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EXPANSIOl\"S OF MEIJER’ S G-FUNCTION OF TWO VARIABLES WHEN 

THE UPPER PAUAMETERS DIFFER BY INTEGEUS 

ßy A. M. Mathai and R. K. Saxena 

O. O. MacRobert [이 oblaincd thc scries cxαlI1sion of an E.function \vhen two 

or thrcc Upψcr αlrameters differ by intcgcrs. Thc objcct 01 this articJc is to obtain 

cxpamìÎons of !Vlcijcr’s G-function of lwo variablcs whcn thc upper paramclers 

diffcr by inlcgcrs. Scrics cX J}c'1nsions arc oblιtincd in lcrms of Psi and gcneralizcd 

Zcla- lunclions and thc G-function 01 two variables is rcprescntcd in computablc 

l"orl115. Thc 띠S잉 when lwo or threc of 이c upper parameters differ by intcgcrs 
μrc given in clctail and thc lechnique is applicablc whcn any number of paramctcrs 

diffcr by inlegcrs. ~까lC r이Jrcscntation of G-function of lwo variables in lhis article 

i5 5uitablc for computational purposcs and thcrcby lhe rcsults can be profitably 
u5cd in practical problems. Thc techni띠ue developcd in our article is differcnt 
from that 01 MacRobcrt’ s and our tcchniquc can be applicd to the situation when 
any numbcr of 까lramctcrs djffer by integcrs. 

1. Following Agarwa l [1. p. 537J we dcfine the G-funclion 01 two variablcs in 

lcrrns of doublc Mcllin .ßarncs typc integrals in thc following form. 
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In what follows thc symhol ( Op) will bc uscd to rcprcscnt the scqucncc of 

elcments al' 02' •• Op' Thc paths of inlcgration arc such lhat lhc polcs 이 r(힌 

H), j= l, ’", r(β ， +T/) j = l, 2, •• m, are scparal떠 from thc polcs of 

r(η-t)， j = l, • . " v1 rcr/-η) for j = l, 2, •• • • v:/' r(1 -cr~-η，) for j = 

1. 2, .. n. Thc inlegral convcrgcs, if 

þ + q1 +S+11 <2("'1 + V1 + n) 

il3(~ + T/) 

Þ+ Q2+ S+ I,<2("'2+ v2+n ) 

1 argx 1 <π[1/，야 V1 +n-융(þ+q1 + s+11)] 

la멍yl <서’"1l2 + vZ+n-송(þ+q2+s+12) ] 

",nd 

In case þ+ 11 = s+ ql and þ + 12= s + q2 

Ixl + Iyl < min(1. 2'’ P+I). 

By using Braaksma‘ s lhcorcm [2. p. 278, thcorcm 6. 1] wc can eval uatc the 

G.function of ( 1. 1) as the sum of the rcsiducs at the polcs of r(셰H) for j = l , 

. . " "'1' r(β'j+ T/) for j = 1, 2,. • ’" 2' 

For simplicity wc will considcr two cascs but it is easy to sec that 

dcvelopcd can be used for olhcr ca5CS as wcl l. 

Ca5e 1. Lct ß2=ß1+"', ,,' = 0. 1, ••• Lct none of the olhcr ßj 

、vc must a lso havc 

mcthod 

j =3. 4, 

c m 
2. 
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"', differ by integers and nonc of lhc polcs of r(ßj+ O j = 1, 2 coincidcs 

with any zcros of the dcnominator Gammas. In this case a scrics cxpansion of 

( 1. 1) ‘I'i \\ 야 oblained with lhc help of calcu\us of rcsidues. lt can be easily sccn 

that ( 1. 1) cqua\s. 

E :rponsions 01 Meijer's G-Fll’Iction o[ Iwo Variables 

’'/f, m. 

'- 1 m, ∞ ”‘’Jl r (8 , β， -v) Il. r(ß'‘ -ß' ι -n，，) ( 1) j듀 2 l 1-1 l z ζ Z그 
~Oi~ln~O v!η:j' ! 

X Ll,( 에 V) LlzC -B'j’ -Uj씨3( -ß， -v-ß'j' -nj')xβ'+Vl'i’ +nj' 

까 ∞ rn, ∞ ( _1)'’ +nrf7(g‘ -a-?z,) i·/「(β’ J， -ß';， -η:j' ) 
h=l 11= 1 “ J 

+ε L: E E 1.. I 

j' ~ 1 nJ' =0 j=3 #;=0 ’‘~j :nj': 

X Ll, ( - ß , -nj)Ll2( - ß'j'-nj')~3( -β~- 1J，j-β'j， -nj') 

( 1. 3) 

( _1)"+ '띄J(gl β， -v) 
젠F꾀낀tj， ! ×‘판+ ，’"y 

‘U’=n" / '= 1,.,'=0 ... 
×』잭.-ß'j' -n)Ll，(-β 씨2(-ßν-nj，)!1l-β ， -v-ß'j' -nj') 

’" , 
x'!' -r "ÿ l' '1" ßj’ [-logx걱휠뼈'j-8， -v)+<þ" (-β， -v) 

+써， (-β， -v-8'j' -nj') +<þ(v +1)+ψ(V- 1I+1)]. 

‘,-hcrc 

Øll바l 

￠ω빠j씨“lι(-8， -v 예/껴)=꿇\og .l3(윈 끼 at ~=-β， -0 

and ηβ’l' ηj' and fOf example. 

( 1. 4) 

( 1. 5) 

V1 v, t, 
φ，，(-β， -V) = ε<Þ(r;+βl +V)-:- 2: φ(1 -8j+8， +v) ε ψ(1-η-β， -V) 

j=l j=m,+l j=v,+l 

and lhc φ-function is dcfincd as. 
∞ 1 

( 1. 7) 여(z) = (d/ dz) log r(z) =-꺼 (z- 1)ε -，-ττ/ 
n=v 

、\'hcrc r is the Euler’ s constant; r=-ψ(1) =0. 5772156649 . . • 

( 1. 6) 

A Particular case. 
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r .. r(β1 +orcßZ-'-or(β1; -f η，)r(β2;+η)x -Ey -Qd~dη 
( 1. 8) =검진i J7(1 -관η) r( l - r2’+η)따 

Lct 짝 β1 + n. n=α 1, . . . ββ2;é:t λ， λ O. 1. 2. . . . • thcn 

(1, 8) 여uals 

.11 -1 2 ∞ ← 1)"' "…-펜r(마-Rj Uj)와맺~ + VJ 

( 1. 9) 삼곤l뭘o김피fr(1 -rl ’ -gl-Ul)「(l -7i-βi/ - vj)r(OI -v-힌’국r 
∞ 2 ∞ (-1)" ", fl' r(ß;-에’-η) 

-r-.-.--←-̂-，-←、 +:c :c :c 
「( 2- u- g l -Uj) ,=, j= l pj=O U! (u-”) ! ” ! I ’ (OI- V- ß'j- Vj) 

ß , +v .. tf' .+0ι 

x r(l -rl'껴’ vJr이강댁펴r(εz- v-β’j-r끼 [- Iogx+ψ(v+ l) 

+Ø(v-n +1) ψ(OI-V- ß'j-Vj)-φ(Oz-v- β’j-vj)1 

From ( 1. 8) wc ∞n get an intcresting resul t as follo“ s 

01’터 1 
0, O. O. 2. 

( 1. 10) lim y - .0 G. .~ ~. ~ .~ ~ . . ω， 2) , O. (2. Z) I y 
β1'=0， ß

2’>0 .. '" .. ,. .. , .. -, I 
- ;rt' . r 2' 

ß1• βi2 ;ß1’.ß2' J 

rcß2') ~2. O{ 1"1 ' "z \ 
=ì'(1 -r' l )r(lτ한TU2. 2「 l βl' ß2 ) 

r(β2’) 1~- I.i二1)"r넨객간옆칸 
= r(l -갇Yπl-rz') lπ V! r파=고)r단- V) 

∞ ( - 1)"xβ， + v (-1ogx+ψ(V+ 1) +φ(v - n+ l)-φ(OI- V)-ψ("2- v)1 
+깜 u파;끼7퍼과) r ("z-v) 

By using thc intcgral rcprescntation givcn in [51 wc can casiJy see that if '1 =0 + 

1/3. "2= 0+ 2/ 3, βl =a， β2= a. th띠n 

2. 0 r 1 a+ 1/ 3. 0+ 2/ 31 
( 1. 12) G

2
. zl x l o.o . .. "J = x"2F l(2/3. 1/ 3 ; 1; l - x ) 

Casc 11. Lct 마=이+n'. ß3=마+m' =β1 + n' +끼. NOllc of the othcr ffs diffcr 
3 

by i nt앵crs. Nonc of t야 pol잉 of 므「 얘~+o coincidc wi th any 이 thc zcros of 

thc dcnominator Gammas. In this casc ( 1.1) can havc polcs of ordcr 1. 2; and 3. 

Thc rcsidue corrcsponding lo thcsc polcs will bc cval uatcd by using thc following 
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tcchniqucs. If.!l dcnolcs a Gammu producl having a po1c of ordcr k at ~ =-a 

then thc rC5iduc of .!lx 끼l t ~= -a is givcn by 

( 1. 13) a" ‘ 따r 팡난(~+alLlx-'nt ~=-a 

.. -( ;;0 ‘ . - 1 ‘ 
=τ갈1) ! ( 황 - ( - Iog 씨 (~ f-a)’ Ll, at ~= -a 

r -' >,:l ,k- l \ ‘ ,, _1 ít ~b 
( 1. 14) =하1) ! 삼r v ' }(- Iog xy-' ’훤(하a)'Ll， at ~ = -a 

But 

( 1. 15) 
‘’ ~v- l 

_ a ;;-(~ I a)'.!l 0 , ALl, whcrc as‘ a~‘/ ‘ 

A = 싫 10g (~+a/ Ll 

It wi11 be morc convcnicnt to uSC ( 1. 15) whcn Ll is a Gamma product. By using 

thc abovc tcchniquc ( 1. 1) undcr cn5C 11 Cnn bc cn5i1y workcd out and thc resu1 t 

can bc casily sccn to bc as follows. 

,,'-1 찌 ∞ ( -1)써Fr(에-β， - 0) 젠「(져’ ß'r- 11j ’) 
(1. 16) L: L: L: ----'-‘ /‘ 

~Oj~l "~'=o V!1ν ! 

X Ll， (-β， -0)Ll2C - ß'r-";') Ll3C -β1 - 0- ß'r-"j')xβ， +VI'1' +1fj ’ 

m, "'. 
% ∞ n' + m'-l (_ l ) ，，-.，.- n낀r(혹-Bl -u).Fr(에 β)， -，1/) 

+L: ε:: :L ι二，- .
~l ;;(=0 ~n' 1.ι ' (o - ，，') ! ’5/! 

X Ll,( -β， - v) Ll2C -β "η，/) Ll3( -β， - v- 8'j' - nj，)xβ， +Rya//! +” l ’ 

X [- logx+첼(κ-ß， - v)+ψll(-β， -v) +"J ' C -β1 -V-βν-깐) 

3v-2h'" 
+ψ(v+ 1)얘(0- '，서 l )] +E 월 월 4二~).，)U-""- - m-+ 11)' 

j'= lκ’ ~Ov=7+m' V! (V- ll') ! 

FA「(8l-β， - 0)꺼/，(ßj' -β" 깐) 
X1~각E=t-1;，)!츄Llj( -8,-v)1l2( -8'j'-까) 

X Ll3( -βl-V-κ- lIr)판댐'j' + n’ 2
1,- [A' + A2 + 2( - logx) + ( - logx )2] 
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’‘ ". ，π， ∞ ( -1)"서 ”‘ [J . r (ß,,-ßj-nj) 11 ’ rcß’.-ß'j' -nj') 
11 = 1 • 11 = 1 + E E E E - - -----"=.;...--

i'= l κ'=0 j=4 nl =O 낀 n/! 

X {ð1( 셰-"j)ð2( -β’f 까)ð3(-ßr ’'j-ß’j， _nj' )x ßd ,.‘lyP' j' +’ j'J 

where 
m 

A=φ(u+ l) +ψ(u-n' +1) 내 Ø(u- n'-m' + I) +εψ(ßi-β， .-v) 
j=4 ’ -

+φ11(-βl- V)+Ø31( -βl-V -ß'j'-U/) 

”’/ 
A' ='(2. v+ 1) + (;(2. v-n' + 1) + '(2. v- ,,' -1/1' + 1) + ε '(2. ß;-ß,-u) 

j=4 

+'11(2. -βl- V) + '31(2. -βl-u-gl’ -nj，) 

whcrc φ11 ( . ) and Ø31 ( . ) arc given in ( 1. 4) and ( 1. 5) and for example. 

( 1. 19) '11(2， -β 야 & “ n. at ç=-βl-V 

a 
(1. 20) (;31 (2, -βl- V - ß’f-1tr) =-a@ @3l(e) at e = -βl-V and T/=-ß'j' - nj, 

the gcncralized Ricmann Ze띠 function (; ( . , . ) is dc[incd as, 

( 1. 21) 
∞ , 

(;(s,a) = L:;.-,_: _,, ' a켜0， -], -2, .... R (s)> 1 
;;;;'0 (n+a)' 

llEN’ARKS 

( i) Thc tcchniquc givcn in this artic!c can bc cxtcndcd to thc cascs ‘w야herc a 

nu삐lU삐un삐1 

j - 1. 2 ••..• 
’'112 ‘Jiffcr by integers. 

(i i) From thc slruclurc of ( 1. 3) and ( ], 16) it is eas iJy sccn lhal scvcral rcsulls 

on G.funclions of lwo variablcs can bc cxtcndcd to covcr thc cases wh('n the 

미)pcr paramctcrs diffcr by intcgcrs. For thc purposc of illustration wc 씨11 
rcprcscnt in compulablc [orm thc following intcgral. which casily follows from 

{4. p. 399J 

mrJ ,/-1 (l -U)P- 1
2F j (a. β T; u) 
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t.(m. 1-p). t.(m. r-a-β+p). (상) 

”’+2m. ",. "1. 1ft,. 1ft, I x I (r시 ; (ft,) 
~ P. (/ .. 1,) . ,+2m. (q,. ,,) I y I (lf,). t. (1II. r-a+ p). t. (m. r-β+p) 

( 1. 22) 

(ß，。‘) ; (ß' ,,) 

빼crc R(r) o. R(ρ+11껴l+，￠l·)〉0， R(p+7-a-8+m힌， +mßj)>O for jl = 1. 

2 ..... ’1Z" ; j2 = 1. 2. .. .• m2 and other conditions are as !isted in ( 1. 1) . Here [or 

cxamp!c t. (r. 0) denotes thc scqucnce of paramctcrs a/κ (0+ 1) / r. .... (o + r- 1) 

/ r. 
Now thc cxpansions of ( 1. 22) under cases 1 and Il are given in ( 1. 3) and (1 

16) respective!y with the foJJo\\' ing rep!acements : 1I-1I+ 2m. s~s내 2m. (cp)~ [t. (…, 
1-p). t. ( m. r-a-β+p). (cp)J; (iJ，)~ [(δ，). t. ( m. r-a+p) . t. (1/1. r-β +- p) J 

where --mcans ‘ rep!aeed by’ • 

It is easy to noticc that 5evera! such re5u!t5. when the upper parameters -s 

di[fcr by intcgcrs can be put into computab!e forms by using the tcchniqu os given 

in this arlicle 

(…) Scrie5 cxα\llsions o[ Mcijcr’ s G.function [3. p. 207J. undcr the ca5es l and 

Il can bc worked Out by using the idcntity [1. p. 539(iv)J . 

MacRobert’ 5 rcsulls [6. 7J can a1so bc derivcd from ( 1. 3) and ( 1. 16) on 

cmploying the formula 

1. (bQ) 

lim ..... 1, 0, 0, P, 1 x 

y “o v Q+1• (0. 0) . O. ( P . 1) Y 

• , (ap ) . (0). 

P. 1 r I 1. b’‘ b끼] 
= Gn : 1 ι / x / ‘ 기 ~E(P ;a， : Q: b,; x) 

1 ‘ • ‘ a l , ap " 

where E denotcs the MacRobert' s E -[u nction [3. p. 205J . 
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