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On the Fourier series of a harnwnizable process
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1. Introduction

The harmonizable process was first defined by M. Loeve [l1J, [12J, as a noostationary
generalization of the stationary process. T. kawata [7J, [8J, studied on the Foorier series
of the stationary process. This paper mainly deals with analogues of some results of the

above study to the case of the harmonizable process.
Throughout this paper, without otherwise mentioned, a harmonizable process is denoted

by X(t), -oo<t<oo; while a weakly stationary process by .xCt), -oo<t<oo. The follo­
wing notations and properties are always assumed.

(i) In the case of the harmonizable process:

EX(t) ==0, for all tEe-00,00),

El X(t) \2<00, for all tE(-oo,oo),

X(t)=[oo tf'ldY(:t) a.s.,

EYCA)=O and El Y(1) 12<00 for all AE(-oo,oo)
such that the covariance of Ye..<) and YeA') represented by

EY(A)YC.it')=F(A,A')

is of bounded variation on the two dimensional CA, A.')-plane and has the property:

0.2) R(t, t')=reo roo t!(tl-"l?d2F(A, .it'),

-where R(t, t')=EXCt)X(t').
We call FC)., A') the spectFa1 function corresponding to the X(t)-process, and (1,1)

.and 0,2) are respectively called spectral representation of harmonizable process X(t) and
:spectral representation of harmonizable covariance RCt, t').

Cii) In the case of the weakly stationary process:

&(t)=0, for all tEe-00, (0),

Elx(t) 12<00, for all tEe-00,00),

(1.3) X(t)=roo e'tAdy().) a.s.,

where y(A) is a process with orthogonal increments such that
Ey(l)=O, Ely(l) I2=F(A)<00, El dyCA) 12:::::dF(A)

and

r(t)=Ex(t+u).i!(U) =r"" tf'ldF(A).

lIere the spectral function F(A) is real, nondec:reasing and bounded
For the convenience of the subsequent study we shall mention the following fact which

is already known:
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LEMMA I-A.

(1.4) .r: J: d2FCl, )'')~O.

In fact, from (1.2) we have

Loo J:oo d2F(A, ).')=EI X(O) 12~O.

We remark here that without changing the value of the integral (1.1), we can alwaYlf
suppose that YeA) is everywhere continuous to the right in quadratic mean, so that
Y().+O) = YO). The function F(l,l') then defines a complex valued 1lUIl!S distribution­
over the whole two dimensionaI Euclidean CA, l')-plane such that the mass carried by any
rectangle h<l<h+,Ah, h'<).'<h'+.tJh' is equal to the second order difference d 2F(A,).')'
COl I esponding to this rectangle. It follows from the Hermitean symmetry of covariance
that the masses carried by two sets of points symmetrically situated with respect to the"
diagonal ).=1' of (1,l')-plane are always complex conjugates.

The Founer coefficients of XCt) and xCt) over (-T/Z, T/Z) are respectively

(1.5) C..=irr:/2 XCt)e-;·""'dt, n=O, +1, +2, ...•.•

and

C =':'J1'/2 -(t)e-;·...,dt + +• So, -1'/2 , 18=0, _1, _2, .

where T is any positive number and (/)0= z;.
For the later use we define

0.6) GCp)=J~_.. 1=-oo Id2F(A,1')!.

Then GO) is never decreasing, bounded and non neptive function of A. (See H. Cramf,­
[3J page 73.) It is obvious that the function

(1.7) B(p)=J:-oo h",,-oo d 2F(A,1')

is of bounded variation over - QC <1'<00.
From the Hermitean symmetry of F(}.., A'), it follows that

G(p)= J:=-oo k=-", Id 2FI = L-oo J:,=-"" Id 2F~.

B(p)= 1=-00 1=-00 d
2
F

BCp)=f"" J1' d2F.J.1.=-oo J!.::t::-oo

2. The bebavlor of FOfIrier eoeffieieDts as n .....oo.

T. Kawata [8J has shown the following theorem for the weakly stationary process;..
THEOREM 2-A. (i) If for O<a<l

(2.1)' [00 11I adF(A)<oo,



then
(Z. z)'
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as N --. oc.

(ii) If x(t) is periodic with period T, then under the condition (2. 1)' with O<a
<2, (2. Z)' holds. And if a=2, then

I; Elc.!2=OCN-2).
~n:>N

(iii) If xCt) is periodic with period T, and

[00 IA!Clog+lll)dF(l)<oo, f3>O,
then

I; El c. 1 2=00/N(log~N)).
~"~>N

The analogue of the above theorem to the harmonizable process is as follows.

THEOREM Z-l. (i) If

(2.1)

for O<a<l then

(Z.2) I;E IC.12=O(N-a)
1nl>·'\'

as N --. 00.
(ii) If X(t) is periodic with period T, then under the condition (2.1) with O=:;;a<z,

(2. 2) holds, and if a=2, then
(Z.3) I; E \C. \2=O(N-2).

I·I>N

(iii) If X(t) is periodic with period T and

[00 J:oo III (log+I}.I}'\d2FU,}.')1 <00, fJ>O,
then

1,; El C.12=0 0/N(log~N)).
!.I>N

REMARK 2-1. The condition (2.1) can be written by J:oo !}.\adGU)<oo, where

GCA) is defined in 0.6). Similarly the condition in (iii) can be expressed with
respect to G(}').

(Proof) (i)

I; El C. 12= I; + 1,; •
:nl>N n>N n<-N

I
TI2 JTI2 1 2.1,; = 1,; dtdt'-2e-;(·,-·t')r·

.>N .>N -T12 -T/2 T

Joo Joo Ioo Joo 1 IT/2• e'(,A-,'A')d2F(}., ).') = 1,; d 2FCA, ).')- eitCl- 2•• / T )dt·-00 -00 n>N -00 -00 T -TIZ

.l-JTI2 e-it'(A'-Z••/T)dt'= 1: Joo Joo sin1C(n-T}./21C). sin1C(n-7'}'/21C) d2F(A,}.');
T -T/Z .>N -00 -'" 1C(n-TA/21C) 1C(n-TJ. /21C)
If we put

a.(A)
sin 1C (n - T}./21C)

1C(n-T}./21C) .
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then we have

I~ I<t f'" ~ Ia"0)0.0') 11 iPF(A., A') I.>N -00 J-00 .>N

<fb~JKS~+fl:>~r:oo +fJ1'»s;=II+Ia+Is•

Il<fAs":JK"~ ~;2 n~TA • n':''fi' liPF(A., A')!
2X :la

< ~ .1.1.. f"" f"" Id2F(A., A')I=O(N-I).
[

N-, 11:2 m2 J-00 J-oo
ma TJ

12=J~[ 1:; 1a,,(A)a,,(A')1 Id2F(A.,).')I.
T -oo.>N

We must prove here that

1) 1:; Ia,,0)a,,(1') I=0(1) uniformly for A., A',
.>N

2) fJ~J: Id 2F(A., A') /=o(N-).

The proof of 1): The number of n's which come into the interval (~ -1, ~ +1)

or (~' -1, ;;+1) is 4, and the summation of Ia"O)a"0') I with respect to this

four n's is less than 4, because 1a"0)a,,(A') 1<1 for all 12 Therefore we have only to

show that the summation of Ia"O)a,,(A') 1 with respect to n's which are not in the

intervals is dominated by a constant independent of A and A'. Now we have

Ia.().)a"O') I< ;2 IT.l . TA~ I·
21t -12 21t"-12

Putting

min ( [I i: -12 l], [I I:' -12 I])=k.O, 1'),

then for any temporarilly fixed (A., A'), the Dumber of n's for which the integer

k.O, A') assuines the same value is at most four.

Therefore

and

which proves 1).

The Proof of 2): We have

JJ:>~]-oo ItPF(A.,A')1«4rfJ"~1-00 IA!"'d2F(A.,A')/
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which proves 2).

Therefore 12=s.>~S:" 0(1) Id 2F()., il') I=O(N-Cl).
T

Similarly we can prove that
L; EIC.12=O(N-Cl).

n<-N

which is dominated by

4r", S:oo Isin ~i. sm h;' I Id"F(il, A') \.

By the Schwarz's inequality we have

(S"" SX I hi. hA' 11 I'
\ -00 -x !sinTsin-Z d'F(i\,A')

s;L" t" sin' ~A Id"F(i\,il')! [",S:", sin2 h;' Id'FCil, i.') I

=(Loc Lx sin' '~i. Id'F(il, A') Iy=(J:oo sin2 ~'dG(i\))\
where we used the Hermitean symmetry of F(i\, il').

Therefore

4 I; EIC.12sin2 7rn~S;4S"" sin2~dG(A)•
•=-00 T -00 2

Integrating with respect to hover (0, T/(2N)), we have

S
T/C'S) S'" hA ST/C2S rcnh

dh sin2-
Z
-dG(A)Z L; EIC.12 sin2

- T dh.
o -00 1.1>1< ('

From [", Iil IadG(il)<=, OS;a<2. it follows that

S:oo sin2 ~A dG(i\)=o(h a

55
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(See T. kawata [8], Lemma 1, Ci)). From

[

1(2J{) -nh T
o sin%~h>'8N

(See N. Bary DJ page 156 C2. 2)) and the above relation it follows that

o(IT

/(2N) hadh) = I.: EIC.12 NI ,
o In:>N

that is I.: EIC,,12=o(N-a) which proves the first half of (ii).
i·I>N

From

it follows that

5:00 sin2 ~A dGO)<J:oo ~2 ),2dG()')= ~ roo ).3dG().)=O(h2
),

therefore we have I: EIC.12=O(h2 ), which proves the rest of (ii).
'·I>N

The proof of (ill) follows from that of [8J page 26. (See also [4J Lemma 1 in pa~

174 and [4J Lemma 7 in page 181).
3. The mean eonvergenee of the Fouder series

THEOREM 3-1. For every It I< ~ T,

EIS.(t)-X(t) IS -+ 0
tZS n-+oo, where

S.(t)= i: Ckt!k"J;zt/T.
k==_"

REMARK 3-1. This thtJorem which is prO'fJed by T. Kawata [7J for the stationar;:rv
!>rocess, also holds for the harmonizable process.

IT

(Proof) S,,(t)-X(t)= ~r 1 CX(r:)-X(t))D.(T-t)d1:,
--,;T

where D.CT) is a Dirich1et kernel, that is,

sin(n+ 1 ) 21l"'Z'
D"CT) "2--r

2
. 101:sm--r

1 7 IT

We have EIS.Ct)-X(t) 12= ~2r1 r1 d1:d1:"
-yT _yT

•ECXC't:)- XCt)) C""'X'7"(1:-r-,)"-'·...:..-,X""(""t))D"C1:-t)D.(1:'-t)
1 T 1 7

::::: f<'" "'" d2FC)., 1') • j,s JT JT d1:dr:' •
L""L"" -iT -iT

•(e".w-.w')_et"'-.l'<')-,e<A~~Y·)+etk-.l'.>,
T

·D.(1:-t)D.(1:'-t)= f..- f-<>a d 2F()., ),'). j.r./e'A~-e'At)D.(..-t)dt­
-T
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T

. ,j, J2 T (ril'.,-e-O")D.(-c'-t)dt.
-z

Since both of the inner Dirichlet integrals are bounded for all A,),' and t, and ap-,

proaches zero as n goes to infinity, our theorem is proved

4. An approximate Fourier series

T, Kawata [8J constructed an approximate Fourier series of a stationary process using

the representation x(t)=S:oo eUAdy()..).

We shall here construct an approximate Fourier series of a harmoniozable process using

the representation X(t)=S:oo eitldY(J.). Let us define

f"'O<·+ll
:4.1) C.= "''' dY()..). n=O, +1, +2, "....,
where W o=27C/T.

Our approximate F ourier series is defined by

(4.2) X(t)= £ C. e'·""',
n=:=c-OO

We shall prove some theorems.
THEOREM 4-1.

00

r; C. ei."",
'1=-00

converges in Lz-norm,

(Proof) We prove that

s""'=E I £ C. e'·"''' 1
2

-0 0
"., :rl I =1"J'

Since

(N', Nil -0 00).

we have

I NU I IN" f""c n+ 1
) f""Cm+Il N"

SN' = i.::~=,,/,cn-m)""t "'0' .,m d
2
F(A, A')~I!~=N'

f"'O<·+I) f",ocm+ll
"'" WOrn Id2FCA,A')!-oO (N',N"-ooo)

un account of the fact that FCA, A') is of bounded variation.
THEOREM 4-2.

X(t)-->X(t) in L 2-norm as T --> 00.

(Proof)

E\X(t)-X(t) 12=EI X(t) ILEX(t)X(t)-EX(t)X(t)+EIX(t) 12=11-/2-13 +1._

11=f:oe f:x e"O-A') d2FCA, A'),

00 fWoCn+ 1) s."c.'+Il
1'="n,"f_exeiCn-n')""t A=W". A'=""n' d 2F(J., ;"),



Hise Yu

12- ..F__em'''' r=__r::~~ e"l d2F()., A'),

Is=_]""e'- r==:O [=-<0 e-ilKd2F().,A').

It is easy to see that 11' I~ 13, 14 all tend to 11 as T -+ 00. Therefore we have proved
that

EIX(t)-X(t) 12 -+ 0
as T-+oo

THEOREM 4-3. Let g(x) be an even. functicm which is non-negative and non-decreas­
ing for x>o and

Q 1
-(4. 4) ~ --<00.

• =1 g(n)
If

{4.5) rcof: g(A) Id'2F()., A') i<00,
~hen (4.2) absolutely converges almost surely.

(Proof) ~=t"" IC_I=E .fcol .r:-+'; dY(A)J

"" 1 It-+I
) I=E:E « »1/• • (g(Wo'l»1/2 dYO)_=_co g Wo1J _

« ~ g(~o1J) t\~::g(won)Cn

+
o

tn+Old2F()., A') Its
«~ g(~o'I)r2(f C"+I) C·+Og(l)g(l')ld2F(A,A')I)Ih

«~g(~o'I) )l/3[oogCA)dG(A))1/2<00' q.e.d.

REMARK 4-1. The Fourier coefficients of our approximate expansion are Mt wu:or­
related, while the approximate Fourier series of the stat-ionary process in [8J has
the uncorrelated Fourier coefficients.

REMARK 4-2. A Papoulis [l3] has shown atWther approximate Fourier expansicm
-of the stationary process and proved some properties of it, which can he SU11U'IUlrized

as follows:
Putting CIJf)=21f:/T,

.and defining

.and
QC

z(t)= z:; c_~,

:we have
(1) x(t) is stationary and ms. periodic.

(2) &.c..=O when n::?!;:m.,
(3) lim E(lx(t)-.i(t) 12)=0.T__
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An analogue for the nonstationary processes (including the hartlumizable process) i,

as follows:
Let us defim

ana

X(t)= f: 6.ff·"".
1'/=-00

Through this definition

:2)' E6.6..=0 when n~m
hold;, but

(3)' lim EClX(t)-X(t) 1 2=0
T_oo

ner'er holds,

In other words, in our case, X(t) is not an approximate expansion of X(t).

5. The absolute convergence of the Fourier series

T. Kawata proved a theorem on a sufficient condition of the absolute convergence of

th'O Fourier series of x(t)-process which is a probabilistic analogue of the Bernstein's

the Jrem. We shall prove here a theorem on the generalized absolute convergence of the
Fourier series of X(t)-process, which is an analogue of the theorem in [I5] Page 137.

THEOREM 5-1. If X(t) is periodic with period T, and

[oo S:" 1AIa Id 2F(A, A') I <00, O<a:::;Z,

then
1')=-00

2
converges with probability one when p > a+ 1 '

(Proof)

00 = " 00 ( z' ) 1'/2(2' ) Pfl E 1C.I p= V~l .=~-,+F 1C.I I < v~I.=tt-l+lE1C.12.=t,:.'+1 1 1-2

:::;;; .E 0(2v)-a.!i- 0(2v)I-~ (by Thm. 2-1 (ii»
1.'=1

=.E 0(2]'<2-1'<"+1))=00),
),/=1

when 2
a+1 <po

Similarly we have

"1: EIC.lp=O(l),

00

Therefore by the Fubini theorem 1: IC.II converges with probability one. q.e.d.
n=-oo
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Ri:MARK 5-1. When P=I, the abuoe t'luwrem 'I'urns Ottt to detIl with the absollute
'(;Q1TOergence, i.e.

CoROLLARY 5-1 If X(t) is a process with period T and

(5.1) roof: IAI"ldaFO,l') 1<00 for some a>l,

"".then I: IC.I CQ1TOerges with probability one.

z
Indeed, from the Theorem 5-1, we have now a+l >1, i.e. a>l.

More generally we have the following
REMARK 5-2. The condition(5. 1) can be replaced by the following condition:

·(5.2) r""f-oo IAI(log+P.I)~ld2F(A,.A.')1<00 for some fJ>2. (See [8J page 27).

REMARK 5-3. The following theorem is an analogue of the Szasz's theorem. (See

:DJ page 156, and [8J page 28.)
If -we put

sinT (l-l')
9>(h)=4f"" f"" 2 ~AsinAl'd2F(A,A'),

Le",] -0< fO-A') 2 2

~(h)=+J:q>(h)dh (h>O)

=2f"" f"" sintO- ,n (sin-}O-.n
J-""J~oc T (l-A') .. .!(A-l')

2 2
.then -we have the following

THEOREM 5-2. If X(t) is Periodic, with Period T, and

~/~(~)r2n-1/2<00,
co

.then :E IC.I <00 with probq.hility one.

REMARK 5-4. The proof of the above theorem is just the~ as in the case oJ
the Szasz's theorem as T. Kawat" [8J remarks. And there is Mdifference between the

.case of the stationary process and the case of the h4rm0ni%able process. For the sake

.of completeness we shall prqve it now. The following proof is ad4pted from N
JJary Cl].

(Proof) From the Parseval relation we have
T

9>(h)=E ~ J:fIX(t+i)-x(t- ~)rdt=4,i.EIC,12sin2 n:,;!' .

rTI• "" :(1. 1r:kh
J. q>(h)dh=4 Af.""EICj l2Jo sin2~

=4 i: E!iCj I'~. T .t:.~
j=-o> 1ck""1.
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If l is the integer such that

then

61

T S'';' . 2d > T Jh' . 2 d Tt7ik 0 sm t t nn(l+ 1) 0 sm t t nn(l+1)

T 1
If k?n this last term is not less than n'T'
Therefore

Tt 1
n(l+I) 'Z'

1.e.

T
1/ Jr/. rp(h)dh> r: EICi I2,
n 0 lil ••

t/J(L» r: EICi l2,n lkj~"

Now

(6.1)

As we can find a finite and positive constant B such that B ifJ(; ):2::9(~)' we have

Bt/J( ~ )~'I~n E\Ci !2,
= co ;k, EICkl =.

'=~ooE\Ckl=EICol+-tl'~l Ik\ +t;, ~,

=EICol+I: £ EICkL+ I: f:~~~
n=\ -,=. k .=1 k= k

=EICol + f: r: _&lCkl
'=1:':'. k

::;:EI Co I+E, J;Rtn ]\-,~"EI CRI;
oOJ 1 (1)

~EICol+E\ A'n'r/! n '
where A is a finite and positive constant

6. Covariances of Fouder coefficients

The covariance EC.C", of Fourier coefficients can be written as follows
T T

ECnCm= ~2r, s: Te-' 2; In'-''''lRCt, t')dtdt',

,or

. TA T):

(6,2) EC.C..=C-nn+mJ'" Joe sln-2- sm~2- 1 1 d2F'A A'),
-co -x TA TA' 2nn' 2nm \ ,

2 -2- l-----rr 1- TA'

Properties of coefficients Ec.c", was investigated by T. Kawata [7J and W. L Root &

T.S.Pitcher [14J. The former approached it from the conditions on the spectral distribu­

tion function, while the latter from those on the covariance p(u) itself.

We shall give here one theorem, starting from the relation (6.1), which is an analogue

of one of theorems in [14J,
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THEOREM6-1 IfLIR(t, t+u) r du<K uniformly fqr t, fqr some constant K, if

T({--")
there e.xists ~(v)ELt(- ~ , ~) S'UCk that I f R(Tv, Tv+u)du. I<sb<v),

-T(t+-)

tmtl if
T(i-")

fun r R(Tv,Tv+u)du=rp(v) ezists,
T~_T(j-+..)

then
I

TEC.C..-+f' /-3siVr-m)"rp(v)dv.
-'2

If moreuver rp(v) happens to be independent of v and non·:zero, then wkene'Oer n;:f=m,

we have

(Proof)
T T

TEC.C",= ~f2 T J'2Te-T-<",-m¥) R(t,t')tlt:d¥.
-2 -T

By the transformation t'-t=u, we have
T T

TECi'J",= .;.f T e-1j:-<.-mJ<dtr:'~R(I, t+u)du.
-T -T-<

By the transformation t/T==v, we have
I T 7'0

J2 J'3" ~TEC.C",= e-~·->dv e:rR(Tv, TVTU)du.
-i- +7'0

As we may think: of the case only when Iv I<1/2, we have

i-T•LT_T.e~ RCTv, Tv+u)du
y

T(j+..)-J R(Tv, Tv+u)dt.
-T(t+-)

S
TC-!-) -+ (e-r - I)R(Tv, Tv+u)a.
-T(i+")

=J1+J'l:'J
for any large positive number A., there exists a mm:lber T 110 large that

J
" :r(j__) r-A

T(i-v»A., TO +v»~ Jz= _4+t -+ -T{j.....f

ST(i-")( - )I e-r--l R(Tv, Tv+u)dul
A
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r(+-.)<:ZL IR(Tv, Tv+u) Idu

<2[1 R(Tv, Tv+u) Idu<2e,

IfA(e ~.i -l)R(Tv, Tv+u)dul

<erA IR(Tv, Tv+u) Jdu<eK,

'lm'1t:.'

where we used the fact that when T is large enough, for Iu I<A, Ie-T - -11 <e
for any e>O.

Therefore IJ2 1<eC for some constant C, i.e. !im J 2=O for each Ivl<1I2
T--=

63

Hence- I..-TTJ 2lflmu

!im [2 e-T-R(Tv, Tv+u)du
T~~Lf-T'

i-Tv
=lim [ R(Tv, TV+tJ)du.
i~-i-T<

Tv+u)du

1

= J2 1e-2~i(n-"')·rp(v)dv.
-'[

When rp(v) happens to be a positive constant

- Jtfim TEC.C,..=a e-2~i(·-"')·dv
T_oo 1

-'[

:Oifn~m,

= {a if n=m. q.e.d.

REMARK 6-1 As we did not use in the above proof the representation (6.2), our
theorem holds for more general non-stationary processes including the harmonizable
process.
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