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SOME CONTOUR INTEGRALS INVOLVING GENERALIZED
LEGENDRE FUNCTIONS AND THE H-FUNCTION

By P. Anandani

1. Introduction

The object of the present paper is to evaluate some contour integrals involving
products of generalized Legendre functions and the H-function. In these results,
integration is performed with respect to the parameters of generalized Legendre
functions. Generalized Legendre functions reduce to associated Legendre functions
on setting m=n and to Legendre functions on taking m=n=0. Also on specializing
the parameters of the H-function, which is a very general function, we get
various other known functions. Thus, on specializing the parameters of these
functions, we may get many interesting relations.

The H-function was introduced by Fox [3, p.408] and its conditions of validity,
asymptotic expansions and analytic continuations have been discussed by Braaksma
[1]. Following the definition given by Braaksma [1, pp.239—241], it will be

represented as follows:
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where {(a, a,)}, stands for the set of parameters (aj, a)), *, (a,a,).

Generalized Legendre functions P:' "(z) and Q:"”(z). two specified linearly inde-
pendent solutions of the differential equation:

(L8) fi= zz)dw 2;; [la(k+1)

2 n2
2(1 2)  2(1+z) }“’:0'

have been introduced by Kuipers and Meulenbeld (4] as functions of z for all
points of the z-plane, in which a cross-cut exists along the real x-axis from 1 to
—oo, On the segment —1<x<1 of the cross-cut these functions are defined in
[5. (1) and (2)].

One of the theorems of Braaksma Meulenbeld [2] is:
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Let n; be a real number with #; <min {Re (2k+2~m), Re (—=2k—m)}, and ¢(¢)
a function such that for all a, —1<a<1:

¢t (l-l-f)"%_%mcm‘ €L(—1,a) if Re m#=0,

$(O) (14877 log(1+DEL(—1, @) if Re m=0.

_]__ln
o) (1-t) 2 E€L(a 1).
Let further ¢(#) be of bounded variation in a neighbourhood of ¢=x(—1<x<1).
Then ¢(#) satisfies the relations:

n, +ico

1.3) 5 [dn alB+DI(-)P] (=) f pOPy " (D2

n,—foo

— {¢(x—0)+p(x+0)},
and

n, 4 fco 1
A4) 5 [dn alB+DO (=P [$OP)"(-Z-
—~1

— {p(x—0)+¢(x+ 0},
where cr=k+%(m+n) and B:ie—-—;—(mirn).
In what follows, for the sake of brevity
s k ! s u k
2(B)-T(a)=4, 3(8,)—(8)+Z(ap)—2(a)=B.
1 J l ] 1 7 f+.l T 1 d u+1 7

2. In this section, we establish an integral which is required in the development
of the present work.

If 6>0, A>0, B>0, larg zl<—é—Bz.
Re (p——g-n+0b;/B)>—1 (=1 2, = I) and

Re (k—p+ 0(1-a)/a)>—5-|Re m| (i=1,2, = ), then we have:
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vost| |(Enp 9) G@pa)), (—p~-Ln 3)
r+2,542 “" (k—p.l—%m. 5), (k—p—%m, a‘), (G, B} |.

PROOF. To obtain the integral (2.1), expressing the H function as Mellin-
Barnes type of integral (1.1) and interchanging the order of integration, which is
justifiable due to the absolule convergence of the integrals involved in the process,

we get
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evaluating the inner integral with the help of [2, p. 277(8.2)], i.e.
1
@3 [a-pPa+eF " P at
-1

_p+honn__Tlbprgm) Tlhopmgm) (- gntt)
I (k+—5-(m=m)+1) I (k=—3-Cmt-m)+1) T (p—-L-n)

where Re (p--%—n)> —1 and Re (k—p)>%ch m|; and again applying (1.1),
the definition of the H-function, we get the value of the integral.

3 () Let 0>0, A=0, B>0, larg z| <—é—B:r. p be a complex number, and n,
a real number with

n;<min {242 Re (p- 5bj//9j), —Re (2k+m)} (j=1, 2, +, 1) and Re(k—p+

o(—ap/a)> =1, 2. =, w).
Then for —1<x<1, we have:

oo 1,(_k__%(m+n))

i 4 e 1]
B.D 27::'”1-[50 ”r(k+% (m—”3+1) ‘

m, n

(x)

42, w1 (‘%‘n_}b- f)‘)- {la;: 20} (—P—%-ﬂ. 5) -l
dn

r+2 549 *

(k=p+-L-m. 3). (k-p=4 m. 0). (@, B |
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7 {(a, a}
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=—27" 2" a0t ’H’{ {125) | o, 80 ]
PROOF. In (1.3), taking

1+12

(a, a))
dB=01- f)“l(lw-i)‘“i"'lﬂ [(1 t) ((a, « :l

(B B}
and applying (2.1), we obtain (3.1).
(ii) Now in (3.1), using the relation
(@@, ally ., {(1-d, B}
@2 H { (s, s,)}J:HJ-'[Z_l {(1-a, a,)]J'
then replacing . «, r, s, 271, {(1-b,8)} and {(1—a,. a,)} respectively by u, I,
s, . z, {(a, a)} and {(b, B,)}, we have

| Mk p(- k——(m-!—n)) -
e 2’".,,,[,-“,2 ) "I‘(k +-L(m—m)+1) iy

+1, u+2
XH:Pz, s+2|:7-

S T A B [ d

(1-#+p+—5m 0). (1—k+pt-Ym, d). ((ap a)) g
(1——{,—1:-%—1). 5), (@, B}, (I-}-p-i—%n. ) !

d/l(a, a)}
b 8L

where >0, A=0, B>0, |arg z| <%—B:-r, —1<x<1, ny<min (2 +2Re(p+d(1—a))/

lfx)

a;), —Re(2k+m)}(i=1, 2, +=, ) and Re (k—p+6bj/,8j)<fi_(j:1, 2, e, D).
(iii) In (8.1) and (3.3), applying the relation [2, p.239(1.1)], i.e.

m,n k+ n+l k=1 x— -3 .
@4 Pywm= e 2P ,(m)( A=), —1<a<ts

n by (—=2k—1) and n,
by -—2k1—-1, we obtam

hiztdoo F(k——l-*(m—n)ﬂ)
i . 2 ) pmn
3.5 2zik,[ioo(2k +1) I’(k+—;—(m—n)+1) P, (%)
—k'—_lsa’{(r! f}' i le‘
xHi:z::;l:z( p1 2 X ) la a) (k 1P+ 1 ) -
(—p+gm—gn—i, 0). (~p—gm—gn—21.0). (&, B
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2z (a, @)}
L () TR Y e ¥ (G @,
sl L T (T }ﬂ-,s[‘%(x_l)aig(bs. ,s,)}}
provided d>0, A=0, B>0, |arg zl<%Bm >1,
ky>max{—-3 —Re(p+0b/8). -1 Re (m—m)~1} (j=1, 2, =, D)

and Re(n+2p—20(1-a)/a) <—-5-(G=1, 2, == w); and
k,+ico (

—-Lm-my+1)
(k 2 m,n
@0 2ni klf w P(k+%(m—n)+1)

1y (5—gmtgntn o). (F+gmipnind) (@a) k
20405108 ki 8). (G, 8L (L—kip 0)

i ou i a [(ﬂr. a)}
" H [Z(ITI) (2, ﬁs;} }

where >0, A>0, B>0, larg zl<—é—B:r, >1,

(%)

Pt (n :n)+

p—Ln
=2 2(x-1)" 2

B3

-3
2(x+1)

ky>max{—3-—Re(p+0(1-a)/a). —-Re(m—m)=1} (=1, 2 = )
and Re(n+2p—200,/8) <5 (j=1, 2, =, D).

(iv) Taking k=—-5-m—-3- in (3.1) and (3.3), we obtain:

GD 5 [ TP, @

1
. (Ln-p. 3). @ @), (~p--Ln. 0) "
(o=t 3) (oomt 2). 10 0
3 pgm= o | 2(LEE )".‘ (g, a,)}
=2+’ a-n "2 *H,, = ‘ (@, 8 [

where >0, A>0, B>0, larg zl<—é-Brf. ~1<x<1,
n, <min{2+2 Re(p+0b/8), 1) (j=1, 2, ==, I) and
R(r(;ﬂ i m I—c?(a,-—l)/ai)<—% (=1, 2, - u);

and
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) "+ foo 1 o
3.8) 5= [ 272"wpP (x)
Zmu.,[’_m _%(M“)

I+1, ut2
xXH o s+2l:"‘

(—g-+p. 6). (—g—+m+p. 5‘). ((a, )} .
n
(1=-L-nt5.0). (@ BV, (1Hp+5m. 0)

O S ALy (e
=—22(1+x) (1—3) 2 H'.s 14+x {Cbs' 55)} N

provided 0>0, A>0, B>0, |arg z|<—21,—Bz. -1<2<1, n;<min {2+2Re(p+

d(1-a)/ay), 1} (i=1, 2, -, u) and Re(p+—’g——bj/5,)<——§— (=L 2, o, D).

(v) Putting #=m in (3.5) and (3.6), we have
ky+ oo

B9 35 [ @+DPI®

2 )
(~k=t=3 9). @ @), (k=pi )|
(-6-3- ). (--m-4- ). 16, B

{(a, a,)]]

r.s -(1'-1)6
if >0, A=0, B>0, larg z|<—é—B:z. o1,

=2-°+%(x—l)_p—'lim"%(x-i—l)'%mHl'" 2s
(@, B}

ky>max{—-3-—Re(p+0b;/8). ——5| (j=1, 2 w ) and

Re(m+2p+20(a;~1)/a) <=~ G=1, 2+, W);
and

k, -+ ioco

(3.10) 5 [ @+DP] ()

ky—ioco

+1, u+2
X'er+ 2 H,_,‘»z

a
=2f'+32‘(;;-1)'?'"%”"%(:4-1)‘%”'11’,";': z(i‘;l )

(5-+p. 3). (3-+ptm. 23). (@, ) i
(- +ktp3). 1@y B (L1 0)

{(a, a))
{6, B} |

> max{—-3-—Re(p+i(1-a)/ap, -4 (=1 2 . w)

where 00, A=0, B>0, |arg zI<—%~Bn’. £>1,
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and Re(m+2p—205,/8) <—-5- (j=1, 2 = D).
(vi) By applying [2,p.235(0.2)], i.e.

(z=1)"2"(z+1)2"
I'(l1—m)

1 =
szllil‘l‘k—T(m—u), —k—%(m_n); 122 ]

1—m

@1 P (@)=

in (3.5) and (3.6) and then rcplacing%(n—m) by a, 1-m by m and 1—x by
—2x, we get
Iyt 100
(.12 5 [ @iDLEEEE F (~ka, ket mi-2)

b, —ico

s (—k—p——é—. r)‘). {(a, a,)}, (k—;H-v;—. 5)

r+2,542 1 3 R
(-p-a——3- 0). (m-p-a—-3 0). (@, BN
_p a— _[, H.l z {(ﬂr, a,)}{
- [7 (@, B} |

provided 0>>0, A0, B>0, |arg z| <-+-Br, x>0,
ky>max{——3-—Re(p+aby/B), —Rea=1} (j=1, 2 =, D
and Re (2p+2a—m+20(a;-D/a) <—-5- (=1, 2+, w);

and
k, -+ ico

(3.13) 2“ [ @D LR Fi(—kta ktatls mi —5)
ky—ioco

(_3-+a+p, 5). (i+a+p—m. é‘). {(a,, )}

+1,u+2 2 2] 2
r+2,5+2
’ (—g-+k+p, ), (b, B}, (—%--k-%p. a)

3 ! u
=x """ 3rm)H’ I-zx”

gl

if >0, A=0, B>0, |arg z]<-:13437r. x>0,

{(a,, a))
{6, BY)

k1>max[—E——Rc(p'ké‘(l—a-)/a-), ~Re a——l} (=1, 2, *+ w)

and Re (2p+2a—m—20b,/8,) <~ - (=1 2, «, D.
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(vii) Taking a=0 in (3.12) and (3.13), we obtain:
k, 4+ foo

G190 55 [ @D Fi(—k k1 m; —2)

k, —ico

Xﬂii:;{z (~#-t=g2 ) ‘(a" o (khﬁ_lu' 6)]@
L (=g 9).

{(a,, a,)}

{(bg 5,)]}’

where >0, A=0, B>0, |arg zi<—é—B::. x>0,
k> max(——3-—Re(p+3b;/8), —1} (j=1,2 = {) and
Rc(29—m+25(a,~1)/a,-)<-——g- (=1, 2, +, w):

x

- ) 5

and
‘ ky+ico
(3.15) Ekf (2k+1) oF (ks kt+1; —2)
y — oo

g M{ (3-+. 8). (o-+p-m 0). (G, ) :I‘”‘

EEU (3 +rn 0). (@0 BN (F-R4p )

= 21"(m)H1'[ ' {(:r' ;;:}

Provided >0, A>0, B>0, |arg z| <-—é—Bn. 0,
k>max{—-3-—Re(p+3(1—-ap/ap, —1} (=1, 2 *, ) and
Re(2p—m—20b/8)<——5- (=L 2+ D).

(viii) In (3.5) and (3.6), we suppose m—n#1, 2, =« and deform the path of
integration such that the points k-—*—é—-(m—n)—g (g=1, 2, «and k=—- 2 g Ty

-1%. —2,+s= are to the left, and the points k=—ﬂé—(m—u)+h (h=0, 1, =) and

k=0, -1 1, 1-1, - are to the right of the new path L and replacing & by d
and using [2, p.246(1.39)}, viz
nim [ =M =N —m, —n
3.1 Q™ "w-Q 1 "®)

="+ DI @+D) T(~a) (-0 prngy,
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where a:k-%—;—(m-l-ﬂ); B:k——;—(m—n). r:k%—%—-(m—n) and d‘:k——%—(m-Hz):
we get

@I 5k s(li’gk?) [r@+vr-ornro+n)™

x{Q7", - ")
. & e 3

e (—# pl 2.lar). {lca,. aph, (k-p+-L. d) N
(~p+-tm—Ln-1. a). (-p-fm—3n-3.d). (@, 8

Lom—my+l —1 —ni —p—Lp_3 1
:2_o+-2_(rn n)+2 ” lg mm(x_l) P 5" 2(x+1)2n

lu 2 z {(ar' ar)}
, [ (x— 1) :I

{(by B}
where d>0, A>0, B>0, larg z| <%Brr. x>1; o, B,y and 0 are as given in
(3.16) i Re(k+-3+p+dby/;) >0 (j=1, 2 - 1) and Re(n+2p+2d(a~1/a)

<—i(i=1 2, e, %) and

(3.18) 3 ﬁ’é;;ﬂl% [ro+vr-or-nra+o]™

Q™ "w-Q ")}
__2_ |_._n+p. ).(i+~1—-m+ln+p,d). {(a,, )}

pod), (G 8, (F-—k+pd)

X

xH’-:-l.u-i—? ” (

r+2,5+2 J (

Lem—my+l —1 —mi po Ly 3 1
___2p+-2-{m n)+2 = 18 mm(x_l) P 2" 2(x+1)2n

u x—1 \d {(G,. ar)}
XH:'.S ["( 2 ) }{(bs, 8 [

dk

m‘w oo

where >0, A>=0, B>0, |arg z[<‘:12;Bzr. >1, Re(k-l—%—%—p—}—d (1_“:‘)/“11)>0
G=1, 2, * %), Rc(n+2p—2dbj/,8j)<—%(j:1, 2, s, 1wt & £ 7, & 86 68
given in (3.16).

(ix) Let >0, A=0, B>0, |arg z| <—%—Bn. p be a complex number and #; a
rcal number with |n| <2 Re(k—p+d(1—g)/a) (=1, 2, «-, u), n;<—Re(2k+m),
Re(p+0b;/B)> —-+-(i=1, 2.+, D).
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Then for —1<x<1, we have

' l,.I.;.r'oc: 1, ]"(-—-k——é—(ﬂl'{*ﬂ))
(3.19) 2:::"!‘!;0022 " r(k——é—(m_-”)“)

P

1 1
el | (Emp 0} oo (rpmd) ],

L (e=pttn a), (k—p——l—n, 3). (s B

_ol R () —pr l" . ) \{(a a,))

{(by 5]

PROOCF. In (1.4), taking

(a, a,)]

D=+a-ptE | a( XL YT :|

$(=1+D'A-D m|:z( ) | 16, 89

and applying (2.1) with ¢ replaced by —? and interchanging m and #,
easily get (3.19).
(x) Now, using the relation (3.2) in (3.19) and then replacing /, #, 7, s, 27!

{(1-8, B)) and {(1—a, a)} respectively by #, 1 s, r, 2, {(a, a,)} and
{(b, By}, we have

we can

it I‘( k—-:lz—A(m%“u)) o
(3.20) zﬂ”l._fmz F(k——;—(m-—n)-i-l) 4

gt [(1=kep=gn0). (1-kipi o). (@ @]
“EEL | (1p=Lma). (@, B)). (1rp+-Lm, ) '

_ol Ry 4Pl — )t "H’ z( ) ¥ e o))
1tz / | (b, B}

(®)

where >0, A=>0, B>0, |arg z| <%B:r. Iny| <2 Re(k—p+3db;/B;) (j=1.2,+,1),

n; <—Re(2k+m), Rc(p-l—r)‘(l—a;)/a,-))—%(:‘=1, 2,
(xi) Applying [2, p.239(1.2)], i.e.

s, w) and —1<x<1.

o—k——-m-—

Tul, < 2 (1= x) 2 e —-n2k+l [ —x—3
S Sy e F(-k—T(m !-n)) (k—-—(mm)-H) —-lz-(m:n( "’}r)

in (3.19) and (3.20), substituting =*=3 for x and replacing £ by -1 (n—1
z—1 2
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n by —(2k+1) and #; by —(2k;+1), we get

3 k,+ oo Q:z. n(x)

(3.22) E‘},I{m@kﬂ) r(k-i--,—é_(m-i-n)-i—l)f(—k—{---é—(m-l-n))

- (—%‘m—p. 5). (a,, a,), (—p—:——é—m. d‘)

r4+2,542 L (1

dk
—2—n—k—p—1.a). (k—p-!——é—n.d‘). {(by B}

=2—%m+n—p—le—zim(x__l)p(x+1)—.|§nﬂf.u z(—‘E-_I—)J: Kﬂr, ﬂ',,)} i
ns |02 | (@, 8))
provided d>0, A=0, B>0, |arg z| <—§—B:r, 1>,

k> L Re(n—m) =1, Re(p+3b;/5)> ——1-(G=1, 2, = 1) and
|2k, +1| <Re(n—1-2p+20(1-a)/a) (i=1, 2, =, u);

and
ky -+ ioo m, n
2 ' . B
) 2”’*,£w(2k+1) I(k+-L-tmtmy+1) P(=k+-L-Gmim)
irusd | @rorE—Lnd). (1-ktp-Fm0). (@aap)
r+2,5+2

(145 mtp. 3). (g BN (1+0——4m3)

{(a, a)l}
by BYY [

1 ] 1 u
=24?”‘+"_‘b_le—m"’(,_1)’(,.{-1)_'2"[1" E 2"2

r,s .(I—I)J

where 0>0, A=>0, B>0, |arg z|<—%——Brr, o1,

k> L Re(n—m)—1, Re(p+0(1-a)/a)> =~ (=1, 2, ==, w)
and |2k +1| <Re(n—1-2p+206;/8)) (j=1, 2, *= D).
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