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THE STRUCTURE OF A CLASS OF REGULAR SEMIGROUPS 

ßy R.]. Warnc 

\;Vc describc the structu re o( rcgula r scmigroups in which thc idcmpotcnts forrn 

a sC ll1igroup (、 ariously termcd orthαlox [3] Or slrictly rcgular semigrou ps [121 ) 

modulo .2?-u nipotcnt scmigroups Cscmigroups in which cach ε-cla5s (2' is Grccn’s 

rclation) contains prcciscly onc idempotcnl) and band5 of rcctangular bands (this 

givcs a fi ner dcscriplion tban a dcscription mod bands) (lhcorem 8) . The 5truclurc 

of .2?-unipotc l1 l scmigroups "‘ as givcn mod inversc scmigroups and scmilatticcs of 

rlght 7erO scmigrcups in [10] and spccial dasscs of .2?-unipotent scmigroups have 

bccll ~truc lUl ι1 mGrc fi ncly (5CC for cxamplc [7] . [8] . and' [9]). In [11]. wc 

gavc a structurc thcorcm for gcncrulizccl .2? unipolcnt scmigroups Crcgular semi 

group5 \\"hosc sct of idcmpotcnls E salisfy lhc condiLion' e.f E E and ef= e imply 

gegfe - gc for all g E E ). A 5ccond 5lructurc lhcorem (mod 2'-unipolcnt scmi. 

groups .nnd bands of Icft zcrO ficmigroups) for thcsc scm igro씨)s is givcn herc ns a 

corollar)' (corollary 9) lo lhcorcm 8. Yamada [12] givC5 anolhcr 5lruclure lhcorcm 

fcr rcgula r sC' migroups in ,rhich thc idcmpotcnts form a scmigroup 

Unlcss othenrisc stnlα1 WC U5C lhc definilion5 and nOlalion of [I]. Lcl us first 

slatc thc structure lhcorcm for .2?-unipotenl scmigroups. Let X bc an in\"ersc 

scmigroup wilh scmilalticc of idcmpotents Y. and lct E bc a scmilallicc Y of 

righl zcrO semigroups !E, : y E YI . Lct r-.a, bc a mapping of X inlo Y E' lhc 

f비1 lransformation semigroup on E. subjcct lo lhc conditions I(a) E,a , ζ E, -lyr 

(b) if g , E E , and 'i샤 E E,. (g，"，)α， ~ (gp，) (/'，α，); 11 a1a:z Pø atz .oø for all 

e ε E (t;;) -11: “ hcrc Pe is thc inner right translation of E dctcrminccl by C. LCl 

(X,E.Y. α) dcnole !(s. g ,,) : s ε X and g s- '$ ε Es-t s} undcr thc multiplica-tion 

(s. g, ,,)(1. ",_,,) (sl. (g, ., α，)11， -，，)， 

THEORDI 1. (Warne. [10]). S is 011 2'-unipoleIl1 sellligrouþ 'Iolld 0ηIy '1 S프 (X. 

E. Y. a ) for sOllle colleclioll X. E. Y. a . 

In lcmm:ls 2-7. S wiU denotc a rcgular semigroup whosc set of ic!cmpotcnts 

form a scmigroup. lf 0 E S. .f(a) will dcnole lhe collcction of invcrscs of a. 

A congrucnce p “ iII bc lcrmα1 .2ιunipotcnt if S/p i~ an .2?-unipolcut scmigroup. 
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‘ 9P. 2' and 갱 will dcnotc Grccn ‘ s rclations. If A is a semigroup. E 4 、‘’ i11 dcnotc 

thc sct of idcmpotcnts of A. 

LB!~IA 2. Lel p= {(a. b) εs2: a : Slt, b= sumr some ( u, u)ez, f(ι)= .1' (v) . 
s 르 Sl} TllClt, p, tlle traηsiJive c/osure 0/ p, is the S1n:lllcst Sf'-UJ“~þo!ellt congruencc 

01l S. 

PROOF. By [3. thcorcm 3}, {(a, b) E S' : .1'(a) = .1'(b)} is a congruencc on S. 

Thus, il follows from [2. lemma 10. 3J or directly lhat p' is a Icft congrucncc on 

S, and , hcncc, clcarly. p' is a congruence on S. By [5 : 1, p.129, Ex. l J, E, is a 

scmilatlice Q of rccta ngula r bands [Ea : a E Q}. Let X a= EaP' and Ict x,y E X a 

with x=Cp' and y =J.o' for somc e.J E Ea' Since eJe=e and JeJ=ι .1'(e)= .1'(J) 

(e ε .1'(e) n .1' (J; implics .1'(e)= .1'(J) by [3, thcorcm 2]) and , hence, .1'(eJ) = .1' 

(J) . Thus, (eJ.J) E 2' implics (cJ.J) E p' and , hence, xy =y. Since (e.J) E p' imp1ics 

‘)'(e) = ‘)'(1) , xanxβ = rþ if a，，:β. Thus.sincc Es .o' = Es// ([4, lemma 2. 2]) , ES/e' 
is the semilatlice Q of right zcrO scmigroups [xa : aEQ} . Hence, .0' is an 2'­

unipotent congrucncc by [10, proposition 5} . Finally, lcl δ be an 2'-unipolent 

congrucncc on S. lf (ι v)E 2' and v' E .1'(v)= .1'(u) , lhcn uv' E ES' (uv', vv’) E 2' 

and , hcnce, (uv’ , vv') E δ Or (u.v) E δ. Thus, ptζδ. 

For brcvilY, wc Ict À=p' and X 7 S/À. Thus, if λs= sλ- l for s E X , {λ， : sEX} 

is lhc collcction of À -cJasscs of S and }.λζλ". lf s E E X' Icl E ,= À,. 

LEMMA 3. ES is Ilte band E x oJ reclangular baπds IE, : sE Ex} . 

PROOF. By [4, lcmma 2. 2J. IE, : s E E xl is thc collcclion of λclasscs tha 1 con­
lain idcmpotcnts. Sincc e.JE E, imply .1'(e) = .1'(η E，ζEs(JE .1'(e) and e, E Es 
imply JE Es by [6, lcmma 1. 3]). Since (e.J) E 2'(εEs) implics (e.J) E p, E, is 

a union of 2' -cJasscs of E S' 

For cach s드 X， sclcct preciscly one s' E ‘)'(5) . lf sε Ex' Ict S'= 5 

LEMMA 4. ÀþCU (L, : Jε E f>'þ) 

FROOF. If xEÀp' xER,nLr for SOme e.JEEs' Hcnce, by the proof of [1, 

thcorem 2. 18J . thcrc cxists x’ E RrnL,n .1'(x) such that xx' =e and x’x=λ Thus, 
x' E ÀÞ' for somc p* E .1'(φ) and JE Eγp=Eþγ 

For cach s E E x. sclcCI and [ix an 2'‘cJa" 1, of E , and an $ -cJass J , o[ E ,. 
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II sEX, lct u, dcnotc a rcprcscntalivc clcmcnt of ζ lf s E E X' lct u,= I ,nJ" 

LEMMA 5, Evcryelemelll 0/ S may be uniquely cxþressed in Ihe /orm x= iu,j where 

iE1ú and jEJ". 

PROOF. Lct xEλ" By Icmma 3 and Icmma 4, (x, j) E ~ for somc j EJ ,,' Since 

",U, E E" , x= xju,,,,j =(xu, )(u,j) by lemma 3. Since xu, E Eú' (xu, . i ) E .9f for 

sOme i E 1 ú ' By lhc proof of Icmma 4, (깐. ω ε .91 for some w E E ss. wherc s‘ 
E -'(s). Since E" and E ,., arc containcd in the samc .91'-class of Es' x = i(xu ,) 

wusj=iusj. Supposc that x= iusj=putq ‘vhcrc Þ E 1", and q EJI'/' Clcarly, s=l. 

Sincc (u,./) E ~ for somc /E E", by lemrna 4, 씨=짜. and. hcncc. iw= þw 

and i ~þ. Similarly, j = q. 

LEM~IA 6. I/tCl t i/ sl = 1 altd J ,JtCJ, ’'1 st=s. 

PR∞F. Lct e E 1, and /E 1,. Thus, /=/(상)/ by lcmma 3, and, hcncc, (ζf'/) 
E ~(EEt) and efiεIt . For brevity, Ict E = Es' 

LEMMA 7_ There ex‘sl 1llaþþillgs (r, s)→αc'，，) aJ/d (r, s) -.β(r.s) Of X2 t’'110 JT E ’ 

the ηt“씨11 tran~짜1씨‘sfornza씨a“，1끼t“iOfl se’mt…‘'ugrol‘ψφ onEε’ deψf끼Ine.찌‘d by “r껴gq씬tts =g획qa안(νιrκ씨. 

w이띠’4ψIz“'zere gκqEEq' We Izave 

(0) Eqα(r ， s)CI (rqs)(rqs)' ; Eqβc' ， ,)CJ C'q,)'C'qs) 

(b) zαC" I) ((ZβC" t) r)αC" ， g))=(z(raCt ， g)))ac"tg) 0πd 
(Zβ(ι I)r)β(ν ， g)=(z(rαCt.g)))βC"tg)(rβ(t， g)) /or zEE,,,1' and rEErtgg •. 

(c) (i1l))(þu，q) = i((jþ)αC" t)) u ，/jþ)βC" t)q whcre i EI" , jEJ" , þE I"" qEJt't ’ 

i((jþ)ac" I)) E1Cι)C")" alld (jþ)βC" t)qEJCνy，， ' 

PROOF, Thc lirsl part of lhc Icmrna and (3) follo lV dircclly from Icmrna 5. 

^pplying lhc dcfinilions of a C' ,,) and β(r ， s) to “ (1I，z)(utr"g)=(ι，z1l t )(r“g)” and. 

thcn ulilizing lcmma 6 and Icmma 5, ‘vc obtain (b) . To obtain (c) , considcr 

i(II，(j끼까)q and, lhcn, apply Icmma 6 

Lct X bc an ~-unipolcnl scmigroup wilh scmigroup of idcmpolcnls Y and lel 

E be a band Y of rcclangular bands {E, ’ y E Y} (ßy (1O, proposilion 51 , Y is 

a scmilatticc of right zcrO scm igroups). For cach y E Y , selccl an ~-c1ass J, of 

E, and an .Sl-c1ass J , of E,. For each s EX, sclcct an invcrsc S' of s such that 

s' = s implics s= s'. Lct (r , s)• a(rJ) and (7, s)--β(rJ) be mnPlilngs of X2 lntO 

f E' the full transformation scmigroup on E. subjcct to thc condiLions 
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(. Ep(，.，)ζ1(，씨(rqsy · Eqβ(r ， J)다(rqJyrqJ 

11 . za(,.t)((zß(,.I)r)a(".g)) = (z(ra(l.g)))"'(" lg ) and 

(zß)(， . l)r)β(SI. g) = (z(ra (1 . g)))β('.lg)(rß(I .g)) for ZEE$'sll' and rεErtgg， ‘ 

Lct (X. E. Y.I.]. a. ß) dcnolc ((i. s. j ) : sEX. iεIu" jε1$'，1 undcr lhc mu1tiplica­

tion (ι s. j)(P.I . q) = (i((jp)",(,. 1)) ' st. (jp)β(' .I )q) . 

TIIEOR E~'I 8. S is a regular semigroι~þ whose idemþolents form a SC1Jνgrolψ if 

mzd ollly if S르 (X. E. Y.I.]. a. ß) for some co!!ection X. E. Y.I.]. "'.β 

PROOF. Lct S bc a rcgular scmigroup ‘d10SC idempotents from a scmigroup and 

Ict λ p' ‘lcnotc thc con~rucncc g Ì\'cn in Icmma 2. Lct X = S/À. and Y = E X" Thus. 

X is an .2ιunipotcnt scmigroup by lcmma 2. and E = ES is a band of rcctangular 

bands (E, : yEY) by Icmma 3. Thc mappings (r. s)~"，(，.，) and (r. s)→β(r ， s) 
。

of X- inlo ‘r E' satisfying 1 and 11 arc givcn by lemma 7 ((a) and (b)) . By 

Icnuna 5 and Icmma 7 (c) . (iu，j)ψ= (i. s. j) delincs an isomorphism 01 S onto 

(X. E. Y.I.]. "'. ß) . Wc next sho\'‘ lhat T = (X. E.Y.I.J.a. β) is a rcgular scmi. 

group ,,,-hosc idcmpotcnls form a scmigroup. \γC ulilizc 1 and thc proof of Icmma 

6 to csta blish closure and 11 to establish a ;sociati\'’ ity. Ct iIizing 1. ET í(i. s.j) : 

sεY. iEJs' jEl sl and. hcncc. ET is a scmigroup sincc Y is a scmigroup. If 

(ι s. j )ET. kEI >,($')" and llEJ ($')γ . \\'c obtain (i. s. j )(k. s’ .1l)(i. s. j) = (i . s.j) by 

utilizin .~ 1 

In closing. 、，vc givc a sc::ond structurc thcorcm for gcncralizcd ~-l1 nipotcnt 

sCll1lgroups. 

Lcl X bc an .Q".unipolcnt scmigroup with scmigroup o[ idcmpotcnts Y and Ict 

E bc a band Y of Icft zcro scmigroups (E, : yεY} . For cac:1 sEX. sclcct an invcrsc 

s' of s such that s2= s implics s= s’ . Lc t (κ s)• a (,.,) bc a mapping o[ X2 into 

Y E' thc fuU transformation scmigroup on E. and Ict y-껴 bc a mapping of Y 

into E subjcct to thc conditions 

I ’ Eq"'(,.,)CE(,q,)(,q,)' : f，εE， 

11' za(，.I)((f(sI)'~r)a(sI .g))= (z(r"'(I.g)))a('.lg) for zεEs'sW and rEEl'tzg' 

Lcl (X. E. Y. "'.[) dcnote ((i. s) : s드x. iEE, ,,l under the l11ultiplication (ι ~)(p. t) 

= (i( (/",P)a(,.I)) ' sl). 
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COROLLARY 9. (cf. Wame, (11]). S is a generalized !tf" ullipolelll semigroup if 

mzd O1z1y 'f S르 (X , E , Y , α，f) for sOllle colleclioll X , E , Y , α， F 

PROOF. Lct S bc a gencralizcd !tf" unipotcnt scmigroup. By (11 , lemma 1J , S is 

rcgular and Es is a semigroup. Utilizing (11, theorem 2 and lemma 3J , each E, 
in thc statcmcnt of theorem 8 is a lcft zcro scmigroup. 

Univcrsity of Alabama in Birmingham 

Birmingham, Alabama , U, S. A. 
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