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EXTREMAL PROPERTIES OF p -FORMS ON A RIEMANNIAN MANIFOLD 

By ]. L. Schiff 

1. In this note wc declllce extremal propcrtics of þ.forms φ which satisfy thc 

diffcrcntial cqllation 

(1) ifdSψ+dδTψ내 PUψ=0 

on a Ricmannian space. ‘vhcrc S. T. U arc appropriatcly chosen opcrators and P 

a smooth positive fllnction. \Vork in this vcin has rcccntly bccn donc by Ka“ al­

Sario [6J . 、vhcrc thc cxt rema l propcrtics of harmonic (ßψ=0) ， scmiharmonic 

(δdφ=0) . coscmiharmonic (d，δφ=0) . quasiharmonic (d!J.ψ= 0) ， and coqllasiharmonic 

(δ-"'p- 0) forms has bccn systcmatica l1y dcvclopcd. Using thcir basic approach ‘vc 

considcr , P -harmonic for l1ls (cf. Dufl [2, 3]), biharmonic and k-harmonic lonns. 
∞ 

2. Lct M bc a C -Riemannian manifold of dimension ι W c dcnote by E’(M) 
thc vector spacc of smooth þ-Iorms on M , d thc cxlcrior diffcrcntial 이JCraLOr， and 

*:ë( M ) • En-Þ(M ) thc Hodgc star opcrator. Thcn the codillercntial opcralor 

if is dcfincd by 

δψ = ( -l)"Þ+"+ l*d*cp. ψEEÞ(M) . 

AJso wc havc thc rclationship 

*츄ψ=( _l)nþ +’, ψEEÞ(M) . 
∞ 

Lct Q bc a rcguJar su brcgion of M whosc boundary is a C -bypcrsurfacc òQ. 

An inner prodllct On p-forms 띠n bc dcfined on Q by 

(a， B)=!aa^업= ! aa(’1 시l’ I • •• i')*l. 

2 and thc associalcJ nonn is givcn by lIa ll"= (a, a). Thcn Green’ 5 10rmuJa, which 
is of ccntral importancc, can bc wrilten 

(2) (dψ. ψ -(ψ， ifrþ) =- ( ψ〈유ø， 
“ ò{) 

where ψ is a smooth (þ-l) lorm, and ø a smooth þ-form. 

\Ve write tψ and nφ for thc tangentiaJ and normaJ componcnts 01 φ on òQ 

rcspcctivcly. 
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3. In thc scqucl ‘,'c shall restrict Qur atlcntion to thc rcla ti‘ c1 y CQm뻐ct subrcgion 
∞ 

Q . on which is defincd a C .fllnction P> O. and assumc that all forms arc sllffi 

ciently smooth On BQ. \Ve constru t a gcncralizcd cnergy intcgral 

(3)ψ，이 ~ (dS<f! .dSψ) ; (δTψ， δT야H (PU<;J.Uψ) . 

and corrcsponding norm ! 11ψ ' '1 2 = [9. φ] . Thc csscnce of our argumcnt 1ics in the 

mcthα1 of orthogonal projection givcn in the follo l\'ing form. 

I'ROPOSITlON 1. 1 f φ IS a p ηorm. tllell among all p-forms ψ with 'f/=ø ψ slIch 

tlwl [η. <;JJ =0. ψ ”“1It 1’tizes the jWlctiOlwl 

1 1:φ 112= (dS띠， dS.ψ +(δT띠， δTφ)+(PUø. U.ψ， 
Iltal is, 

1 ØUI 2=11'떠 1 2+ 1. 1γ11 2 

Dcveloping thc inncr product in (3) with η=ψ-ψ， “ c obtain by Grccn’ s fonnula 

[η， ψJ = (dSη• dSφ)+(ðT'f/ . ðTψ)+(PUη. Uψ) 

=(Sη• ðdSψ)+ 1 Sη^*dS떠 (dðTψ. Tη) 
“ òQ 

-1 δTψ^*Tη+ (PUη.Uψ) . 
“ òa 

Thereforc 

(4)η. φJ = (S 'f/ . δdS.ψ)+(Tη. dôTψ)+(Uη， PUψ) 

+ 1 S'f/^*dSφ-δTψ^*Tη. 
“ òQ 

Thc approach taken here. util izing thc opcrators S. T. and U. being more 

gcncral than that in [6J , pcnni잉 us with thc aid of Proposition 1 and (4) to 

dcducc directly all the exlremal propcrlics \\'hich havc bcen dcvcloped thcre. As 

an iII11slrativc cxamplc. lakc S = I. T =O. and U=O. Thcn cquation (1) bccomcs 

δdψ=0. i. c. ψ is a scmiharmonic form. .Morcover (4) rcads 

{η， φJ = (η， δdψ)+ / 'f/^‘dψ 
“ òa 

= / η〈블dφ. 
‘, òa 

From l'roposition 1 ‘I'C maintain (Kawai.Sario [6]): 

'1‘ HEORDI 1. I f φ is a semiharmol1ic form. t1z01l among tlzose ø such that tφ= 1φ 

0"11 òQ, 9 minimizes (d，이.d，이) =I!d.띠 

Sincc a cocloscù harmonic form φ (Clψ = 0 Hnd δψ=0) is clcarly scmiharmonic, 

~nd Duf f [4J has cslablishcd thc cxistcncc of a cocloscd har monic form φ having 
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preassigned boundary valucs of 1ψ， 、，ve oblain (Kawai.Sario [6]) 

COROLLARY L A끼ong all þ'，꺼orms ψ wilh given boιfιdar.Y values Iq" Ihere is a 

form ψ which 1Jûni11lizes !I d씨• and ψ z.s a coclosed harn‘onic form 

Ncxt, lcl S = T =U= 1. Then (1) becomes 

(5) t::.ψ +pψ= 0. 

、，vhcre t::. = δ'd+dδ is the Laplace.Bellrami opcrator. A solution of (5) is callcd a 

P .harmo…'c lorm. In view of (5), 

(17.ψ]=(η， δ'dq:> ) +(η， dδψ)+(η， p，ψ)+/ η^*d，ψ-δφ/\‘η 
“ åQ 

= / 1/1\*dψ δφ〈얘. 
“ òa 

THEOREM 2. 1/ ψ is a P.harmonic ψrm. tlzen among forms ø such that tψ =1φ， 

tψ = 1，ψ 0I.0Q, ψ 1m’zimizes the eηergy nιegral lor lorms, 

1 11에 1 1 2= E(φ) =(dq" dq，)+(δrþ， δrþ)+(Prþ， rþ). 

Exþlicitly, 

E(rþ) = E(ψ) 十E(η) where η=φ-ψ. 

For functions. we rcfcr to K、von .Sario.Schjff [7, 8] . 

REMARK. The existence and uniqueness of a þ.form φ satisfying (5) and with 

given boundary valucs of ψ= 1ψ+11ψ was eslablished by Duff [2] 

4, Dcnole by r! lhe space of þ.forms with finite cnergy integral, and by r! p lhe 

subspacc of P -harmonic forms. 、‘ ilh r!, thc subspacc of forms φ such that Iψ= nψ 

=0. In view of Thcorcm 2 and lhe Rcmark, lhe fo lIowing orthogonal decomposi. 

Lion obtains 

<ff =<ff / :iJr!,. 

5, We next choosc S =T= t::. = δd+dδ， U = 0. Then (1) lakcs thc form 

(6) t::. 2ψ= 0， 
that is, ψ is a biharmonic for까. 

THEOREM 3. 1/ ψ is a biharmonic lorm, Ihen among lorms rþ such Ihal It::.rþ = t t::.φ， 

nt::.ψ= nt::.ψ on oQ, ψ 11linimizes the D’richlel inlegral lor lom.s, 

D(t::. rþ) =(dt::.φ， dt::.φ)+(δAψ， δAφ) . 

PROOF. Rcwriting (4) we have 

[η， ψ] =(t::.η， δ'dt::.φ)+(t::.η， d，δAψ) 
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+ I /1η/\옥d/1ψ-δ4ψ^*.，η 
“ òa 

= I /1T/^‘dtJ.ψ-δtJ.rp^ιjη. 
μ ùa 

and lhc lhcorcm follows. For functions, scc Garabcdian [5J. 

Fina lly , consid er S = T = /1' - I, k = l , 2, 3, "', U = O. Thcn (1 ) is now 

/1'ψ= 0， 
1. C. ψ is a k.har1nonic for’11. 

k - I _t THEORE~1 4. J f ψ is a k싸zrmonic lorm. the among 끼or’IIS 야 witlz {i> ν= 
k - l _~ __ ... k- ! ,_ ., /;' - 1 

t tJ. ψ· ’'Iß ψ .;.. nð ψ 01l òQ. ψ minimizes thc Dirichlel ùztegral 
k-l ,.., " . , k- I . ..1>- 1 ‘ k- l , " , k- l , D( tJ. ψ=(di> ψ， di> ψ) 1 (0.，' - '9， δ.，' -'9) . 

Univcrsily of Auckland 
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