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ON A CRITERION FOR OBTAINING FULL INFORMATION
ABOUT THE UNKNOWN STATE OF NATURE

BY HYUN-CHUN SHIN AND JAE-Joo Kim

80. Iniroduction

Consider a situation in which it is desired to gain knowlege about the true value
-of the unknown state of the nature by means of observations. Information concerning
the unknown state of the nature is defined by as a random variable whose (objective)
probability law is known given any state of the nature which is an element of a fixed
state space S. (6], (7).

Information amount of an information is defined by (2}, (4], (5], as the expected
.difference between the entropy of the prior distribution over S and the entropy of the
posterior distribution. If an information becomes available to a decision maker for
solving a specific decision problem, then the loss function in the specific decision problem
-at hand.

The problem which will be discussed in what follows is: On what conditions can one
-decide whether or not a certain sequence of observations contains all the information
which is needed (for example, to find the true value of the state or the
parameter) ?

The objective of the paper to try to answer the above question in the case S=
{51, 52, *+*, Su

In section 1 we shall discuss from the point of view of the question the following
‘problem. Let us be given an infinite sequence {X,}, (n=1,2,+*) of observations. We
‘suppose that the distributions of the random variables X; (i=1,2, ) depend on a
state S, whose set of possible values is finite. We suppose further that for each fixed
value of 8 the random variables are independent. We shall consider the amount of
information S which is still missing after having observed the values X, X,, +-, X, and
compare it with the error of the “standard” decision, consisting in deciding always in
favor of the hypothesis which has the largest posterior probability. And we give an
‘upper bound for the amount of missing information

In section 2 we give a neccessary and sufficient condition for obtaining full information.

§1. The amount of missing information and the error of standard decision

Let (S,S) be a measurable state space, £ be a prior probability measure on (S, S).
Let & be a absolutely continuous with respect to a measure i on (S,8) and let dé=
£(s)dA. Then the uncertainty measure H () of the unknown state s&S is defined by
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(1.1) H{E= —js (s) Togt (s) d .

Speciﬁcaﬂy, if S= {51, 8255 %% sm} and EZ (é (SI) s S (SZ) s "% 5 (sm) ) = (Ely 52’ St Em) ’ Where:
£:20, ‘Z &=1, then it is

(1.2) H () =— 33 ¢&logt.

Let us denote by X(») the random #-dimensional vector with components (X, X,
«+,X,). Let X(n) be a random variable on a measurable space (X(n), X (z)) whose
probability density function f(z(n)|s) given s=S§ with respect to a measure g on
(X(n), X (n)) is assumed to be known. We suppose that the random variables X; (i=1, -,
n) are independent under the condition that S=s; {i=1, -- ,m) is given. Let filz{n),
Ffalx(n), - and f.(z(n)) denote the density function for S=s;, S=sy - and S=s,
respectively.

We suppose further (this restriction is made only to simplify notations) that all the
distributions in question are absolutely continuous.

Let (A, A) be a measurable action space and W (-, -)be a measurable loss function
defined on (Sx A4, Sx A). Then we shall say that these elemets (S,S),¢, (4, 4) and
W specify a basic decision problem Dy and denote it as Dy=1{S, ¢, A, W}.

If a decision maker can know the realized value z(n) of X(n), then we shallsay an
information ¢{X (n)) is available to a decision maker for solving a decision problem D.
And then we shall say that he has a decision problem D={D,: ¢(X(n))}.

It is needless to say that an information e (X (n)) for s&S is defined independently of &
and W. After observing X (n) =z (), by Bayes’ theorem, the posterior probility law
E(slz(n)) is given by

(1.3) Elaln)) = (8) f(z (n) |s) /f (@ (n)), where flx “ff () f

For simplicity, we shall denote the posterior probability measure given X @) =xz(n) by
&(z(n)), when the prior probability meature is &. Specifically, if S={s;, s -~ Sm} and
= (5, Ea ., 5 =87 then E(z(n)) = E (s1lz(n) ), 3 (52l 2 () ), -+, € (sl 2 (m) ) = (€1 (2 ()
0z (), e Znlzln))) S8 where S*I={(ry 7o - rads 20, 33 r=1).
Then the still remaining uncertainty measure after observing X (n) =z (n) is given dy
H((z(n)) and its expected value

1.4 ME @) =EHEXR@)N =] HE@E)fla)dz

is called the amount of missing information after observing e{(X(n))by Rényi (8}, 19),
or the equivocation of ¢(X(n)).

The information amount I(X{n)|& which an information e(X (1)) provides is:
defined by

{1.5) IXn) | =HE —M (X () |€).

It is well known that H () and M(X (n) |£) are concave function {&8™! and &la (n) )
=8m1 respectively, and that I(X(n) [£) >0 (2).
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Let us introduce the following decision rule. The most natural decision after having
-observed X (n) =z (n) is essentially the same as the reasonning applied in the case
S={s1, 5o}, the case of two simple hypothesis (9}.

It states that sj,s5 = or s, is accepted according as & fi(x(n)), &folz(n)),- or
Emfnlz(n)) is greatest, the greatest posterior probability, and if & fi(x (n)) =& fe(x ()
=eee=¢, f.(z(n)), one makes a random choice among sy, sy or s,with probabilities
£y, &y, »+» o1 &,, tespectively. We shall call this the standard decision. Let us define
the random variable ®,—9 (X (n)) as follows:

(1.6) @,==s; if the standard decision means acceptance of s; (i=1,.,m).

We adopt the common convention of defining W (S, ®,) such that W=0 when the
correct decision is made, and 1 otherwise. The error ¢, of the standard decision after
taking n observations is defined as the probability of the standard decision being false.
We have clearly

P, (0,58) =& (P, (@y=5,|S=51) +P, (#, =53] S=31) -
(1.7) P, (@,=5,|5=51) 1 +& (P, (@, =s51|8=5) +P, (0,= 35| S=s5) +---
P, (@y=snl8=5) )+ +En (P, (9,=5,| S =5,) + P, (@a=5,]S=5,) +--
+P,< Dy =5,115=54)].

In a decision problem, if D is available to a decision maker, then we devide the
sample space into the disjoint acceptance regions, Xuy, X2, s, and Xn such that
9,==s; is accepted when z (n) =X, j=1, 2, +--,m. With this specification we have (see

{103) .

- [f Filatn))dpt f flatdpe+| filam)dp

Kemy

(.9 el feder| fa@)de| fila@)da -
+ealf_fale)dpt] fulet)durotf fulz)dw

where

19 o=l fEy= ii A=t e 2=,

W0 K= {et Sgn>En Fieb =6 EEh) =2

and

(1.11) X(m)z{ () fm( (”)) él fm(r(n)) _§2__ ven and fm(x(n)) S_m:l }.

filz(n)) En® falzln)) En’ faa(zm) ~ &
‘The equations (1.9), (1.10) and (1.11) correspond to
. 5 fi(z(n}) & filzw)
{1.12) X(D—{x {n) : = ——*‘f; () =>1, & Rl >1, *--and
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& Alzl)
1 f,l..(x(n )) }“l}

(1.13) X(2)={,r (=) %“ . —ﬁ—éﬁ%;—‘<l, —gj— § én;)) >1, --- and
& _folz(n)
5:, fulx(n)) 21}
and
(1.14) X@={x(n):§—;.%<l, L ﬁ((z(gz)))) <1, and
gm—l R fm—l (I (n) )

We can prove the following theorem,

THEOREM 1.1. One has
(1.15) &<E[H; (£ (X(n))) I=M:(X (n) |€)
where 5 denotes logarithm with base 2.

Here and in what follows log always denotes logarithm with base 2.

Proof. For simplicity, we shall denote fi(z(n)), falz (@), -, fu(x(#)) and fiz(n)}
as follows:
(L.16) H=Ale@), r=fe S‘T (1), ** fu=fu(x(n)) and

f=Flz(n) =& fit&fot +Eufn

One has clearly

E(H (X (n) *J. H ) Efitbofot e téufn)dr
(1.17 —& HE@W) fdpresf HEE W) fde
tetbf HE W) fdp

By the definition of H (), the r.h.s. term in (1.17} is
&N &fs Esf 3 Entm
&f [Bftogarfefe  Sboy .y bafn

Z & f: & 51f1 &
Eafs &h [ &fs ... bafa
(1.18) + £ log (1o —g e —ge™) +

_S"‘-L_ S]fl + S2f2 Em—lfm-—l
+i:€,f, log (1= 7%~ énfum 5,,.f,,,+ R e A )]ﬁd,u
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+af ettt 0 fds

=& EZfZ L eee L \mfm .

sf fllog(l—r Efe Tt 2 F Yd
é:lfl Loeeal =m) g”‘f’"

(1.19) +$2 X(n)fz log( 1+—=F Ef i =2f2 )di+

lel . E?fZ lvee Enr—lfnr—l
+$me(n)f"‘10g( Tt é-: f B Emfm ‘ } Smfm )d/u.

By (1.12), (1.13) and (1.14), the terms in (1.19) are not less than followings:
([, pdu [, g, fiaal

+enl[ fodut| fedpretf  fude)=

X1

Thus the theorem is proved.

REMARK 1.1. Rényi’s Theorem 3 in (8] is special case of our Theorem 1.1 where
X; (=1, ---,n) are independent and identically distributed under the condition that

S=s;(=1,2) is given.
THEOREM 1.2. Let us write

(1’ 21) Zﬁ(f) =Jt; ‘\/fz (xr) fj (Ir) d.T,, 7"'—‘1, 2, e on, iijzl’ 2: sem
Then the following inequality holds:
(1.22) O<E[H (€ (X () I<Cy_, vEE 1 4
where
- hiz) (_ h(z)
(1.23) C=maz—7= ( G2y )
and
(1.24) k(z) =—zlogz— (1—z)log (1—2) for 0<z<1.

Proof. Since f=&;fi+&fst +E&ufum by (1.16), we have

ELHE @)1=, HEww) @fitteafdp

(1.25) =&} H Elx@)) fidpt&s R Elz)) fedie

The notation [%) denotes the first term in [ ] of (1.18).
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fee g, X(n)H(é (z) 7)) fud 2.
By the grouping axiom of entropy [1], the first r.h.s. term in (1.25) is
Elfwa(f(x (n)))fxd‘a’—‘élj (HE () +&8(@)n) o temilzn), &nlz(n)))

X

Gletm)  _Slm) | _gealel) )

{1.26) (& (e ) H( Takm) | Babkw@ T Dakm)
+&n(z () H (1) 1fudp

=& [H(S &), ez ) ] Ads
(127 Gl@) . _Gealeln)

1 ) 3 m—1 >] fld/'t
gf; (z () .Z=; & (z(n))

+a, [ o) H

Since;ii& (z(n)) <1, the r.h.s. terms in {1.27) are less than following:
<&, [H (e 0), &z () 1 fudp

vof () _&bh) . GalE)
X '_;’, &:(z(n)) ;& (z () Z:,l‘g‘.(x(n))

From the definition of C, it follows that

{1.28)

m—1

H(S6(z (), iz (1)) <C[En (2 (n)) T
{1. 29) :c(§%>%<c<%>é<%>g.

And again by the grouping axiom of entropy, we have following:

p( el slEw) . ) )
Z &z (”)) ;l &ilz (”)) gl &z (’2))

—nf ;%a- G et )
(1. 30) L@ Téalz)

+(§,ff(x(")> ) (- Splete) lel)) . _Eealzt)) )

S8z (n) Sakh) Teakm T Tak)
ftealet) po
> &z (n)
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See ) .
—+=———<{1 and H (1) =0, the r.h.s. terms in (1.30) are less than following:

Since ==
& (z(n))
<H( ;;:Ei(x(ﬂ)) ’ Em-—l(x(n)) )
Salzw) | Sal)

‘(1.31) 1
1 Gleb) . faalel) )
Glz) T Takm) | Tl

From the definition of C, it also follows that

( gel(x(n)) gl Voo fnn 2] )4
Selam) Tl % 6z ()
{1. 32) ——C( fn1Sm-1 )%
26

We procede this process succesively, it follows that
af HEEm) Adu<CS: VETE[, VT dp
=CZ ‘\/51 EJ ]I Z].,(')

i=2

(1. 33)

By a similar method, it follows that

130 & HEEW) fdp<CVEE Il P +C3 Vg I s

.and

(1. 39 Eaf oy HE @ 0) £ud p<C 5 VETE, 1] 20

Thus we have
(1. 36) EHEX@)N<C 5 vVEE 154

"The proof of the lower inequality of the theorem is follows from the theorem 1.1. Q.E.D.
REMARK 1.2. Suppose that the random variables X;(i=1, 2, -, n) are independent and
identically distributed under the condition S=s;(i=1,2, -+, m) is given. Let us write

(1- 37) 1;,'(1) =2;j(2‘)="’=2,'j(")=ﬁ;j.

“Then from (1.36), we have

(1.38) O<ELH (¢ (X (1)) I<C 3, vETE @)™

If 0<<8;;<1 for all i and j, then the relation (1.38) shows how fast the equivocation
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E[H((X(n))] of an information e¢{X({(n)) approach to zero as n increases, irrespective:
of what a prior probability law is. We discuss this point in detail in the next section.

§2. A criterion for obtaining full informatien.

It this section we shall suppose that for each fixed value of S the random variables.
X., (6=1,2,--) are independent, but in general do not have the same distribution.

Let us deneote by X (n) the random n-dimensional vector with components (X;, X,,.
. X,). Let I, denote the amount of information contained X (n) concerning S.

Then we have
2.1) 1L,=H()—E[HEX@))]

where H (&) is defined by (1.2).
It is easy to see that I, is nondecreasing for n=1,2,+-- and L<CH (). Thus %{r{xw I,

=I* always exists. If [*=H(£), we shall say that the sequence of observations {X},

(i=1,2, ) give us full information on S, where as in the case I*<H(€) we shall say"
that the observations {X;}, (i=1,2, -+) do not give full information on S. Rényi [9]
introduced a criterion for obtaining full information in the case S={s, 53} :

THEOREM. 2.1. If A41s°>0 for r=1.2,+, where
2.2) 1= VHERE d,

then the sequence of observations X, (i=1,2,-) contains full information on S if”
and only if the series

(2.3) 30—
is divergent.

LeMMA 2.1. One has

{2.4) Inl/’.i,-(')é(a,,) %\1/1{:/;;— ;/6’ for all i and j (i#Fj=1,2,+,m)
r=1 i°5;

where ;7 and e, is defined by (1.21) and (1.8) respectively.
Proof of Lemma 2.1. Clearly,
(2.5) I 2y0= _[X(n) VG, GE@) dan) for iti=1,2,m

where X () is the n-dimensiooal Euclidian space and dx (1) stands for dz,-dzs-+ dx,..
Let us denote again by X, the subset of X(n) on which ¢,=s; and put X»=X(n) —
X. Taking into account f;(x (n)) is a density function, the Cauchy-Schwarz inequality~
gives

2.6) [ AN F ) dew<([, filzm)dzt)?

and

@7 fe VAR HEmMdz W <([, filewmdem)?
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since
(2.8) £n=wi_‘$,-fx(if,‘ (z(n))dz (n).
we have
2.9) 2f flatdzt ad 2> fiamdcn.
Therefore we have
T T e Vb, (2 \i_ () P (VEH VE)
(2.10) o VI G ) < () ()= B DB

This proves Lemma 2.1.

THEOREM 2.2. If ;>0 for r=1,2,+ and j>i=1,-, m, where i; is de{ined by
(1.21), the sequence of observations X; (i=1,2-) contains full information on S if and
only if
(2.11) > (1—2;7) (1>i=1,2, . m)

r=1

are divergent for all i and j.

Proof. since 1—x<{e™, if the series ‘Z“, (1—4;) are divergent for all i and j, one

has lim IEI: A;;°=0 for all { and j. And thus by theorem 1,2 it follows that l1_r£1 I,

LN

=H (&) for all ¢ and j (j>>i=1, -+, m). This proves the “if” part of the theorem. On
the other hand, using the inequality 1—a>2e =12, (0<<x<1), we obtain

» * — 2.0
2.12) i xyoze {- 5 (470))
=1 ij

Now if :‘:(1—2,-,-(") is convergent for some fixed i and j, then lim ;=1 for some

fixed ¢ and j, and since by assumption 1;° >0 for r=1,2,- and j>i=1,2, -, m it

follows that the sequence ;" has a positive lower bound for some fixed i and j:
;P =K>0 for r=1,2, -+ and some fixed i and j.

If follows that the series i {1—2;/ ;) is also convergent for some fixed i and j.

By lemma 2.1 this implies &, has a positive lower bound. Therefore, by Theorem 1.1
the sequence H (§) —I, has a positive lower bound too. This proves the “only if” part
of Theorem?2. 2.

REMARK 2.1. In view of the Theorem 2.1 and theorem 2.2, we have following result:
If the number of components of the state space S increase, then the obtaining full
information on S is relatively difucult. This coincides with one’s intuitive sence.
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