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PROJECTIVE CURVATURE TENSOR
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§1. Introduction.

It is well known that a Riemannian space with vanishing Weyl's projective
curvature tensor Wﬁ:’ is a space of constant curvature and is necessarily locally
symmetric.

In §2. we shall prove that a Riemannian space with parallel Weyl's projective
curvature tensor is locally symmetric.

On the other hand, it is well known that the holomorphically projective curva-
ture tensor Pm."I of a Kdhlerian space ([2]) which is invariant under any holomor-
phically projective transformation correspondents to the Weyl's projective
curvature tensor of a Riemannian space and will be called H-projective curvature
tensor. It is well known that a Kihlerian space with vanishing H-projective
curvature tensor is a space of constant holomorphic curvature ([2]) and is
necessarily locally symmetric.

In §3, we shall prove that a Kidhlerian space with parallel H-projective
curvature tensor is locally symmetric.

The authors should like to express their sincere thanks to Prof. H. Mizusawa
who encouraged them to study this problem and gave valuable suggestion.

§2. Riemannian spaces with parallel Weyl's projective curvature tensor.

Let M be a n-dimensional (#>>2) Riemannian space and {xi} a locally coordinate
system. As usual, & Rkﬁh and Rﬁ:—ﬁ’ﬁ,}.iJ|r

the curvature tensor and Ricci tensor respectively. Let v, be the operator of

denote the Riemannian metric tensor,

covariant differentiation with respect to Riemannian connection.
Weyl's projective curvature tensor ij:' is given by
Bk 1 h h
.1 W, . =R__= ”_-—1—(51’ Rj,-—é‘j Ry

kji kji

Applying Vv, to (2.1). we have by the assumption of parallel Weyl's projective
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curvature tensor,
(2.2) VIRkjik:n_lT‘(gthI R;i— & nV iRy
On the other hand, from Ry;;=R,;,,. we have
(2.3) ViR yjin= Vi Ripyjr
Substituting (2.1) into (2.3), we have
ViR~ 8V iRy =&V Ry — 84V Ry

from which,

29 ViR ;i=8;V1 Ry
Transvecting (2.4) with g“'. we have
(2.5) ny,R;;=g;,V,R.
Morcover if we contract (2.5) with g’j. then we have
#-2) g.R=0
because, in general, we have
A ViR=VER,
in any Riemannian space. Therefore we have
(2.6) V,R=0.
Taking account of (2.5) and (2.6), we have
V,R;=0.

Thus we have from (2.1),

THEOREM 2.1. An n-dimensional (n>2) Riemannian space with parallel Weyl's
projective curvature is locally symmelric.

Next from (2.1), we have
St pjin= V¥ Rajis =V VRiii) = - &V R, = ViV R,
= & (Vo ViR =V V R}
where S, 4= Vo VW i = ViVl biine
If we contract (2.1) by g""'. then we have
@7 S, kj:‘m =H, kja’m"ﬁ (VeViRji=V ViR ;i) = (V¥ iRy =V V iRy}



On Riemannian Spaces with Parallel Weyl's Projective Curvature Tensor 39

where H =V;V K

mi, .!_ﬂ =V vi kﬂ k}! =
Multiplying (2.7) by R*'=g"¢"’¢"R,' . we have
kiil il il
RY S, m =R""H H, kj:m_ _R MV VR, =V,\VeR;) - -R"(v, ViR

= ViViRg)

o2 2 i
=RV H,, i - w1 RV R~V VR

by virture of R7(V,V,R,~V,V,R,) =R (VV,Ry;~V,V;R,D.

Since Rkiil=Rikli=RIijk, the above equation can be written as

m kj:f m o kjil
@.8) S, it R =H oy i R,

Now when M is compact, we shall consider about Lichnerowitz formula ([1]).
Denoting the volume element of M by dV, we have the following formula

2
(2.9) [ (iR~ V R~ K1V = [ (V Ry "dV
M M
where K is a scalar function defined on M such that
kil
K=R"H, ,..”-
If S, km"“() and V, R =Y R‘, then we have V,Rﬁ,.h =0 taking account of

(2.8) and (2.9).
Thus we have

THEOREM 2.2. A compact n-dimensional Riemannian space with S, H:" Rw::O and

V. R;i=V,R,; is locally symmelric.

§3. A Kihlerian space with parallel H-projective curvature tensor.

An n-dimensional (#>>2) Kadhlerian space is a Riemannian space which admits

a structure tensor F kj satisfying
Gy £ i
31D F, F, =-d,, Vij =0;
It is well known that the tensor H . defined by H kj-—F ;R o satisfies
= -
3.2) ij— _H}‘,&— _'_Q_F Rkjba

a - ﬂﬁ‘ a
F/H,=-H,JF'=-R,,
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From the Bianchi's identity
lekj:'h VR int ViR iy =0s
we deduce
(3.3) VH, AV H ,+VH =0
by virtue of (3.1) and (3.2)([3]).

Transvecting (3.3) with F,.I. we have

(3.4 F/VH =V R, ~VR,
Moreover, transvecting (3.4) with F;F :, we have
(3.5) V,R,=F,F (VR ~V,R).
H-projective curvature tensor ij:' is given by
h ] 1 h h h h h
(3.6) P =Ry —E—m(ﬁ'hﬁj -R;0, +H,,,Fj —H,F, +2H, F").

Applying V, to (3.6), we obtain

h
kji

1
n+

+F/VH,~FVH +2FV H,)

(3.7 ViPyi =V,R;—V R+

I o (v;"Rki_kajz'

= _:: .:‘:)_ (VeRi=V R,
by virtue of (3.4).
If V‘.Pkﬂ.k=0. then we have from (3.5) and (3.7)
(3.8 VR;=0.

Now applying V, to (3.6), we have from (3.8)

THEOREM 3.1. An n-dimensional (n>2) Kdhlerian space with parallel
H-projective curvature lensor is locally symmetric.
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