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Metacompact Subsets

1. Introduction

In this paper term metacompact (countably met-
acompact) subsets means S-metacompact(S-countably
metacompact) subsets. By a point finite filter with
respect to a subset is meant a filter of the subset
if there is an element in every point finite relative
open covering with respect to the subset such that
the element meets every members of the filter.
Characterizations of 8-metacompact subsets are given,
using s;rstems of relative closed subsets with respect
to a subset of a space as well as using the notion
of limit points of point finite filter of a subset.

If we define a-métacompact(a-countably metaco-
mpact) and ¢-metacompact as well as in definition
1 and definition 2 in the following section, then
every a-metacompact subset is o-metacompact and
every a-metacompact(a-countably metacompact) su-
bset is also §8-metacompact (8-countably metacompact)
But we will prove the following theorems

(1) A closed subset of the interior of a S-meta-
compact(B-countably metacompact) subset of a space
is a-metacompact (@-countably metacompact)

(2) A g-metacompact, a-countably metacompact

subset in a topological space is @-metacompact.

I. Some Definitions and Results.

Definition 1. A subset M of a .topological space
(X, T) is a-metacompact(d-metacompact) if every
open cover by members of T has an open point
finite (o-point finite) refinement by members of T.
Definition 2. A subset M of a topological space
(X, T) is a-countably metacompact if every couat-
ably open cover by members of T has an open
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point finite refinement by members of T. Definition
3. A subset M of a topological space is S-metaco-
mpact (§-countably metacompact) if M is a metaco-
mpact (countably metacompact) subspace.

Definition 4. A system o= {F} of relative closed
sets with respect to M is called tangent to point
finite relative open coverings with respect to M or
simply point finite tangent of M, if in each point
finite relative open covering with respect to M there
is an element V intersecting all Feg.

Theorem 1. In order that a subset M of a space
be B-metacompact it is necessary and sufficient that
each point finite tangent system of M has a nont
void intersection.

Proof. Let M be not B-metacompact and let u
be a relative open covering of M, which does not
have a point finite relative open refinement with

respect to M. If v be a point finite relative open

covering of M, them ‘there is a Vev which does
not contained in any member of #, It is clear that
{CuU : Ueu} is a point finite tangent of M and
NCuU=¢.
Usu

Conversely let 6= {F} be a point finite tangent
of M and let NF=¢, Feo. Then {CuF : Feq} is
a relative open covering of M. Let # be a point
finite relative open refinement with respect to M
of {CuF : Feo}. There is a Veu such that VAF
2¢:¢ for all Feg. On the other hand, since u is a
refinement of a covering {CumF : Feo}, there is a
CuF such that VCCyF. This means that VO F
=¢. This is contradiction to VFXx:¢.

We write #>v if u is a refinement of v. Take
V in any point finite relative open covering with

respect to subset M of a space. The system &= (V}



thus obtained is directed. This system & is called a
point finite thread of M if for any two Ue&x,
VeENo, a We€Nw can be chosen in a point finite
relative open covering w with respect to M with
w>u, w>v for any point finite relative open
coverings u, v with respect to M. We shall say that
the subset M of a space has property K, if for
every point finite tangent system o= {F} of M the

sets Uex (having common points with all Feg)

can be chosen in such a way as to form a point
finite thread.

Lemma 1. If é€={V} is a point finite thread
of a subset M of a regular space and ze(} (VM)
then all of the neighborhoods N; in M of the point
zeM are among the V. In fact, NV=(VNM).
For the given Ny, we take smaller N’ with Ny N
MCN; and #= {N;, M— (N’ NM)}; then V=N,,

It follows from this lemma that the intersection
of all elements of a thread cannot contain more
than one point.

Theorem 2. A subset M of a regular space is
B-metacompact if and only if both of the following
conditions are fulfilled.

(a) the subset M has the property K,

(b) each point finite thread €= {V} of M has
a non-void intersection.

Proof. Let M be S-metacompact, and ¢={F} a

point finite tangent system of M. Then @F cont-
-4
ains a point z. In any point finite relative open

covering with respect to M take V>z. The system
£={V) thus obtained is a point finite thread of
M. Let VeéNu, V'e€Nu’ be given in point finite
relative open covering u,#’. Let us choose neigh-
borhoods N:;, Ni of z so that N,\MCVOV/,
N’ YMCNy, and take the covering uy= {N,, M—
(NS NM)}. Take any point finite relative open
covering #'’ with respect to M following #, &', uy;
then the set V'’e€«’’ containing x and contained
in some element of %1, must be contained in Nj;
therefore V' NMCN.NMCVNOV'.

Sufficiency: Let == {F} be a point finite tangent
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system of M and £= {V} a dual thread with ze NV
=N(VNM). As all V, i-e Ny, intersect all Fea,
we have erwF and thus M is B-metacompact.

Difinition 5. A filter § of a subset M of a
space is called a point finite filter of M if there
is an element V in every point finite relative open
covering with respect to M such that V(B¢ fod/
every Be &

Theorem 3. A subset M of a regular space is
B-metacompact if and only if it has the property
K, and each point finite filter of M has a limit
point. ’

Proof. If M be B-metacompact, it has property
K. Let § be a point finite filter of M. (B\M:
BeF} is a point finite tangent system of M, so
that it has common point z which is a limit point
of §.

Let 0= {F} be an arbitrary point finite tangent
system of M, &= {V} a point finite dual thread
of M. In fact filter (&) generated by & is a point
finite filter of M. By hypothesis, it -has a limit
point = which is the only limit point of all V)
M. Thus by above lemma, all neighborhoods of =
are among the V, so that = belongs to all Feo and
NFs.

Feo

Theorem 4. Let F be a closed subset of the
interior, G, of a B-metacompact(8-countably meta
compact) subset M of a topological space. Then F
is a-metacompact (@-countably metacompact).

Proof. Let'« be an open cover of F. The family
consisting of {UNM : Uex} and the set M-F is an
open cover of M using the relative topology for M
and has a point finite open refinement with respect
to M. Let v consist of members of this refinement
contained in a member of {UNM : Uey}. Let w=
{VNG : Vev}. For Vev, V=TM where T is
open in X. So W=VNG is open in X. Hence
w is a point finite open refinement of # and F is
a-metacompact,

Corollary, A closed subset of a metacompact
(countably meracompact) spac® IS @-metacompact
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(a-countably metacompact)

Lemma 2. If the covering {A, : acA} of X has
a point finite refinement {Bs: Sc¢B}, then it also
has a precise point finite refinement {C.:azA}.
Furthermore, if each Bs is an open set, then each
Ca can be chosen to be an open set also.

We ommit the proof of above lemma because it
was proved in (2, p.162).

Theorm 5. Let M be & ¢-metacompact, a-cou-
ntably metacompact in a topological space (X, T).
Then M is a-metacompact.

Proof. Let « be an open cover of M. There is
an open o¢-point finite refinement of #, v=Uva
where each v, is point finite, Let Wy=U {V :
Vevn). Then (Wi} is a countable open cover of
M. The covering {Wn) has a countable open point
finite refinement {T,} by above lemma. Let Sp=
(VATa: Vevy), S=USs Any point z in M
meets a finite number Qf {Ta}, Txp 5Tx. and also
meets a finite number of members of Sy, , Seuy ***
respectively. Hence z meets a finite number of
members of S.
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