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ON RIEMANNIAN SPACES WITH PARALLEL WEYL'S 

PROJECTIVE CURVATURE TENSOR 

By Hidchiro Takcda and Yosh iyuki Watanabe 

~ 1. Introduction. 

It is ,,,"cll known that a Ricmannian spacc with vanishing Weyl’ s pro띠jcc잉:tivc 

c디curv 

symmctric. 

In ~ 2. 、\'c shall provc that a Riemannian spacc with parallel Weyl ’ s projcctivc 

curvaturc tcnsor is locally symmetric. 

On thc olhcr hand. it is I\"ell known that the holomorphicaUy projectivc Curva 

turc tcnsor P.j .' o[ a Kählcrian spacc ([2]) which is invariant under any holol1lor 

phically projcclivc transformation corrcspondents to thc Weyl’s projcctivc 

curvaturc tcnsor of a Riemannian spacc and will bc Cr.'lllcd H -projcctivc curvaturc 

tensor. It is wcll known that a Kählcrian space with vanishing H -projectivc 

curvalurc tcn50r is a spacc 01 constant holomorphic curvature ( [2J) and is 

ncccssarily locally symmctric. 
In ~ 3. wc shall provc that a Kählcrian spacc wilh paraUcl H 'projcctive 

curvature tcnsor is locally symmetric. 

Thc aulhors should Iikc to cxpress thcir sincere lhanks to Prof. H. Mizusawa 

I\"ho encouragcd them to study this problcm and gavc valuable suggcstion. 

~ 2. Riemannian spaccs with paraIIcl Wcyl ’ s projcctivc curvaturc tcnsor. 

LetMbca η dimcnsional (,,> 2) Ricmannian space and !xi} a locally coordinate 
k 

systcm. As usual. gj;' R kj;' and R ji = Rkjj" dcnotc thc Ricr띠nt띠n mctrìc tcnsor. 

thc curvaturc tcnsor and Ricci tcnsor respcctivcly. Lct 'V k bc thc operator of 

covariant diIfcrcntiation with respcct to Riemannian conncction 

Weyl’s projcctivc curvature tensor W kjih is given by 

(2. 1) W h= R 仁 1 • (6 hR -a kR) 
kj; n-l ' -11 .~J’ ” 

Applying 'íl, to (2. 1). ‘\'c havc by the assumption 01 parallcl Weyl’ s projcctivc 
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curvalurc tcnsor. 

(2.2) V,R.jih =닫1"(g.，v ， Rji - gjhv,R ,,) 

On lhc olhcr hand. from R.". = R , .. " wc have kjih- ""ihkj 

( 2.3) V,R'jih= V,Rihkì 

Subsliluling (2.1) into (2.3) . 、，\"c havc 

g.h V,R ji - g jh V,R'i = gijv,R .. - g hjv,R ,. 

from which. 

(2.4) g .. v ,Rji= g jiV,R ... 

Transvecling (2.4) wilh g“. wc havc 

(2.5) ，매，Rjj = Kjj'v,R . 

Morcover if wc contract (2.5) 、‘ ilh g'j. lhcn we havc 

( n - 2) 
」낳""'-v‘R =O 

beca usc. in gcncral. wc havc 

「운v，R = v껴， 
in any l~i cmannian space. Thcreforc we have 

(2. 6) ViR = O. 

Taking accounl of (2.5) and (2. 6). wc havc 

V，껴，.= 0. 

Thus wc havc from (2.1 ) . 

THEOREM 2. 1. An n 이mensional (n> 2) Rienzannian sþace with þarallel W양l‘s 

projeclive curvature is locally symmetric. 

Ncxt from (2.1) . we havc 

S찌 ，ji.= (V씨，R'ji， -v, V찌ji.)- 쉰1" (g •• (v .. V,Rji - V,V ,.Rji ) 

-gj‘(v .. v,R" - v,'f1.,R ,,)} 

wherc Sω. kjz-‘=V.’V,W'ji' - V,V .. W.ji •. 

lf wc conlract (2. 1) by g"이. then wc have 

l 
(2. 7) Smljll = Hml *ll -까~ 1 (V. V,R ji - V,v ,Rji) - (VjV,R ,,-v,Vß,;)} 
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whcre H ’ =VV .R ."m - V ,V R ’ mJ, kjì ’ lU kj‘ I ~ m <O ~ kji 

MumplyIng (2 7) by Rilll= gkaglbg’cRakl , we have 

R'j파， J =Ril’/H찌 KIf - 닫了RiJU(ViVIRll- VIV얘l，) -RillI(Vl재， 
- V /V jR,D 

=받얘찌.'.까kiiJ，~ _ _ _ 
_. 

_ ~ _kiil 
by vi r turc of R "'"(V ,V /R j‘-

"1/ V,R ji) =R"''' (V jV /R ,i- "1/ V jR. i) . 

Since R ' j’I= R jkl’= R /’'jk, the above equation can be writtcn as 

(2. 8) 
kjil m r、Jrjil

S . . . :"R"'" = H . . . :"Jγ 
mI, kji H - ~"' mI."j’ “ 

Now whcn M is compact. wc shall considcr about Lichncrowitz formula ([1]). 

Denoting thc volume c1cmcnt of M by dV. wc havc thc following form ula 

(2. 9) J [(V，Rji - VjR，;)2 -Kl dV =웅J (V /R.ji./ d V 
λ• M 

where K is a scalar function dcfinα1 on M such that 

K = Rh llHml
, ill ”’· 

If SmJ.'j‘", R"jiJ늘o and V,R j
‘ 
=V jR". thcn we have V /R./ =0 taking account of 

(2. 8) and (2. 9) . 

Thus wc havc 

m n kj iJ 
T HEOREM 2.2. A cOlllþacl n- dilllensional R ielllollnian 

‘
þace wilh S mJ. 'j‘ 

R" 는o and 

V,R jj = V,R" is locally sy
……

clric. 

~ 3. A Kählerian space with para!lcl H - projective curvature tensor. 

An n-dimensional (n늘2) Kählcrian spacc is a Riemannian spacc which admits 

a structurc tcnsor F/ satisfying 

(3. 1) FkQFa' =-δk‘ . V ,F j‘ =0. 

lt is wcll kno \Vn that the tcnsor H •. dcfinαI bv H .. = F ."R .. satisfi es kj .... .... ... ... ~ .... J .. ~ kj - <O Jt 

(3 2) H*l= - fI = -」LFbaR
2 " . 'kjbo' 

F : H .. = - }f .1."= - R." ka& j -n kj' 
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From thc Bianchi’ s idcntity 

'ï/,R L::L + V LR;'~L + V :R , .. :,.=O. (~~ kjih' ., k .... ßih I ., j" \.lkih 

、YC dcduce 

(3.3) V,H,j+ '1 .HjI + VjH ,.=O 

by virtuc of (3.1) and (3.2)( [3J). 

Transvccting (3. 3) with F/. 、‘ c have 

(3.4) F ,l v lHkl= VlRk,- vkRll· 

Morcovcr. tra뼈cc째 

(3. 5) VbRal=FJFai(VlRk，-까Rj)' 

H-projcctive curvaturc tcnsor P kji
h is given by 

1I_1I . 1 ... _ .. h ‘ h ___ h ___ _ " 
(3. 6) P.j; =R.ji" +김주2(R .. ζ - R j,ð; + H. ,F;" -HjiF;+ 2H,jF;’ ) . 

Applying V. to (3. 6) . we obtain 

(3. 7) VhPJ=탬'ji- 'V)Rki+놔흐(VjR.’-탬! 

by virtue of (3.4) . 

+F/ v‘H.i -F셔κ‘+2F끼H.j) 
=각二E(V&R -V Rh) 

t + ~ '" . Il- jl • J-- Il 

If qpillh= o, then ‘vc havc from (3.5) and (3.7) 

(3.8) 까껴‘=0. 

Now applying '1, to (3. 6) . we have from (3. 8) 

THEOREM 3. 1. A1Z n-dillleη.sional (n> 2) K äh'eriaη sþace wilh þarallel 

H -þTojective curvalure lensor t's /ocal/y symmelric. 

Otani C이lege of Tcchnology of Toyama and 

Toyama Univcrsity. 1apan. 
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