
SOME RELATIONS BETWEEN MEIJER-LAPLACE AND HANKEL 

TRANSFORMS OF TWO V ARIABLES 

By N. C. ]ain 

1. Introduction. 

Theauthor has introduced the Meijer-Laplace transfol'm of two variables [3, 4) 
m the fonn 

∞ ∞ _..L 1 () / I a, + b .. …• a.+b.\ fl ..L 1 () 

(1.1) F(p, q) =φq I I G… ‘ -. ~ r px I I G'’ , -’ ~r qx 
+1 \ 1_ _______ _ I n.n+l 

O O ” - l | aI, ------…… a.+1l • 

c, +d" .•.. c.+d. 

Ch •••••••••••• , C.+l 

Xf(x, y)dx dy. R(p, q)>O 

which is generalisation of the weII known Laplace transform of two variables 
[2, p.657) 

0000 r r -þ%-qy 
(1. 2) F(P, q) =pq I I e r- "f(x, y)dxdy, R(p, q)>O. 

o 0 

Setting bi=O, i=1 , 2, ..•••• , m-1: dj=O, j=1 , ••••.• , n-1: 

(A) and bm=O, am+1 =0, dn=O, cn+1 =0, (1. 1) reduces to (1. 2) ; 

(B) and am+1=bm=-m1-k1' am=ml-kh cn+ 1 =d:η= -m2-k2, cn=m2=k2• 

(1. 1) reduces to Meijer transform of two variables [6, p.83) 

(1. 3) F (p, 
∞∞ 1 . 1 1. 1 

효(ov) -1<,-'2 e -흥'P%-강qyw 

k，+ 융， ml -- - kg+효， m. o 0 

x(qy)f(x, y)dxdy, R(p, q)>O; 

(C) and am=2m1' am+1 =0, 
(1. 1) reduces to [7, p. 49) 

bm=융-m1-k1 ; cn=2m2, cη+1 =0, dη=융-m2-k2’ 
’i ’i --
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Xf(x, y)dxdy, R (p, q)>O, 

a끄d shall caII it Varma transform of two variables. 

We shall denote (1. 1), (1. 2) , (1. 3) and (1. 4) symbolicaIly 

F(p, q) =G rf(x, y) ], F(p, q)펀(x， y) , F(p , q삼+랐I 않융 f(x , y) 
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166 N.C. jain 

and . F (p, q)←않찮-f(x， y) respectively. 

The Hankel transfol'm of order n1 and n2 of a function f(x , y) is given by 

[5, p.47] 
000。

(1. 5) F(P, q) = ‘/월장J •• (px)J.,(qy)f(x, y)dxdy, R(n1, n2)> -1. 
00 

and denote it symbolically as 

F (p. q) =H ..... [f(x ,y) : P. q]. 

In what follows the symbols (ar). Ll (n. a). Ll (n, ::t a) and Ll ((n, ar)) 

have been employed to denote the set of parameters a1, a2, ...... , a a .. : • 
r' n' 

a+1 
’ n 

a+n-1 ·, --「←-... ; Ll (n. a). Ll (n. -a) and LI(n. a1) , LI(n. a2) , ....... LI(n. ar) respec-

tively. throughout this paper. 

2. The following formula [8. p. 401] will be required in the sequel. 

(2.1) 

where 

:3-1 h l / ! (a,)\ α 81 _,.I(au) 
; ( -G' I pt I 1 G 、Izt'"' ‘ I ldt 

6 ι r\ I (ß.)I ζ d\ I (b6) 

(1-5)(a+β-￡r-월)+C1-n)(h+l-융q-한) 
=(2π) 

×슬bi- 칠a，+환-월+1 흐ßi-활a，+(q-융)(r-q) 
。.~‘ ,-‘ %’-‘ J-" • 

π a5+nι sg+”h/zsSs〔r-δ)
xp -uG .. . ~ . Iτ김; 

5r+nr. 5Ö+nq\p"n" I.!l -7) 

4((5. aβ))， A((t, -Rr-o+ 1)), 4(s, aβ+1)' ……. 4(5, ar) 

d((s, ba)), 4((”, -a,-o+ 1)), 4(ι b
a
+), ….... 4(5, b

6
)}' 

。<.h<.r. O<.l<'q, 0<.α〈δ， O<ß<'r. 2(α+β)>r+δ• 2(h+ l)>q+r. larg zl < 
α+ß-움r-웅δ)π， R min한+종 min bj)>R( -o")>R(춘af+αg-훈-1 

t=1, 2, ------, h ; j=1, 2, ------, α ; g=1, 2, ....... 1 and f=1 , 2 • ...... , ß. 

3. THEOREM 1. 

If 
(3.1) h(p, q) =G [f(x. y) l. 

and 

(3.2) F(p, q)=Htl，씨 (xy)%(XSl , ySg) : p, q」，
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then 

(3.3) 
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rþ(x. Y. P. q)f(x. y)d:xdy 

where 
_ m ‘ • . 

s tt+L+ 1 ι+IL+ 1 a 一획b， +융 c.+I-Ed，+용 
rþ(:x.y.P. q) = (2π)1-Sl- sfl Sl 흥r2 5, 숭(2Sl) ·+l (2S2) l=l 

XG25
‘(m+ 1). r, 摩찮'/，j(r， • 괜，-월-융+i)， .1((25

" 
a.+ ι)) 

25,m+ 2r" 25Im+25, \p~IC2s，)~OI 1,j((25"a.H)) 

× G2sg(n+I), r2 /펄깐깐: h(rz, 주융n，-월-융+웅) • .1((25" c.+d.)) 
\ _2r"n . 2s, 25.n+2r" 25,(n+ 1) \ q- "(25,) -. I .1((25., C.+I)) , 

r , 
the Mez"jer LaPlace transform of If(x. y) I and Hankel transform of I (:xy)U. h(:x 5, • 

T, -
y5, )Iexist. (3.3) Z"S absolutely convergent: r 1’ 

r2' Sl' 82 are all posz"tz"ve z"ntegers 

r 
and R(μ+n1+τ느 + 

7 ‘ n 

~ aj)>-놓. j=l • ...... , m+1: P>O. q>O, R(n1’ 
n2);;. -1. 

n 4 

n / 
>

T 

S 
+ 

n 4 
% 

써
 

m m 
7 

+ --
2 

Cjl> -훌， t = 1, --- ---, n+1. 

r l Tz 

PROOF. Sub8tituting the value of h(s 5, , t 5,) from (1. 1) in 
ooc。

F(P. q)= J J얘짧 J nl (pS)Jη2(qt)(st)%(ss‘ , t 5, )dsd.ι 
00 

r l Y1 

we have 
。oc。

(3.4) F(P. q) = 
U+ T, U+ T. 

"，/뼈꿇 Jn ,(Ps)Jn,(qt) s 5, t 5, 
00 

× x 
긴
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(a. +b.) 

(a.+ I ) 

n+ 1. 01 r, 
G .. [ t 5, Y 

n, n+1 ‘ 

(c.+d.) 
)f(x, y)dxdy Idsdt. 

(C.H) ’ 

Changing the order of integration, using the identity [1. p. 219] 

(3.5) 

n U 
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substituting i=s. t2=T and eγaluating the inner double integral by (2.1) , the 

result (3. 3) follow8. 
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The change in the order of integration is justified as we observe that 

(i) s. t-integral is absolutely convergent. if 
r. r. ‘ n 

R(μ+칸+n1+학ai)> -놓. i=l. 2 ........ m+l. p>O. q>O. R(n1• n2)> -1. 

r_ r 
、 3 R(μ+펀+n2+쉰i)>-τ， j=l, 2, ....... n+l 

(ii) x. y-integral is so. provided 

R(ai+k1)>-I. z"=I • ..•...• m+l:R(cj+k2)>-I. j=l. 2 ........ n+l. wheref(x. 

y) =O(xk,. yk,) for small x and y. 

For large values of x and y the G-functions involved vanish exponentiaIIy [1. 

p. 212. (11) J 

(iii) and one of the repeated double integral is absolutely convergent as the 

integral in (3. 3) exists. 

Particular case: 

(a) Taking bi=O, i=I, .•....• m , am+1=O; dj=O, j=I, ...... , n, cn+1=O in the 

theorem, we get: 

H 
h(P. q)득f(x. y) 

and 
r1 Y2 

F(P. q)=Hη까.1 (xy) U h(x 5,. Y 5, ) : P. q 1, 

then 

(3.6) F(p. q) = 
2u+ r, +츠!.+2 

2 5, 5, 
000。

u+ r'+1u+ζε+1 P Sl q S2 O O 

fþ(x. y. ψ• q)f(X. y)dxdy 

where 
’• 1 "r •. 1 , 

fþ(x, y , P. q) = (2π)낭，-5감+학+숭73+풍+숭(S1 S2)숭 

ZS ‘ r. 
xG “ 

2η.251 

x 
2s

1 

25, 
I 2r1 ‘ 

2r, 
• 

.ð( r 주 Ln. _. r, _ u 
-l-

1 ì 
\' h -r "2'"'''1 -짚;-τ-r 

u ) 
p 

.ð(25" 0) 

25 ... r" 
xG 

., . 

2r,.25, 
y 

2s2 

25, r n 
ι
 강

 
.ð (r .. 후 ~n，-.~l _ ~ + l.ì ~r .. + 2 n, 짚;-τ+τj 

q 
.:1(25,.0) 

r, ζL 

the Laplace transfonn of If(x. y) I and Hankel transfonn of 1 (xy)Uh(x 5; 
• y S, ) I 
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exist, the integral in (3.6) is absolutely convergent; r1' γ2’ Sl, s2 are positive 

integers a띠 R(μ+n1+씀>-흉， 
7η 、 。

R(u十n2+할)>-숭， R(nl , n2)> -1, p>O, 

.q>0. 
4. THEOREM 2. 

If 
R(p, q) =G f(x , y) , 

and 

F(P, q)=H1I" ,“ ICxy)Nh(X -쉰， y-끊 ) : p, q 

then 

(4.1) F(P, q)= 
@ 

@ 

，

φ
‘
 M 
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2-N 

·P 
q, x , y)f(x, y)dxdy, 

where 

1 -r N-JL+上 N-4+ 1 
φ(p， q, x ,y) = (2π)1-rl-r2S1n- 51 '-"2 S2n - 52 Ï"τ (2rl) 

"'.. " .. 
a.+ ， -Eb+슈 c.+ ， -Ed，+융 

;=1 ‘ (2r
2

) ;=1 ι 

2r, p 25, 1.1((2r ,. a.+b.)) 2r,m+2r +5" 0 x 
2sl) ( 1 1 ￡ rl 3 × G2rlm, 2rlm+ 2rl + 2닝l 2rl .1((2η， a.+l)), 4 Si, ±3rm+ EN- Sl + tt 

2r,1I+2r,+5" 0 
2r, . 25, 1 .1 ((2rε.c.+d.)) 

y q 

\ .1((2r,. C.+l)) ,.1( × G2rgt, 2r2t+ 2η +25, 2S2) 2r2 .1((2r,.c.+l)),.115,. :!:강n，+tN-강 S2 + zt , , 

the Meijer LaPlace transform of If(x,y) I and Hankel transform of I (xy) Nh(X τ， 
r. -_. -=-

Y 5,) I exist, the integral in (4.1) is absolutely convergent, r l , r2, sl and s2 are 

posz"!z'ν'e z'ntegers and 

I r, r , 
R(nl , n 2)> -1, R(N-낙-파깐+1) <0, j=1 , ..•..• , m+1. 

“- r" 
R(N- ‘ 

"2 

r。

--τ二c;+1
。2 -

<0, i=l, , … … , 9 

ι
 

n+l , p>O, q>O. 

'1 T2 - ---,,--
PROOF. Substituting the value of h(s 5" t 5,) from (1. 1) in 

。000

(4.2) F(p, q) = 
'1 '2 

‘/꿈st lη，(Ps)Jn， (qt) (st)Nh(s - 5, , t - 5, )dsdt, 
00 
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we have 

(4. 3) F(P. 
∞∞ _ 7. + 1 N _, 7, + 

q)=μ궁q ("fs"- S. Tτt Sg T 2fη， (ps)J n, (qt) 
00 

s, y 
(c. +d.)\ l 

f(x. y)dxdy;ldsdt. 
(c.+ ,) / , 

m+l. 0 
X ,G:;;.' ;;+~1 \ s 

-- Tl 

5, X lr‘ 
nu 

--A 씨
 ι깐
 

. 
, 

”“ 

f” 
G 

‘ J ‘
U 납

 

a /
l、 _....;.7"._ 

(a.H) 

Interchanging the order of integration and using the identity (3.5). we have 

∞짧/펙s2 G1,o 
0.2 

2.2 q-t 
4 

。000

(4.4) F(P. q)= ,.,!pq I I f(x. y)dxdy 
앞， -F 혈， -황 00 

(a.+I) (c.+I) • 

N- 7. +~ N- 7, +~ m+l, O 
Xs 5, ι t s, ι G 

m,m+l 

-IL 
s s, X 

(a.+ b.) n+l,of _ 7, 
G , .It 5, y 

tz.n+l 

(c.+d.) 

Subituting S2=S. t2=T. using the identity [1. p.209. (9)] and evaluating the 

inner double integral with the help of (2.1). the result follows. 

The change in the order of integration is justified as we observe that: 

(i) the s. t-integral is absolutely convergent. if 

R(N- rl 
n U < U 

. 
1 

「’J 
a 

’ 
l ‘ 

1 , ‘ 

7 

S j=l. 2. • ••••• , m十 1. R(n1, χ2)> -1, 
S 1 

RIN- r2 -추C;+ 1) <0. z' = 1. 2 •......• n十 1. p>O. q>O. 
。2 잉2 

m+ 1. 0 I 1 
For small values of s and t. G ' . '1-느 

m,m+l \ s 

(a.) 
• Gn+씩 1 

n, n+l\ t 

(a.) 

vanishes ex-
(b.+I) (b.+t) 

ponentially [1. p. 212. (11)]. 

(ii) the x. y-integral is absolutely convergent. provided 

R(aj+k1+1)>0, j=l • ..•... , m十1: R (ci十k2十 1)>0.

where f(x. y) =O(상'. /') for small x and y. 

For large values of x and y. the G-f1lnction involved vanishes exponentially [1~ 

p. 212. (11)]. 

(iii) one of the repeated double integral is absolutely convergent as the integral 

in (4. 1) exist. 

(a) Particular Case: 

Setting bi=O. z" =1, 2 •..•..• , m. am+1=0: dj=O. j=l. 

theorem 2, we obtain: 

H 

•••••• , n, cn+l =0, in the, 

/ 

h(P, q) 팍f(x， y) , 



and 

then 

(4.5) 

where 

rþ(P, q, 

1I1e건er-Laþlace and Hankel Transforms of two Variables 

--jL 

F(P, q) =Hnll ng| (xy)Nh(x - :: , y S, ) : p, q 

2N-주L_ T2 00 0。

F(P, q)= 
2 s, S, 

~. __ . ~_ _ I I rþ(p, 
N- '1 +1 N- '1 +1~ ~ 

q, x, y)f(x, y)dXdy, 
S • . - _' . s,' - 0 0 p " q 

’ _ N- 7, +.~ N-느냐 -• 
x, y)=(2π)‘一’‘-zs1 Sl 4 s2 s, ι ‘ l 4rrr2 

2η +S .. O xG ‘ ” 

0.2η +2s， 

2r， +sιO xG ‘ u 

O. 2r.+2s, 

x 
2r1 

2r, 
p 
2s1 

2s, ’ -
4(쩌(α(27강7써.4이싸4(S，.’ ±랜풍+낸뭉-끓꽃「+흥쉰 ) 

y , (q , I 
2r2J \꽂) \ 4(2r •. 0). 싹.:t혈+융-옳+흥)) ’ 

171 

the Laplace transfonn of If(x, y) I and Hankel transform of 
” -jL

I (xy)"h(x S'. 
r. 

-‘ 
y S,) I exist. the integral in (4. 5) is absolutely convergent, r1' r2, sl and s2 are 
positive integers and 

R(nl' n2)> -1, RlN-

5. THEOREM 3. 

lf 

and 

then 

(5.1) F(p, 

h(P, q) =Hnl, η2 [f(x, y) : p, q] , 

F(p, q)=Gr(xy)Nh(x s, , 

q)= (2π}1-7l→; 
‘ 

N+응」 N+4ξP ιS， q ιS， 

ooc。

"';st rþ(p, q, s, 
o 0 

t)f(s, t) dsdt, 

.. - ‘ ” ’ 

where rþ(P. q, s. t) = (2η) -L;Òi+N+ ’‘ + ‘ CøH 一 Z그d， +N+ ~. + ‘ 
;=1 짚「 흥(2r2) -.. j=I •.... 2s, τ 
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s" 2r,m+ 2r, 
xG 

2r，m+2η ， 2s, +2r,m 

2r1 2rl 

p 
s 

2s1 

t 

2s, 14((2η， -a.+t-N-꽃)) 

껴S냐몫)， 4((2r .. -a.-b.-N-찮)) 

강'4((2r" -c.+1 -N-월)) 
xG 

2r,n+2r" 2s,+2r,n\ '. q 

2r, 

the Hankel transform of If(x. y) I 

2s2 ' 14(5" :t똥)， 4((2r" -c.-d.-N-옳))J • 

and Mez"jer-Lap!ace transform of I (xy)Nh 
T 1 Y2 

、(x 5, , Y 5, ) I exz"st. the integral in (5.1) is absolutely convergent, and 

R(N+ 
r1 ‘ 

2s1 ‘ 
r뀔~+a페>0， z'=l. . .....• m+1. R(p)>O. argPI <풍， 

R(N+ 
+ 2 

-2 
7 
-a r"n。

“ +c;+lJ>O, 
2 • 

j=1, •••••• 
’ 
%十1. R(q)>O. largql<풍· 

PRQQF. It is given that 

(5.2) F(P. 
。00。

q)=Pq l lGmfL ?lpx 
00""" 

(a. +b.) n+1.0 
G : .! qy 

n, n+1 

(c.+d.) 

(a.+ ,) (C.+l) 

× N J」 r2 
(xy)"h(x s, . y 52 )dxdy. 

1"1 T 2 

Substituting the value of h(x 5, • Y S2 ) from (1. 5) in (5. 2). changing the order 

O()f integration which is justified under the conditions stated in the theorem. using 

the identity (3.5) and then evaluating the inner double with the help of (2.1) , 
the result (5. 1) is obtained. 

(a) Particular case: 

Taking 낀=0. i= l, 

theorem 3, we get: 

•••••• , m, am+1=0: 까=0. j= l, ....... n. cn+l =0 in the 

R 

k(p, b) =H,Zll nz [f(x, y) : p, q] 
and 

F(P. q)암 /(xy)Nh(X강「， 
r, -

Y 5, ) 1, 

then 

(5.3) F(p, q)= 
(2π)1-η -r， 

N+ ;" N+걷-
þ "S、 q ι5， 

OOC。

4/SF￠(P， q, s, t)f(s, t)dsdt, 
o 0 
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where 
N + ?:' +上 N+칙-+ 1 

￠(p， q, s , t) = (2Yl) 2Sl 2 (272) ‘ 25,' 2 

5 1.2rl xG'- . 
2η， 251 

2fi 2ri 

p 

q 
t 

2s2 

25, I &(2η• -N-옳) 

싹±똥) 
25" &(2r., -N-뚫) 

시52， :t푼) )’ 
Sl! o 2r '1 xG -. -
2r,.25, 

2f2 2ri 

Yl Yz 

the Hankel transform of If(x, Y) 1 and Laplace transfonll of 1 (xY) Nh(X s, .Y 52 ) I 

exist, the integral in (5.3) is absolutely convergent, r l' r2, Sj and s2 are positive 

integers and 

r, 
R(N+힐 十줬!...+1) >0, R(P. q)>O. 

r" 
R(N+뉴은 

‘。2
十작쪽十1)>0. 

"2 

6. THEOREM 4. 

1f 
h(p, q) =H”l, ηg [f(x, y) :p, q] , 

and 

F(p, q)=G| (xy)Nk(x- 암 , y- 앓 ) 1. 

then 

(6. 1) F(p, q)= @찌l?? 뿔鋼， q. s, t)f(s. t)dsdt. 
1\r _ I 1 1\J _ ’ 3 

” 걷- " 경끌n P &";)1 q ~~a U 

‘ 
where 

Ø(P, q. 

’ • - ’ -Eb‘+N- Il + A C, l- gd‘+N-」L +「;-
s, t) = (271) ·+l l-l 강「 τ(2r2) ’=l 2S2 -T 

2r.m+2η +s， .o 
xG 

2r,m, 2ηm+2η+25， 

P 
2r1 

2r, 
S 

2s1 

’ l r ” 4 에
 

-
-。i 

n 4 a.+b.+N-옳+1 

2rπ+2꺼+5，， 0 xG - -. 
2r.n, 2r，η+2η+25. 

q 
2r2 

&((2r" a.+1 +N一끓 +1)).&(5" :t환) 

2s, I &( (2r" c. +d. +N-옳+1)) 

&( (2r" c.+1 +N-옳+1)) ， &(5섭한)j' 



174 N. C. Jain 

T, 
the Hankel transform of If(x, y) and Mez"jer-Lap!ace transform of I (xy) Nh(x - s, , 

r, 
y S2) I exist, the integral in (6. 1) z.s absolμtely convergent; r1' r2' sl and s2 are 
þosiUve integers and 

r , 
RrN-파+aj+1)>0. j=1, ------, m+1. R(p)> 0, larg PI <풍， 

R(N-프+c，+ l)>O. i=l. •.....• n+1. R(이>0， larg ql <풍 
2 ‘ l 

The proof of this theorem is similar to that of theorem 3. After changing the 

order of integration. the identity [1, p.209. (9)] is used and then the inner 
double integral is evaluated with the help of (2. 1). 

(a) Partic띠ar case: 

Substituting 낀=0， t=1, ------, %, am+1=0 : dj=0, j=1, ------, %, Cn+1=O in the 

theorem 5. we obtain: 
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이1st rjJ(p. q. s. t) f(s. t)dsdt. 
o 0 

where 
N_ r,. -L 1 N_ r, -L. 1 

￠(p， q, s, t)=(2r1)” 검?τ(2Y2)" -";'2SL2 
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L1 (2rh N-꼴+ 1). 시S h :f:::한) 
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O. 2r,+ 2s, 

q 
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2s. 

L1 (2η， N-옳+ 1). 시52， :f:::환)/， 

the Hankel transform of If(x. y) I 
Y, 

and the LapIace transform of 1 (xy)Nh(x- Sl , 
-_Y

-,,'-

y s,) I exist. the integral in (6.2) is absolutely convergent; η， r2• s1' s2 are 

posítíve íntegers 
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-. 
R(N - ~t +1)>0, z'= l, 2, … ......... , R(p, q)>O • 

. , . 

Similarly, choosing the parameters suitably as in (B) and (C) of section 1, we 

용et the corresponding relations for Hankel and Meijer, Hankel and Varma trans

forms of two variables. 

The author is extremely grateful to Dr. R. K. Saxena, for his help and guidance 

during the preparation of this paper. 
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