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A NOTE ON THE GEOMETRIC MEANS OF ENTIRE FUNCTIONS 

OF T‘VO COMPLEX V ARIABLES 

By A. K. Agarwal 

1. Let 
。o k , k. 

f (ZI' Z2)= . :ç . o ... ,zï‘Z2"' ., .• ,=0 ‘ ’ 

bc an cnlirc funclion of two complex variables zl and z2' holomorphic for 

Iz， l 드η. 1 1. 2. Wc know that lhe maximum modulusof f ( z l' z2) for I z ， I~" 

(1 = 1. 2) is dcnotcd as 

M (,l' ' 2)= ,m,,;" I/ (zl.z2)1 . 1= 1. 2. 
1.:, ~r， 

The fini lc order .0 of an enlirc function I ( z l' z2) is denoted as ([l J. p.219) 

loglog M(η. ' 2) 
r， ， jj?∞ sup . --'10웰) .. - -=.0. 

Thc gcomctric mcans G('I"2) and g.( '1 .r2) of the funclion I/ (zl' z2)1 for 

I z ， l 드η (1= 1. 2) havc bccn dcfincd as ([2]) 
2:= 2π 
r r . iB， ι 、

( 1. 1) G(' 1" 2) = exp \(2~)，j J logl / (,/" ,,<e '')/ d01d02) 
o 0 

and 

( 1. 2) g'('I" 2)=exp{C戀「JJ (x폐 
wherc O<k <∞. 

ln this notc 1 have invcsligatcd a few propcrlics of thc above defined geomclric 

means 

2. Lct ψ('1' ' 2) bc a “ slowly changing" function; that is ψ(η" 2)>0 and conli 
o _ 0 

nuOus for 끼>η • r2> r; and for cvcry const.ants 11l. n>α ψ(mr l' 1l'1’~) ....... φ('1' '2) 

as 7 1 Or r2 Or 7 1 and r2 tcnd to inrinity. 

AIso let us sct 

(2. J) 
sup log G(η. ' 2) c 

lim ‘ (O<d드c<∞) 
’ ， .'.-∞ inf ('1'2i ψ('1' ' 2) d 
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and 

(2.2) lim sup과욕E다2 
'10 " -∞ inf (r1 r2)'，ψ (r1, r2) 

z (0〈q략〈∞) 
In my carlicr paper ([2)) , 1 havc provα1 the following rcsult 

11 l (z1' z2) be an entire 껴씨ction 01 finite nonzero order μ then 

(2.3) {싫압1 Y d :S;q:S;P:S; (냥씁lYC. 
Now [ intend to provc thc follo wing thcorcms 

THEOREM 1. Let l (zl ’ Z2) be an e씨tre jβ'mction 01 order p, then 

{4±느}2jL< li Iog gk(fl 72) I k+ 1 }2 c 
k+ P+ 1 1 c rl·r.」。。 1놓하l: r2) - < (따긁11 d' 

PROOF, From (2. 1) and (2. 2) , we obtain 

q-e / log g.(r1, r2) / P+ õ 
강구F\교g강두강「、강-e ' 

Taking limits and using (2, 3) . the rcsult follows 

COROLLARY. 11 c=d. then 

(k+ l )210g G(r1' r2)- (k+ P+1/ 10g g.cr l' r2). 

THEOREM 2, Let l (zl' z2) be an entire lunctioll and il 0<r1 <R1' o < '2 <R2' then 

"+1, . , ...... u r.,..... , k+l (2, 4) {(R1R2)""-('h)"T 'jlog G(r1' ' 2) < [(R1R2)"TO log g/ R j , R2) 

k+ l -(r j r 2)"T'log g.(r1' r2)) 드 i(RlR2) - (7l72) + 1llog G(Rl , R2) 

PROOF. Sincc G(r j , r2) is an incrcasing fu nction of r j and r2, thcrefore from 

( 1. 2) wc havc 

k+l. ,,"+1 (R j R2)" ' ïog g.(R1' R2) - (r j ' 2)" 'log g.c'1' r2) 
R, R. ' , '. 

=(k + l) 2(J J - J J )(X1X2)'log G(x1, x2)dx1dx2 
o 0 0 0 

k+l ~ k + l 
드 {(R1R아 T - (rlr2) T ‘ )log G(R1' R2). 

A150 
k+l. "k+l (R1R2)"T 'log g.cR1' R2) - (r1r2)NTO log g.(r1' ' 2) 
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능 {(R，R상I+ '- (r，r강.+ ') !ogG(r l" 2)' 

Hcnce thc resu!t folIows. 

COROLLARY. if TI (O<TI < J) is a conslanl. Ihen 

lim r {g. (β'rl' β72)} R”·1l 1 ,m I ‘ ~""'::~-- I = 

η.'.--∞ L g'C' l" ’2) j 
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Putting η=βη. '2 =βη and R, =η• R2=r2 in (2.4) and takiag the limit the 

resull folIows. 
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