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CERTAIN DOUBLE INTEGRALS

By Pratap Singh
1. Introduction. In 1931, G.N. Watson [4] proved that the function
ﬁ.,,(x)=¢?f J.G=/DF (Dat/t, (L1
0

R(u+1/2)=0, R(v+1/2)=0 is a fourier kernel.
We say that g(x) is the @, (x) transform of f(x) if they satisfy the equation

g =[ @, (9)f5)dy (1.2)
0

If g(x)=f(x) then f(x) is said to be self-reciprocal under the kernel #, ,(x) and
is denoted by R, . If g(x)=—f(x) then f(x) is said to be skew-reciprocal and is
denoted by —R, ,. The kernel #, ,(x) has the following properties:

W @, (D=, (x),

i) @, ,(©=0""*#"*) for small z,

=0(x‘%) for large x,
GiD) @, ,_(D=],,_, @V/F).

In this chapter we shall evaluate double integrals. I have made use of a number
of known functions which are self-reciprocal under the @, ,(x) transform and also
have utilised certain results obtained by Singh, B[3]. These results are appended
in the beginning. The double integrals evaluated are given in the form of a table.
2(a) The following results are proved by Bhatnagar and Singh, B. [1,3].

M MU DK, 02 is R_yy g
(ii) V¥ T/ 2K (/72D Ry 120

2 2+1/2
(i)  SHVIVIR 0D R

v I,N-L,(): Ry 1y

™ JXDAYE2, Ry i

y vf2—u/2+1/2
i) oy Jupso2 O R,



120 Pratap Singh

i) y7I, (/2K (3/2), R, _yp30s1/2
D 7 R iy R
(ix) ¥ [H_,(y)—Y_,(J')]' Roy_1/2.172¢
SO NN At P CY.)) A S
(xi) KL, \D+LOIK, (3, Ry_y/5 3/, R@IZ0.
iy T L) Rayiagn e
(xiii) VYWY, 0H,_0)-HWY,_ (), R, ,,.
i) Y Yy OH gD —Hy DY 53D Ry 972 e

yu/2+ 0/2-3/2 g

(XV) —uf2—v/2+1, u/2-0/2(y)’ Ru-—2.v—2'

(xvi) o/ H-Y, -y -R, .
i) avF LWL -y -R,
2(b) Singh, B. [3] have obtained the following results:

o P G, 5 )=/ T sinv/B)e
0

@ [H®iy,0)=],0
0

Gin [ =7 evan Ky(2v/ani, (y)dx= (J—/M)Iog(%'*“/y 4’ )
U

oo

@ [= K, evani_, i
V]

r+1/2
=2 TOUDIWZ-9)  p es1fe, 12: 13 1-yd,
4a y
R(y+a)>0, —1/2<R()<1/2.

oo

1 ~
w) f =7, /2(x/2)Y” fz(x/2)w”_ 21/, 042172 (9%
0

rQzoat1) - o Fp[A+0/2+1/2 ; v+ L A v/2+1 5 —y/4]
/n 201*(24 v/24+ DM (v+1)
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ob [+ ™V, Gndr=2v 5T VK V). RG> -1.

]
i) [VET (VDK (a0, ()

1]

= I'(w/2+ DI (o/2+3/2)x" V2
Val@w+1a

! l[v/2—i—3/2. v/2+4+1: -—y2 /az]'
= v+1:

R(v)=—-1/2.

i) [V EG@ )T ey dde= @2/a) T K (v 2a3)] (/T3
0
@) [5G DR Gl B iy, =3 (91 K (31T
0

) uf VEL s s GIDK oo (51205, (39)dx=€""1V'F

g p —u—1/2 .
@ YT v, ey
(]
2(v—u) \g 2v—u+1/2
_2 [Qo—ut1/2b" """ _F [v—u/2+1/4.r)—a/2+3/4: 2
T+ u—o+1/2)A+6)P V22 y 1y ; Ti_jf'y

i) [ 1T /2D Ty CE9ddE= =T (/DY (/2.
U

8. THEOREM- [ [ fGa" 457, , (9w DK, _, 2/ T) dx dy
00

=--8—g,Tscc[(v/2—u/2)z] f Az) w, ,(tz)dz, provided that f(z):o(z_m_d) for
0

vz

large z and f(2)=00Cz"""*"%) or 02" %) for small z: 3>0, £0: R+u)>
=1, |[R(v—u)| <.

PROOF. Singh, B. [3] has proved that
/2

[ 7,1t sinO)K,_, (2rt cos6) db
1]

o ! 22
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Multiplying both sides by rf(rz) and integrating with respect to » between the
limits (0, o) we have
0 /2

[ rrsar (7, rt sin6) K,_, (2t cos6) db
u 0

T | (il . 3 2.2
(z/4) Scc,( 2 z) h]‘ )@, (rt)dr

On putting x=7cosf, y=rsinf we have

[ [ 76 +550,, (2K, _,(2tx) dx dy
(VY]

- ;:.l_ scc[(v/zt— u/2)x) .L[ f(rz)ﬁm ”('_2 Adr

or [ [ 14571, v D K, _ 25w/ Tdx dy
00

=& sec((v/2—/2z] (I/~/T) E “row, (t2)de.
0

The integrals are absolutely convergent on account of the above conditions.
4. EXAMPLES. (1) Let f(z)=e * then we have from the theorem

(z/8)secl(0/2-w/2x) /v T) [27 6w, (12)dz
0
[/ ey W DK, (20 Tdx dy
00
=[ ek, _(exvTrax [ 7], (29 Doy
0 0

—tz —=1/2..
or f e 2 fzw”(z)dz=%oos[(v/2— u/2)r)
0

-t =172

x[e 5T K,_(evEax [Ty ), 2Ty
0 0

=, 202 V2OK oo (1720, R(0)> —1, —1<Rw—-0)<L,
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which is the result due to Singh, B, [3].
(2) Let f()=2""I_, ,(2/DK _, , (2/2).

Hence from the theorem we have

Fro2. 23 21y’
[ @DV EED gDy o TR ey T dy
00

_81/ ——85€eC [(0/2— ﬂ/2)rt] f _1/4 (2/2)K_1/4 (2/2)56_!/4. __1/4 (H)dz

=5tV 1 (/DK 0 (1/2), due to the result (i) of 2(a).

Similarly we can obtain the following results with the help of the results of
2(a, b).

) fwfoz"z““-”z)f o {/?0 L x;gi)fo(2y¢7) K (2xvT) dx dy
00

=5V DIK(U/VZ).

u/2+v/2+1

@ [ &+ K,y 490, VDK, _ (20 Ddx dy
00

=T sec(v/2-u/2)a] (PR e, RG> -1, IRw-u)| <1

and v:u is not an integer.

oo co

® | [ v (L9 Ly +901] (29w T) K 253/ T)dx dy
0uv

=2 V-1 Wl.

8
o0 o0 . 2. 2
© [[vEr [Jj(‘—;’_)w( )JJ,(zym VK (26T )dx dy
00
2~ g 2
= _S'f_ t U, /2 +Y  (#/2)].
@ [ [ DY, D, @V DK, (20 Tdx dy
00 ToE

= secl(/2—urDalt "L O,

R(utv)>—-1; Ru—v)>1/2, R(v—u)>—1.
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s 722 5 2 B B
® [[ @[ )k (), 29 TR, (2xv Thdx dy
00 ]
=(7/8)sec[(2v+1/2)x) gedia I,U/DK (t/2), 0>R(@w)>—1/2.
® ff( 2 vy H, oy ("2+J‘2)f,,+1(2J'~/T)Ku_l(2xv’t_)dx dy

=(a/Bsecn(e/2- /D1 ~"*"VPH (O, IR@-D|<L
2

(10) f f @D H_ P -Y_ GO, T)

XK, _,, (22T )dx dy=(n/8)sec(z(1/2— )] gl

0<R(»)<1.

an f f 4D

(H_,®O-Y_, 0]

2 \12 - o
+y )] ey @V Ky, 22y T)dx dy

=(a/B)seclr(u— VD[], _, t/21°% 1> R()>0.

o0 oo

1 [ [vEF K& HDOL,_ D +L6E DK, (6 )
ov
XJ g1 @IV TIK (26 T)dx dy
=(x/B)seclz(1-0)1t (K (DL, _[(D+L DK, ], 1/2<R()<3/2
as) f f 490 7 Uy fF 9 =Ly 9Ny IV T)

XKy, .y (2241 )dz dy

=(a/8)sec[(Bu/2+ /DU T I, (D=L, (D], —2/3<R@) <0.

a4 ff CRTPN ACERDY: MNCESPED: SCETD) SUNCERD)

XJ 529y T)K,, (204/ 1 )dx dy
= (z/8)sec(vn) [Y (OH,_(OD-H, DY ,_,(D].

2 172 2 2 2, .9
(15) f f @ VPGP H 6 D~ H 6D
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Y _ o 4901, @ TIK,_y (20v/ T)dx dy

=(@/8)sec[(1-)z) "2 ¥ | o(OH _y ()~ Hy (DY _y 1o (D],
1/2<R(v) <3/4.

" w/°+v/”—l 2, 2
(16) f f '+ S ur—uspit, wa—v2 & YD

X yso_a(V DK, _ (20 1)dx dy

u/2+u/2-2
S —u/2—p/2+1, u/2-u/2(0'

|[R(v—u)| <1, R(u+v)>-3, also # and v are note even negative integers.

=(n/8)sec [1(v/2—u/2))¢t

oo 00

an f f @ +57) Y& 9D =Y (&9 @y TK (260 T )dx dy

Y (O HyD).

a8 fm [ G DU+ - Ly 45190 TIK (20 Tdx dy
=T (L0~ 1,(D) +1/4t,

(19 { _f(xz+sz2[(x2+y2)2+1] T @V TIK, 25/ Tdx dy

-1/2 ., e o A
=-%—t l/ sin(+/21)e v
o0 0O

(20) ff VaLy* sin[v2GETy9) e_’/z(x’”')fa/z(z—‘"/ IR 2/ T0d5 dy
00

1/2

=_g_ #P+1~Y2, which we get due to the fact that @, , (¥) is a Fourier
kernel.

(21 f f VIS Hy& +y 0, @V DK (200 T) ds dy= %= Jo(O).

@ f f VIS J5 +y 0] @y TK (20 Tdx dy=— T H®).

(23) f f T, 2vaGET5 ) K, 2V aG 5 1] (2 TK 20y Tdx dy
00
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- | 20T

oo o

@) [ [ K, 2vaGT59 1123w/ DK, (22 T)dx dy
00

v
- (";lv/fﬁr (1/2=v)t JF 0+1/2, 1/25 15 1-1/d7,
3

R(t+a)>0, —1/2<R() <1/2.
(25) ff(x +y ZH/' (#} Yp/z(f%f)fzy(zy\/t—)

XKy _y 22/t )dx dy

_ Al Qto/2+1/DseclQ=1/D 2 daet1/e; o]
2 ra+o/2+1)r@+1) y [v+1 A+u/2+1: 4

3/4>R(A)>0, R(v)>—1/2 and A is not half of an integer.
@ [ [+, @v D K (@xv/ Tz dy
00
=(z/8)secln(1/2—0)] J (+20 K (+/21).

o0 oo

(27 fj (x2+y2)1“ VIE T 1 K, V2T ]Ju+s(2y“/T)
00

XK,_ (2% T)dx dy

=(n/16)sec [2(1/2— u/D) A+~ V2.

(28) f [ s B DK, v/ B3 N ] ,297/ T)
00

XK 0(2x«/7)dx dy

__ a2+ DI 0/2+3/28 g [”/2+3/2- v/2+1;: _,2/,,9], R(o)>—
81"(v+1)a"+2 2" 1to+1;

-3/2

@ [ [+ 9D TV v T K(eey Dd dy
00

=g K 2D J(/2ab).
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(30) f f (x2+y2)fu WZaGETIOL K,y [V 2G5 ) ] (2o T) K (26T Y dy

=2 (1)

@D f f @+ (’r s )xl(if, )], TIR 2o/ Ty dx dy

=Tt J DR,

@2 f f G d T (S

9 2

)] 29y DI (2 Tdx dy

=Tt LIV DKUYV,

oo

(33) ju' bf 001, +,‘,2(£§i)fi',,,g_,/z(”—:tfw)f,,+,(2yv'T)

X Kv-u(2¢y/t )dx dy
= (z/80)sec [z (v/2—u/2))e”".
On putting #=» we have

{ { @01, -"%*’24) K, "2; ) )20 @93/ DI 20/ Tdx dy

T

="~ RW>-1/2

(x2+y2)2"_"“[1+( + 2)21--2-:—1/2 [v+=1¢/2+1/4 v—u/2+3/4 ;

%|

(340

ckﬁa

4}

2, 22
‘H?_g%%“]_z] Igy(zyJT)Kz(g_”)(ngT)dx dy
zsec [x(v—u)] I'(w+1DI (u— v+1/2),'*—u—1]2v(2‘/t_)
Py ut1/2) =
R(2v—u)> —1/4, 1/2>R(u—v)>—1/2.

oo oo

(35) ju { " Iy W2ZETPIK,_ | W) ]

XJ usoV 0K, (221 )dx dy
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—2"7°/7 sec [x(v/2—u/2)] I (v/2+u/2+1/2) I (_v~.l-1_/2)i.'_""1

IF'(—v/2+u/2+3/2)

| it | —1<rE-1)<1, 0<RGI<

X‘?

@ [[erah™ (L85 (£00) 1 e
00
XK, 20/ T) dx dy

== (a/8)sec [ (2o+ 1/ "™V 1 (/DY (/D) 0>Rw)>-1/2,

9 2

@ j‘?°f°°(zz+y2)—u+1/21n( x"iy )Y ( % +y )],,y(2y-./t)
00

v

XKy, . (261 )dx dy
=—(@@/8) secla(@+1/2)] V2 /2] _ /2, 0>Rw)>-1/2

B.L.T.S., Pilani, Rajasthan, India
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