h =——u =0 g”—2u,. g 0, we obtain
*l' k!
If F(p, )<, — —f(x.9).
then
By ‘._—r‘ = o Uy, Uy
3.10) p= g* F(p 5, g &)-”—b—;- s :ffH(s t.x.) f(x.y) dxdy

where
(2::) (m+ '1"51”3:)/281’": + k|sgﬂl+ ky

(3- 11) H(S. L x'y) = “lll+ u.”;, + ¥y

1 1
A( "y, -T—u1—vl). A(sl. T+m1"k1) )
ACspp2my),  A(s;, 00, Alwy, —2u—7)), Alny,7py

sy ™

xXG

28, m, fls"x
n+8, 284 2n, (
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XGEJ.. , (__'?_%ﬂ' A("z' _‘é“"”z—”z) A(sz, —é—+m2—k2) )
w2002\ 522" | ACs,, 2m)), ACsp 0), Ay —2uy—1,), Ay, —1,)

and

RC2u) LU R@m)> ~1-R(r)> ~R(w =0 +7,)= 3

R(2u2)+'s‘_jg(2m2)> ~1-R(r)>—R@uty—~v,+r) -

4. Application.

LCt 1
Fx)=I,2(xy) %),
where I, (z) is Bessel's function for imaginary argument, then from (1.2)

El r(a -+ u)';;zll I(cj+5-+1)

P@+D T @b+0/24D I Teptdrurz1)
F= =

@D Fo.o=ggym

F l_(am+l+u/2+1). (C"+1‘|‘U/2+1) 1
><ﬂl-r-n+2 +nr+1 ;=
Lu-}-l,(am+bm+u/2--}-l). (e +d, +v/2+1) M }

provided R(a;+v/2+1)>0, j=1,2, - mt1: R(c;+v/2+1)>0,
i=1,2, coeeee w13 R(p.@)>0, |pg|>1, |argp| <z/2 and |argq| <%.

Hence from (2.1), we get

ol 4 W earame oy

mo_ v me v _ '.HIT F(aj+u/2+1)nﬂ I'(e,4+v/2+1)
4.2) ps 2 gs 2 y i=1 geil 9

m n
I+ I I'(a;+b+v/2+1) T (cjtdptv/2+1)
j=1 i=1

(1 +0/2+1), (car1+—5-+1) Y

Xmins2Fmini1
vl (a,+0,+-5-+1). G td, tu/2+1)

oo e ' f- e
:Gi_s"t"f [HCs t.x.3) 120" 2dxay: " e
. ]_ (Y] hﬂ" v
where H(s,t, x,y) is given by (2.2), provided condition given in (2.2) and
{4.1) are, satisfied.
I am thankful to Dr. R.K.Saxena for his help and guidance during the prepara-

tion of this paper.
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