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THE STRUCTURE OF A CLASS OF REGULAR SEMIGROUPS
By R.]. Warne

We describe the structure of regular semigroups in which the idempotents form
a semigroup (variously termed orthodox [3] or strictly regular semigroups [12])
modulo Z-unipotent semigroups (semigroups in which cach #-class (& is Green's
relation) contains precisely one idempotent) and bands of rectangular bands (this
gives a finer description than a description mod bands) (theorem 8). The structure
of Z-unipotent semigroups was given mod inverse semigroups and semilattices of
rizht zero semizroups in [10] and special classes of &-unipotent semigroups have
been structured more finely (see for example [7), [8], and [9]). In [11], we
gave a structure theorem for generalized & -unipotent semigroups (regular semi-
groups whose set of idempotents E satisly the condition: e, f € E and ef=e imply
gegfe=ge for all g € E). A second structure theorem (mod & -unipotent semi-
groups and hands of left zero semigroups) for these semigroups is given here as a
corollary (ccrollary 9) to theorem 8. Yamada [12] gives another structure theorem
for regular semigroups in which the idempotents form a semigroup.

Unless otherwise stated we use the definitions and notation of [1]. Let us first
state the structure theorem for £ -unipotent semigroups. Let X be an inverse
semigroup with semilatiice of idempotents ¥, and let £ be a semilattice ¥ of
right zero semigroups {E, :y €Y}. Let r—a, be a mapping of X into J ;. the
full transformation semigroup on E, subject to the conditions I(a) Eya,CE’—ly,
(b) if g, € E, and I:JEEy, (gh)e,=(g.a,)(ha,) 11 ae,0,~ a0, for all
¢€ E ., —1, where g, is the inner right translation of E determined by e. Let
(X.E,Y,a) denote {(s,£,,) :s€E X and g, € E_.}] under the multiplication
(8 &g Iy ) = (st (8 4m1g @Ry

THEOREM 1. (Warne, [10]1). Sisan Z-unipotent semigroup if and only if S=(X.
EY,a) for some collection X,E,Y, cx.

In lemmas 2—7, S will denote a regular semigroup whose set of idempotents
form a semigroup. If ¢ €S, F(a) will denote the collection of inverses of a.
A congruence g will be termed & -unipotent if S/p is an Z-unipotent semigroup.
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#, & and Z will denote Green’s relations. If A is a semigroup, E, will denote
the set of idempotents of A.

LEMMA 2. Let p={(a,b) ES": a=su, b=svfor some (u,0) E £, F(w)=F (),
se SI}. Then, o, the transilive closure of o, is the smallest F-unipotent congruence
on S.

PROOF. By [3, thcorem 3], {(a,b)ES*: F(a)=F(b)} is a congruence on S.
Thus, it follows from [2, lemma 10.3] or directly that ¢'isa left congruence on
S, and, hence, clearly, p‘ is a congruence on S. By [5:1, p.129, Ex.1], E is a
semilattice 2 of rectangular bands (E, :a€ Q). Let X a:Eap‘ and let v,yE X,
with x=eo’ and y=fo' for some ¢,fE E,. Since efe=e and fef=f, F(e)=S(f)
(e€ F(e)NSF(f) implies F(e)=F(f) by [3, theorem 2]) and, hence, F(ef)=F
(f). Thus, (ef, f) € & implies (ef, f) € pt and, hence, xy=y. Since (¢, /) € pr implies
F@=F (), X,NXz=pif a#p. Thus,since Ego'=Eg, ! (14, lemma 2.2]), Eg!
is the semilattice 2 of right zero semigroups {x,:a&Q}. Hence, ,o’ is an Z-

unipotent congruence by [10, proposition 5]. Finally, let ¢ be an & -unipotent
congruence on S. If (#,2)EX andv' € F(v)=F (w), thenw' EE;,, (w',vv') EZL

and, hence, (wv', ') €4 or (u,v) €J. Thus, o'Ca.

For brevity, we let J.:p' and X =S/A. Thus, if lszsl"i fors€ X, (2, :sEX}
is the collection of A-classes of S and 24,C4,. If s€EE,, let E=2,

LEMMA 3. Eg is the band E y of reclangular bands {E :sE E,}.

PROOF. By [4,lemma 2.2], {E :s& Ey} is the collection of A-classes that con-
tain idempotents. Since e, f€ E, imply #(e)=F(f), ECE(f€ F(e) and ¢, € Eg
imply f€ Eg by [6, lemma 1.3]). Since (e, f) € ZL(€Ey) implies (¢,f) Ep, E, is
a union of Z-classes of Eg.

For each s&€ X, select precisely one 5" € #(s). If s€ E,, let s'=s.
LEMMA 4. L,CU(L,:fEE,)

FROOF. If :cElp. 1€ R‘,F]Lf for some ¢,/ € Es. Hence, by the proof of [1,
theorem 2.18], there exists x' € R/ LN (x) such that xx"=e and x’x=/. Thus,
e ZP. for some p* € F(p) and fE E,.,~E,,,.

For each s€ Ey, sclect and fix an #-class I, of E, and an #-class J of E.
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If s€X, let u, denote a representative element of 25. If SEE,, letu=INJ,.

LEMMA 5. Every element of S may be uniquely expressed in the form x=iuj where
i€l and jE ],

PROOF. Let x&4. By lemma 3 and lemma 4, (x, 7)) € & for some j € J . Since
uu € E,,, x=xjujuj=(zu,)(uj) by lemma 3. Since xu, € E,, (xu,, i) € # for
some i € I ;. By the proof of lemma 4, (u,w)E # for some wE E,, where s*
€ F(s). Since E_ and E, are contained in the same P-class of E,, x=i(xu,)
wu j=iuj. Suppose that x=iuj=puq where pE1I,, and ¢EJ,,. Clearly, s=t
Since (u,f) € Z for some fE€ Ey, by lemma 4, iu=pu, and, hence, iw=pw
and /=p. Similarly, j=gq.

LEMMA 6. II,CI, if st=t and J J,CJ, if st=s.

PROOF. Let e I and fE€I,. Thus, f=f(ef)f by lemma 3, and, hence, (ef, f)
€ ¥ (€E)) and efEl,. For brevity, let E=Eg. '

LEMMA 7. There exist mappings (r,8)—a, , and (r,8)—8,  of x° into I g
the full transformation semigroup on E, defined by u,gu =g o4, 8,5,
where ng E - We have

@ E&q, 5L 0 rasy * EeBir. 9 (rasy(ras)

(®) za( y (@B Xy )=y D, 0 and
(35{,_:)”)3@:.@:(z("“(r.gJDﬁtst)(r‘S(f-g)) for 2€E . and T€E 1y -

(©) Gug)pu ) =i((ipda, )u (ipIB e where i€, j€]ys PEL €]
1P 1)) €1 gy qy» and (GPIBs, €T (yyar

PROOF. The first part of the lemma and (a) follow directly from lemma 5.
Applying the definitions of ag, o and /9(,-,;) to “(u,z)(u,rag)=(uszu,)(rug)“ and,
then utilizing lemma 6 and lemma 5, we obtain (b). To obtain (c), consider
i(u (jpu)q and, then, apply lemma 6.

Let X be an & -unipotent semigroup with semigroup of idempotents ¥ and let
E be a band ¥ of rectangular bands {E,:y€Y} (By [10, proposition 5], ¥ is
a semilattice of right zero semigroups). For ecach y €Y, select an #-class I, of
E, and an &#-class J, of E,. For each s EX, select an inverse s of s such that
s2=s implies s=s". Let ("'3)"“(,-,;) and (r.s)—vﬁ(rls) be mappings of X inte
i the full transformation semigroup on E, subject to the conditions
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L. Eca(f- S)CI(rqs)(rqS)‘ » Eqﬁ(r. S)CJ (rgs)’rgs
I e, ,)((2.8 (s t)r) a’(si.g)) - (z(ra(,'g)))a(s. ig
(@8 5, ") Ba, gy =@y 3B 1578y ) for 2EE,, and rEE,,, ..
Let (X,E,Y,I.J,a B) denote {(7,s,)) : s€X,iEI..jE],} under the multiplica-
tion (7,5, 7)(p. 2, ) =((jpdag ) st (GPIB n@)-

) and

THEOREM 8. S is a regular semigroup whose idempolents form a semigroup if
and only if S=(X,E,Y,L.],a, B) for some collection X,E,Y,I,],, 8.

PROOF. Let S be a regular semigroup whose idempotents from a semigroup and
let A=g" denote the congruence given in lemma 2. Let X=5/2 and Y=E. Thus,
X is an Z-unipotent semigroup by lemma 2, and E=Eg is a band of rectangular

bands {E,:yEY} by lemma 3. The mappings (r,s)—»a(r_s) and (r.s)—:ﬁ(r' 9

of x° into 9, satisfying I and I are given by lemma 7 ((a) and (b)). By
lemma 5 and lemma 7 (¢), (fu,)p=(4,s,7) defines an isomorphism of S onto
(X,E,Y,I.],a, B). We next show that T=(X,E,Y,I,J,a, B3 is a regular semi-
group whose idempotents form a semigroup. We utilize T and the proof of lemma
6 to establish closure and I to establish associativity. Utilizing I, E={(7, 5. 7) :
s&Y, i€l, jEJ4 and, hence, E, is a semigroup since Y is a semigroup. If
(4, s, ))ET, kEIa,(s,),. and ”E](s’)’s" we obtain (4,s, /)(k s, 7). s j)=(s57) by

utilizinz L.

In closing, we give a second structure theorem for generalized & -unipotent
semigroups.

Let X be an & -unipotent semigroup with semigroup of idempotents ¥ and let
E be a band Y of left zero semigroups {E, : yEY)}. For each s€X, sclect an inverse

s of s such that s*=s implies s=s". Let (7, 5)—a be a mapping of X* into

(r,s)
J g the full transformation semigroup on E, and let y—f, be a mapping of ¥
into E subject to the conditions

I Eqa(r.S)CE(rQS)(rqS)’ :nyEy

n’ za(s',)((f(d),s,r)aw’g))=(z(rfr“_g)))a(,_,g) for 2:€E,_,. and rEE,,,gg,.
Let (X,E,Y, e, f) denote {(7,5) : s€X, /€E ) under the multiplication (Z, s)(p, )

=G Pt )0 5D,
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COROLLARY 9. (cf. Warne, [11]). S is a generalized & -unipotent semigroup if
and only if S=(X,E,Y,«, f) for some collection X,E,Y,a, F.

PROOF. Let S be a generalized & -unipotent semigroup. By [11, lemma 1], S is
regular and Eg is a semigroup. Utilizing [11, theorem 2 and lemma 3], each E,

in the statement of theorem 8 is a left zero semigroup.
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