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ON SOME PROBLEMS LEADING TO GENERALIZED 

HYPERGEOMETRIC AND LAGUERRE POLYNOl\HALS 

By Manilal Shah 

Thc aulhor continuous his studies of gcncralized hypcrgcometric polynomials 

[proc. Nal. Acad. Sci. India Scct. A 37 (1967). 79-96 : MR 39;;4454] to obtain 

some problcms on intcgral and cxpansion involving Lagucrrc polynomials in tcrms 

of Kampé De Fériet’ s functions. Somc known, ncw and intcrcsting rcsults for a 

number of familiar polynomials appcaring in lhe litcralure of spccial funclions 

havc al80 iIluslratod as particular cases 

1. Introduction. 

Thc aulhor [(3). p. 79. (2. 1)] has rccently defined lhc gcncrafuιed hypcrgco 

metric polynomia] by means of 

r ð(m. -n). a‘ 1 
( 1. 1) F.(x)=x“- l) n써Fol - ""P; kx' I 

ï b L.. ~ q ..... 

whcrc m, n are positivc intcgcrs; notation å (κ -써 stands for m-paramctcrs 
-n -n + 1 -11 • I-m-l 
-교← --'in. . ....... m ap(b,) or l apCl b,) for p(q) 

paramctcrs 0 1' •••• apCb1• • ••• b,). 

In lhc course of an atlempt 10 unify and to extend thc invcstigation of ccrlain 

scls of polynomials. lhc poJynomial ( 1. 1) has atlraclcd considcrable altcntion in 

thc thcory of spccial functions and applicd malhcmalics. Thc poJynomial is 

terminating and unreslrictcd. The lcrminating naturc of (1.1) is govcrncd by the 

llumcrator parameters ð (’'11. -11) . Also. the param.ters apCb, ) are aJJ indepcndent 

of x but lhese can be funclions of n 50 that the polynomia l always remains wdl 

defincd. 

Jn ( 1. 1). selling l1I = c= 1 and suilablc paramelcrs. it yi cJds 

ft- 1I. 1I +a+β+ I. :f/p ~ .. • ( a . ß):20p \ 
(1.잉 F.(X)=Þ+ IF씨 • 

γ

X.I=τ꾀←f_ I ~: ;x 1 
E1+a ÷, 영， • -!.1 (1+띠” a 3% / 

the gcneralizcd Sistcr Cclinc polYllomial [(3). p. 80. (2. 2)] which rcduccs 10 thc 
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gcneralized Ricc's polynomial H~(X' 밍(~， p, x) sa니sfying thc diffcrcntia l 어uation 
[(4) , cqn. (13)] : 

lxa( l - x)D3+ [(P+ a + 2)x-(4+ S+ a +g)x2] D2+ [P(1+ a)+ {n(n+ 1) - (1 +a)(α+ 

S+2) +n(a+β)]x] D+싸(n+a+β+1)] H~(X' ßlcs, p, X) =O, whcrc D三d/dx.

F urthcr sclti맨 ~=p in H~a. ß) (s, p, X) , it Jcads to t빠acobi polynomial 

p? a)(1-2x) 

( 1. 3) F n(x)터F'[1파: x] =쉰짜L?)(X)， 
the generaJizcd Lagucrre polynomial. 

r -ι n+a-1 , 1 
( l.4) F”(x)=2F。l ------------ : -송xJ =ζ (x， ι b) 

the gencraJizcd Bessel poJynomial. 

With m=2, c= -2 and propcr choice of paramclcrs in (1. 1) , wc can aJso obtain 

the wcJJ-know끼n poJynomiaJs of Bcdienl, Hcrmitc, Lcgendrc and LommeJ ctι 

Kampé de Férict’ s Hypcrgcomctric Function. 

Hypergcomelric f unction in two variabJ앉 has bcen dcfincd by Kam야 dc Fériet 

J. [(1)] in the form 
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∞ (a.J _, .(b,l-(b’,) • 
ι y [ =걷o꾀!젠피맺퍼;Jirxy， 

“ hich is absoJuteJy convergcnl if 
( i) m-H<n+p-i-J for alJ x and y, 

( ii ) m+ l =n+p+ 1, m""κ for all vaJucs of x and y in thc common region of 

!x !", -n+!y !,,-n = 1 and !x!< 1. !y!<I , containing origin , 

(iii) 11l + 1 =n 十P+ 1 ， m=ι for Ixl < 1, Iyl < 1 and (a),=a(a+ l) (a+2) ...... (a+ r 

-1), (a)o= 1. 

In this paper, an intcgral for the producl of two gcncralized hypcrgcomctric 

and Laguerre polynomials has evaJualcd in tcrms of Kampé dc [갯rict’ s function 

which has furthcr uscd to cstablish thc expansion formula for thc polynomials in 

scrics of Kampé de Férict’ s funct ions and Lagucrrc poJynomials. SpcciaJ cases 

which providc intcrcsting ncw and known rcsu]ts for a varieiy of familiar 
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polynomials in the Iitcraturc havc also cxhibited . 

2. [n this section. wc statc the known results which will be cmployed in the 

prescnt investigation. 

(i) [ntcgral [(5). p. z7. (2. 1) for δ=c= I J 

찌) 『 e생냉(X)P+lFq(-m 환)dX 
「(메(a-β+ 1) . _ (-m. β -a+ß. Oþ J 
'~"-~I ~ . -' n Þ+:/" +l\ -a+ß-n. b, 시. Re(ß)>O. 

( ii) Orthogo띠ality.property [(2) . pp 밍5-206. (4)&(ηJ : 

7 -x @) @) 「 - a “ m~κ Re(a)>- l, 
(2 2) J Fe L, @) Lm (X)dx=냐랩소!!L. il m= n. Rc(a)> -1. 

(2. 3) 판원깜=넘E- (a)”=판짧L， (a)._.=노얀깐L 
(I -a-n), 

for O,;;; k ,;;;". 

3. Intcgral. 

Hcre wc evaluate an integral which is required in the devclopmcnt 01 thc 

cxpansion formula. 

(3 l ) $e xg lψ싸+사m %:λx)，+ lFq(-l $:μX) }dX 

1- 2 1 & -a+ß 1 ~ 
r(ß)(a-β+ I )” 」 P+ 1 | - l. AP : -…. Oþ 1.. ,1 

• 1 1 1 - a + ß-n 1"' î 
q | Bq : bq l 」. Re(g)> O

1- 1. A. \ 
PR∞F. Exprcssing thc p이ynomial Þ+ IF,( '. "þ: μX) in serics on thc Icft hand 

q 

s ide. thcn. changing the order of intcgration and summation. which is justificablc 

duc to thc absolute convergencc 01 thc intcgral and summation involved in thc 

proc얹s. i t rcd uces to 

(3.2) 횡되섣없;댐-x잊+r-lL?싸lFq ( -n，때: λ+X 
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On using (2. 1) and (2. 3) , in (3.2), thc cxprcssion takcs thc lorm 

「(β)(α-β+ 1 )， 효 을 (이~，c -a+β)r+ ，f~二으!(Aþ~패( - 111 )，(0.)씨 
7=0‘=0 (- a+β 1I)r+. l r! (B.씨r Jl S’ (b씨 

which yields thc valuc 01 thc right 01 (3. 1) by virtuc 01 ( 1. 5). 

4. Expansion. 

Rcquired expansion-formula is 
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valid for o<x<∞ and Rc(a+β)>0. 

PROOF. Lct 
{ - '11. O. 1- /, A \ 

(4 2) f (X)=x8 Ip+lFq( bt ; Ax)싸，( 되 ; 씨=효cfω 
(o<x<∞). 

From (4.2). we can casily obtain C, in a purely formal manncr. With thnt 

value of Cr• we 따vc thcn assumcd thc serics on thc right 01 (4. 2) actually 

converges to f ( x ). providing f ( x) [(2) . r . l7ö. ~ 100J is sufficiently well behavcd. 

Therefore. form (4. 2) it follows fonnally that 

? @) / -”t, % 1 / l, An \ 
( 4.3) J xa+β-1.-， <U) (x)p+ IFq('" ':; À.X ).+ ,F ‘( p P ; μ사dx 

U \ 겨/ ‘-, 
∞ 휴 a (a) (a) 

=ζ Cy (xu.-'L,- Ú) L~U)(x)dx. Rc(a+β)>0. 
7=0 ’ 6 … r 

All the integrals on thc right in (4.3) vanish cxcept for thc singlc term lor 

which r =n. Hencc. using (2.2) on thc right and (3. 1) on thc Icft of ( 4. 3). we 

have 
1-2 I a +B. ß 1 - 1 

C =!.←-β+ 1). r‘J끼r따’ 
’=--r’t강'(ã수김표주꾀})- 1' 1 1 I 얘n+얘β lf‘’ A씨 1 

q I 먼 ; b, I J Rc(a+β)>0 
which leads to (4.1) with thc hclp of (4.2) . 

(4.4) 
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5. Applications. 

(a) Pnrticular cascs of (3. 1) and (4.1) : 

(i) On using (1.2). wc oblain lhc rcsults for lhc generalized Sistcr Ccline 

p이ynomials 

(5 l ) P-xg-lL?)짜 ß)(짧 ; λ싸 a)찮 : μ+x 
「(β)(a -β+ 1).(1 +r)m(1+ p), 

1l! m! l! 
r 2 1 -a+β， β 

IP+ l l -/. 1+.0+0'+1. 션.; -m. m+r+o+ 1. 
x F I 

1 1 1 -a+8-n 

L q / 1+.0. 융. 3B.; I+r. 융. 3b
q 

(5.2) 영 l짜 펠; Àr)ψP O)(3$: μ? 
「(a+β)(1+r)m(1 + .0), ~ (-β+ l)r 

r(a +l )m! I! ~o (a+ 1)r 

r 2 a+β， β 

Ip+ l -1./+ p+0' + 1' 2Ap; -m. m+r+ O+ 1. 2애 1, (，이 
X F , I _ , 0 "1 μ， λ IL:-'(x) 

-r+β I ~ ' " 1 

~ q 1 1+μ ÷· 3Bq l+r，융. 3'. J 
where 0 <% <∞ and Rc(a+β)>0. 

On spccializing thc paramcters. thcsc rcsults can be reduce to the generalized 

J~ ice’ s polψnomiaJs which f urther yieJd thc lacobi poJynomiaJs. 

Sctting / = 0 in (5.2) . th띠 known rcsult given by the author [(5). p.29. (3.5)1 

can bc obtaincd. 

(i i) Adjusting thc parameters in vicw of ( 1. 3). wc have the reJation for thc 

Lagucrrc poJynomiaJs 

(5.3) J e-x;cP-안)(x) L~>CÀr) L;Þ)(μr)dr 

r2 1 ß. -a+β 
r(ß)(a-β+ 1).(! +r)m( 1+ p)， _11 1 -/; -m 

김r 1111-낀~~~~r l l l -a+8-n 

LI 1 1+.0; 1+r 
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(5. 4) g-l Lr(λx)LY) (μx) 
r 2 

r(a+β)(I+r) .. (I+ p)l 연 (-β+ 1\ 니 l 

i。-강꾀-Y;-' 1 1 

a f-β， β 

-1; -m 1 • “、
-r+β F, A l L; /(x) 

l + p; l + r l J 

valiù lor 0 < x <∞ and Rc(a+β)>0 

This is a known rcsult duc 10 thc author [(5). p.30. (3.6)1 lor 1= 0. 

( iii) By thc hclp 01 (1. 4) . wc have lhc rcsults as잉ciatαI with thc Bcssel 

polynomials 
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(ε 6) xβ- 1μ(x. o. b) r,( x. A. B ) 

,'2 1 a+βL β 1 

= C딴며L‘;El객브2즈 r | 2 1- l, l + A-1 ; -m, ?ft+ a-l | -윤. _+1 L~o)(x) 
ηa+ 1) ;-;:0 (a + 1 γ '1 1 I -r+ ß ι v , ’ 

1.0 1 ......... : ........ . 

whcrc Rc(a+β)> 0 and O <x<∞. 

( b) Taking 1=…= 0. β= 11+ 1 in ( 4. 1). and lhcn using (2.3) ctc .• we obtain the 

known rcsult [(2). p. 207. (2)1 
(0 ) 

x”=쇼 (- 1) ,d (1 +a)nL~-'(x) 
' =0 ( n-k)! (I+ a ). 

P. M. B. G. Science Collegc 

Sanyogitaganj. lndore (M. P. ) India. 
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