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Couple Category o BA510{

tE (= x

. # B

1966 4Foff J.R. Isbell g7l category o] #3E [1]o] BRE &A3cE BRI A
< B2 o] FEY WEot B EB #THZ gl category 9 SERHE
{completeness) ¥ 5EfH{L (completion) ofl BT FEERC] category o] HERS
F#ho) sz gl

Category 9| SEf{Le] ol F& £ &2 (11, (31, [41, (5l %
o} glow o st sefite] Wl el EME 23e couple category
&< J.R Isbell [1] Eig7t 285914 FREAZ grounding ¥  cogrounding 7}
259 conjugate Aol BRGRE Wste 94 FH fafEsidon oo 9@
WR&ER [1], (20 Bhive s Ease] ok

ARLAA EFE1E BRI couple category &} EAHHE #AS BEE
#BRMoE BRI BHgon o8 R Isbell g7t RiEG KMk
fEE BAStA St

17)4] oo uncouniable strongly inaccessible cardinal number &} 3tz £
& S BEE (S| #RE A [S|<oo, [§]=00, |§|>c0q] vt} £& SE
small, large, extraordinary B&°)=r g},

EE #£A4S YB (object) 2.& . 2F Alo]9] KBS §f (morphism) 2 3}
E #AEY category & Bets 2 FFRE3 ZE small £4E Koz
QA 2E A9 BES HE T category F S 2 FRIH.

2. Coupling 3 Couple

Category C& Z¥E 9 #£4&0] small 4o small category & sl = C7}
Hole coffe] WS . RS T HEAlol 9 G| £4 (5 Homo-Set)
o] smallo]®™ C-& ordinay category = qtch, 53] Howmo-Set gto] small &
@ C & legitimate category 2} B},

C8 EHES class & |C{Z C2 dual category & C*E &£ FExgch

R % F (contravariant functor) G : D—Sets o thsle] tBETF (covariant
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functor) G* : D*—Sets 7}
G*(X) =Nat (G, hy),
({8 A*=Homc (X, —), hy=Hom¢{—,X)ol® Nat(G hy)E @HF GolAf
hy 74A S BE HRBE (Natural transformation) 8] 4]}
o]z CollAY & f: X—Y 9 o=Nat(G, hy)oll o5t
[G* () 1l@) =k - ¢ (B ke 2 hx~hy)
¥ 45% 9 G*E GY HEEHTF (conjugate functor) 2k e},

BWE G:C*Bets(S) 2 H:C—Sets(S)E £4% CY cogrounding |or--
dinary grounding), grounding (ordinary grounding)o}z} Jte},

C7} small categoryd = EE cogrounding (ordinary cogrounding)& ¥
Hoz stz 25 AolY HRBHRE HE /AL category & Cat(CH Setsy
(Cat(C*,8)) 2 Hmdle BEHWoS 2E grounding (ordinary grounding)
£9| category ¥ Cat(C, Sets) (Cat(C,8)) = Fxrdlct.

(2% 1) C9 cogrounding (ordinary cogrounding) G ¢} grounding {or-
dinary grounding) H o ¥3le misk

m: UoneicixiciGX) xH(Y) U wneicixiciHome (X, Y)
o] CoA2) g g: W—X, h: Y—Z 2 (p,9 =G(X) xH(Y)o| 3t
m(p, ) =Hom¢ (X, Y)
o]z
m(G(g) (p), H(h) (g}) =h - m(p,q) -2
£ EE 9 ol m& Gt H coupling 12 &t

(#BhEE 1) Category C 9 ordinary cogrounding G ¢+ ordinary grounding

H 9| coupling m % ¢=H(Y), p=G(X)ol HHdte BRHEX

Loy (g) Ix (8) =m (p, q) )
of #a A RESE HRBE p: HHG* Alold] 1H1EE) 24 &4 =
BUHW2Z mF (ux (0))y (@) =m(p, g) ol H3te] REHE BRABHR u: G~
H* Atolof 181 #E] &A1+

() G} HY $AY coupling m, m’o| W] Fola BEHER (1)
&S, AREIRE 47 p g2 S p=gEt b WES m=m’ otk

3 RS BRBR . : H-G*Y p=G(X), ¢g=H(Y) 2 f: W-X(=()
g: Y-Z(=C) o i3ty

7: U nG(X) xH(Y) U .ryHome (X, Y)
o} 31

n(p, q) =Dvr (@) Ix ()
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2 o o A i
v Thady
" by w1 2w
160 W) k) (T8

vy (g)) x (o 1x

G(X) — (X)) — hz(X)

H(Y) —->G* (Y)=Nat (G, hy)
H(g) Ke® (7T
H(Z) ——>G* (Z) =Nat (G, hz)

7(G(f) (#), H(g) (9)) =[vz(H(g) (9)) I (G (f) ()
=[hwvy (q) Iw (G (f) (p))
=hz (f) - Thnlx - {[vr (@) Ix(2)}
=hz () {g - n(p,q)}
=g -n(p,q) - f
oA 2 el HESRE G HS coupling o]t} o] 8te] m =} p Alo]of
181 B 958 ¢ F ok vnA fi5e gHes FHA
(£8€ 2) Category C9] ordinary cogrounding ’F, ordinary grounding F’' &
‘F& F’ 2] coupling mr 29 & ('F,F',m:) & C L9 grounding couple o}
kg
B 1) pshy (W), g=h*(Z) A HEtA m(p,q) =qp & & w X=(hy, b¥, m)
= 8 C k9 grounding couple o]tk A& principal couple o]z} e},
M 2) G:D*-82 G2 H#FRF G*:D-8 % p=G(X), g=G*(Y)dl
N3t m(pg) =qx(p) 2 &4 (G, G*,m)% C k€] grounding couple o}t
(®#& 3) 5419 C k9 grounding couple F= ('F, F/,mp) &} J=("J, J’, m;)
of Hele] HRBE 7y F-'T Sy 1 JF o] g HGRR
my((9x(9),9)) =mr (6, 7y (g)) (1B p='F(X), ¢=J (Y))
£ 2% ¥ o158 & (9,7) ¥ conjoint transformation ol v}, =
(7,7)% FolA J 74X = Astn »: F-J 2 Fr¥dd = K=(K
K mg) s} &=(8,8) :J-Ko| A& &-p={6-"9,9-&)E » 9} £ 9 composition
o2 Age},
B4 3) C o] S} principal couple U= (hc, kS, mc) & C' = (b, A, my)
D AREME by, ¢ he—he, B P RO—RC o) W3t ({8 f: C—C'=C) pshe (X)),
qshS (Y) 2 29
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me (Theylx (), @) =me (f-p,q) =q - {f-D)
me(p, [RP1y(q)) =mc(p, gf) = gf) -p
ol 2 (hey, hP) : C—C’E conjoint transformation ©]t},

3. Couple Category

Category C 9] grounding couple F=('F,F\,mp)E p¢:F—(F)* 2 g:
F— (F')*7} BH I separated couple o] 2} e},

(% 4) C k9] grounding couple & oz 3tz 25 A}ol9 conjoint
transformation 2 §1 2 3l category & couple category et 33 Co(C,8S) =
FEaRge,

BA EFES AE category = AZE Wl A BUER&ELSS A* 5}
W 'F:A-8, 9 F i A8 R p: FFrol d3te] (u (@) x(p)=m(p, 9
m-& coupling 2.2 3= ZE grounding couple & Co(A,8)E o] &},

= C9 principal couple £#&3= Co (C, 8) 9] full subcategory o]},

(@BhEE 2) Co(C, S)9] £ conjoint transformation

SUSEh X=X X, m) Y= (Y, Y my)
7} Fo]A 2 X 7} separated o] i ‘E="p o] W E=y o]},

(BMR) WETE 10 #3td X9 coupling my o] it BGBR (1)& g
e HAES o X' (X) "t H—3A SATS

7t el kst X & separated 0|22 p+ EHfolrt. = Y9 coupling my
< A E BRERSE ()& 453 aREH 4 Y-(Y)*7} s—3A &
A gt

&9} = conjoint transformation o] 22 a='X(4) s=Y’(B)d] w3

mx (a, 78" (B)) =my ("€sla), b)

w}elA

Cup(ne’ (6)) Ja(a) =[zs (6) Ja (*6ala))
Eicil

(e*-glg : Y (B)— ("Y) *(B)—('X)*(B)
< =3t

£'6*- i) (6) =gn (b) -&"=[1-¢"15 (b)
olmz

p&="¢%-p.
2L FHEeR
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AR o] kA Ex="y* o]BE p-&'=p-y’ otk WA p'=g o)z E=po|r}
(FB 1) Co(C,8)9 719 grounding couple X=('X,X’,my), Y=(Y,
Y, my) o} Hated X7t YO retract o] 2 Y 7} separated ©]® X % separated
o] o},
(B&BA) X7} Y9 retract o]22 5={("p,7") : X—=Y o w3ty cp=1y¢
r=z, ") : Y-X7F EA8r). BEIEE 29 FHAA S o] 2 HFER

/
’;',77=>7’*'//‘ = ,X—-> X/
L Ln'* (7T)
/Y____) YI
i

we'="c*-p’ & X'L('X)*
s | (FT4%)
Y —s('Y)*
P2
% ﬁ*‘fu}.
=("r-"p=Ly, 7" =1y} O EE "y o' HEfel: = Y7 separated o]
t‘i w7t A Bgfelth. webA ‘u ot p'7t Bhtolx X = separated otk
(Double Yoneda Lemma). Co(C,8)%] grounding couple X=('X, X', my) ¢}
principal couple C= (k¢, hC, mc) ol 3}
Homg, . (C, X='X(C) o] =
Home,c.» (X, C) =X’ (C)
ol 2B (bijection) 7} &4 Fie},
(&88) Yoneda®Lemma [6]o] 43t u: hc=hF*=Hom (ke k)02, o :
KE= (h€) *=Hom (A, h¢ %) o] =2 C = separated o]t}
L]
‘X (C) Nat (he, 'X)
o]k, ‘X(C)9 &S 3 LFE o] B3I 4c(6) F conjoint transformation
(pc(t), T) : C—X (B T: X'—k%) 2 HEAJE RBE 024 ¢+ @HE
B2 fkste] ~FBRIREKel 2 =
Nat (€, “X) =Homcec.s (C, X)
ut2hA
'X (C) =Homcoc.5 (C, X).
BHo =
X' (C)y=Homc,.5 (X, C).
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(21 2) Category C 2] double regular representation

¥ : C—>Co(C, S)
0} \Y}
X~—X= (hy, X, m)

= fully faithful o)t}
(2889) Double yoneda lemma ol #3}o]
R (Y)=Home,cs (X, Y)
& Home (X, Y) =Homcyc.s (X, V).
EE29 FL HEos ¥ :C-oCo(C S)7t 0/(X) = (hy, hx*,m) ({B p<hy
(4), g=hy*(B), m{p-q)=qa(p)) A o]RAx fully faithful ¢& BRZ &
et
C 9] left (right) regular representation
¢ : C—>Cat (C*, 8)

U U
Xf——hx
(¢, : C—>Cat(C, §))

U] U

Xj~——hX

¥:C—>Co(C,S) & o : Co(C, S) —>Cat (C*, S)
U U U u
X~oX=(hpim) (Y, Y, my) oY

9 Foz Frde ¢F I
(FE 3) @:Co(C, 8)—Cat(C* S) = limit & #4352 adjoint functor®
£ ‘
(BH) L=(L,L',m)E Co(C,8)cl+2 Diagram
D={{—D;={D; D/, m}}:ci
9} limit 2l Co(C,8) oA RS {X—D}ierof #3to

X5L—D=X—D,
2] conjoint transformation 7 : X—L o] Mf—3}A] &8t wela] Cat(C*, S)

AL {X—'D}ier % {L—'D}iarol Aste] 'X5'L—'D='X—"D;ql
p i XL o] H—3A ZA Ry, @24 'LE Cat(CS)elAe) diagram
{i~"D}ier 9 limit o]},

A&
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¢’ : Cat (C*,S) —>Co (C, 8)

')%“‘* (X, X*, m)

2 34, (B pe'X(4), ¢='X*(B), m(p,q) =qs(p))

Co(C,8)*x Cat (C*,8) 9] #5 (F,G)ol diste BE

Pwo ¢ Homeuer, s (9 (F), G) —Homeoc.s; (FO' (G))
u
"9~ (U, )

({8 F=(F,F,mg)olx p: FF-'F*= mpol] -8t HABHolz ' &
q'F(A) ol A8t palpalg)I=¢-7" & 53t AREMo| L)
Z A48 pwr, o= natural equivalence 7} H 2 g & & 9 adjoint functor
o] e},

(8% 7) Categery C9] extension category E 7} limit &+ colimit off = 3}o]
-closed Q) extension category % Ee/hgl AolH EE C9) normal extension ©)
2} g}

(BE 4) C Lo C9] normal extension E2 double subregular represen-
tation

6:EB——-—->Co(C,8)
U] U]
Xt (hx|C*, BX|C,m)
= fully faithful o] =},

(#EA) o7t full faithfulo] =& E9 subclass & E’2} 34 C9o s

Cy, Co ol ] 3}
0 (C1) =C= (hc, kSm1), 0 (Cy) =Cy= (he,, A, my)
2= Double Yoneda lemma ol 2} &t
I ¢ ke, (C1) =Homeoc.) (C1 Ca)
u}ebA]
E'=C
S E' 9 & Diagram D={a—D,},cr 9 colimit EX 2} 33 Y<=|E']o) o
gt T:0(X)—o(Y)E 48R & i, DX &
(i) t 0(Dy)—a (X)
¥ FE==
T,=To(is) : 0(D.)—0(Y)
5 d&t
9 faithfulness of #%&3}) T,=o(t,)Q t.: D,—Y 7} HE—3}A &4 8,
Diagram D oA S: D,»Dzo) A& i5-8=i,olx
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T,=Tlo(is) o (S)} =T 0 (S) =0 (£,5)
o] g f,=¢-S0)5 X7} colimit oJB = t-i,=t¢ t:X—>Yst ME—3A E
A gt
= ZE oo Ml {0} o6)=T0(). BEA o()'=T" ol FHeEE
29} k3t o () =T o]tk
E = colimit o] i3t closed o]=] £Eayo = limit o] d 3t % closed ¢}
22z E=FE(0.E.D)
Adjoint functor F : C—D, G :D—Col &3 & (X, Y, m=(mn')) E (F
G)-couple 18} dek, (B X<=C, YED, 'm: X—G(Y), =’ : F(X)—>Y)
5742} (F,G) ~couple (X, Y, m), (X1, Yi,m)ol J3o] ‘a: X=X, o : Y—
Y olet & o o} BEGRR
'my -a=G (') -'m
my -F(a') =d -m'} @
£ &St & (a, )& (F,G)-couple g conjoint transformation ©]2} Jr}_

(Ia’ a’) : (X7 Y’ m) - (XI’ Yl, ml)

o} {F,G)-couple & Hfmo e a3 25 Alo]9 conjoint transformation &
HE 3 category & (F,G) 9 cylinder category @ 8tz Cyl{F,G) 2 EKR
gt

B =l
Ky* : Cat (C*S) —>Cat (C, 8) *

] U]
F~—F*=Nat[F, h¢ 5]
K; : Cat(C, 8) *—Cat (C*, §)
U U
Gl~—G*=Nat[G, a* 7]
g o] E& adjoint functor o] 22 F=K* G=K,. 'm, n & FHEEL
oA RES BREBE ‘u,pbd
Cyl (K™, K3) =Co (C, 8)
7b g
(3% 8) Category CZ HB] o} category 7}A9 B®mFE7} colimit & BE-
3ta coadjoint E z+=rhd €& compact category 2 3},
(£%& 9) Category C 7} legitimateo] = 2 legitimate extension category
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2] retract 2}l C & extraordinary-injective 2 3tz = C7} C piAte] Hisr
L otz Funt 4 Ce BE legitimate extension @} retract el CE
injective category &} 3}, -

Zoz J.R.Ishell Higrl RES RFRMES BASAT

BISE 1. C7} small category 9= Co(C,S)¥* compact 7} HE7}?

FARE 2. ».F injective category &= extraordinary injective 7} 3 &7} ?

2 E X M

(1) J.R.Isbell. Structure of Categories: Bull. of A.M.S. Vol. 72 (1966), 619-655

{2) . Normal completion, Lecture Note No. 47: Springer, Berlin (1967)

(8] J. Lambeck. Completion of categories, Lecture Note No. 24, Springer Berlin,
(1966)

(4) C.Ehresmann. Categories et siructures Dunod, Paris (1965)

(5] Kennison. Normal campletions of small categories, Canad. J.Math. Vol. 12
(1969) 196~201
{6] S.McLane. Categorical algebra, Bull. of A.M.S. Vol. 71 (165), 40~106.

CRTKRER





