
SOME RESULTS INVOLVING GENERALISED FUNCTION OF 

TWO V ARIABLES 

By S. L. Bora and S. L. KaIla 

1. Introduction. 
Recently Munot and Kalla [6] have define:l and represented the generalised 

function of two variables as foIlows: 

(1. 1) 

많:￡l ， q,] (aPl, A씨) : (bql, Bql) 

H(짧m2， 앓nJ (c p,’ %) : (dq2, DqI) | X , Y 

(합m，. 감as) ! (%,, Ep,) : (fqa, F ”) 

1 강JL， JL，F(~+η)Ø(~， η)d~dη， 
(2πz") 

where on the left the symbol (ap' Ap) stands for the set of p orclered paira (a1’ 

A 1) , ... , (ap' Ap)' on the right Ll and L 2 are two suitable contours and, 
m, 
.Fir(aj十A뚝+A1η) 

F(~十??) = A 
l-i 

ql 

표ml+r(1-안-A갤-씬η)Er(얀+월+욕η) 

”’z nz ms ns 
F1r(1-cj十C팔)깐1F(dj-DJ￡).qr(l-e1十E1η) 꾀1r(간-Fjη)x~vη 

φ(흥， η)= X q;- ‘ J- ‘ 
Pa J]; 」-

π r(c--C，홍) 11 .T(l-d;+Dξ)11 r(e;-Eη)lI r(1-f+F，η) 
j=m,+1 J J j=ηz+1 J J j=;@8+l J 1=”s+1 J J 

with Pl>m1>O,P2>m2>O,P3>m3>O, q1>O, q2>n2>O, Q3>n3>O, Ql +Q2>P1 十P2’
Ql +Q3>P1 +φ3 

and each p's, n's and m's is a non negative integer. 

The object of this paper is to evaluate some finite and infinite integrals in

volving generalised function of two variables. The results estabIished here are of 
general character and include as particular cases some known results. It is inter
esting to observe that some integrals involving product of two Fox’ s H -function 
[4] follow as special cases of our main results. 

The foIlowing results [2, p.331 eq(26), (28), p.371(51), p.398(2) and p. 399(3)]. 
will be required in the sequel. 

133 



134 

(1. 2) 

valid for 

(1. 3) 

valid for 

(1. 4) 

provided 

(1. 5) 

1γhere 

(1. 6) 

valid for 

0 

0 

o 
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。。

À-1 Tr / ____ , -' __ _ -ÀnÀ- 2 r> f 1 ~， 1 x' -K.(ax)dx=a "2" - T( ~λ+ ;:-, J) \ 2 .,-'.. 2 

R(a)> 0, R(λ)> IR(J)) • 

xx-le-axKu(따)dx=→끽듀섣 ν) 
o 2“aT[À+숭 

R(a)> 0, R(λ)>R(lJ) 1, 

xP-lKμ(αx)Kν(αx)dx 

, 

=2P-3α-ρ{r(P)}-l끼웅(p+μ+씨r 웅(p+μ-ν) 

xr~ 웅(p-μ+싸r 윷(p-μ-ν) ~， 
IRe(α) >0, Re(ρ)> Re(μ) + IRe(ν) , 

xP-l(1-x)β一r-;F1(-%， 얘 ; r ; x)dx 

_ r(r)r(β-r+1)r(ρ)r(r+n-p) 
- r(r+n)r(r-ρ)rCß-r+p十 1)

n=O, 1, 2, ...... , R(p)>O, R(β-r)>n-1 and 

o xP-l(l-x)β-p-l2F1@ β ; r ; x)dx=쩍짧뭔쏠쁨摩뽑 

R(p)>O, R(β-p)>O， R(r-α-ρ)>0. 

2. Main results to be established here are: 

(2.1) 

ζ。

0 

À-1 
xK(αx)H 

u 

[g:, %] 
(P2~앓， 강-nJ 

(p，캡;， 강-η，) 

(a. , A.):(b. , B.) 
Pl' Þ!' ~ qt' ql 

2h _ 2h 
(CP2, CPi) : (dqi, Dq2) | ax , δx-"I dx 

(κ ， Ei):(f , F ) 
1'3 1' 3 !J 3 q3 
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’ 
π 

2 

p, q, m, p, n, q, 
-2그 A，-Z그Bι+2그 C.-Z그 Cá2그 D.-Z고 D. 

1=1 J j=l J • j=1 J 1=mg+1 J j=1 J 1=1t2+1 J 

largβ1< where 

π 

2 ’ 

Pt ql 1n$ P3 113 q3 
- L:; A,-L:;B,+ 2그E;-ε E.+Z그 F，-2:그 F. 

j=l J j=l J j=l J j=m,+l J j=l J j-n,+l 1 
largδ1< 

P, P3 q, q3 
Z그 A.+Z그E.- Z그Bf-Z그 F ,<O, 
j=l J j=l J j=l J j=l J 

p, p, q, q, 
Z그 A;十L:; C，-2그 B.-Z그 D， <O; 
j=l J j=l J j=l J j=l J 

>0; j=1, 2, …, n
2

; k=1, 2, …, n
3
• 

셔 
]

1 D ，~，. F 
) 1< 

Re(α)>0， 

q3>n3>0, q2>n2>O, q1>O, P3>m3>0. P2>m2>0, P1>0. 

q1 +q2>P1 +P2 and q1 +q3>P1 +P3. 

(aPl, APl) : (bql, Bql) 
1J o 

q ’ 
--m

L
ψ
 

dx δxh axh, (c. , C.) : (d" D.) 
P2' Þ2' "I},' 122 강-n，) 

(e ‘ , E. ) : Cf. , F) P3 Ps q~ q3 강-π，) 

c。

λ一 1 -αx 
x e Ku(αx)H (2.2) 

0 

‘ 

(λ+ι h), (λ-u， h), (aPl ’ %) : (2+융l h), (%l, Bql) L펴，~d 
β δ 

(2감’ @)h 
: (dq2, Dq:) (CPi, CP2) 

_-/뜨_u 
- λ ì.. .I..J. 

2α 

: (fQ3’ Ra) (e . • E. ) 
Ps' Ps l (Þ3 펴;， 앓-U3) 

π 

2 ’ 

Pl (j l m'!, P2 n2 qz 
-:2그A ， -2그 B，+2그c，-L:; C，+2그 D，-L:; D 
/-(-) }=1-)' /=f) j=m,+l -) . }='1-) j='n,+l 

largβ1< 1γhere 

π 

2 
p, q, ’U3 P3 1Z S Q'3 

-:L::A， -2그 B.+ Z그EJ- E그 E,+ Z그F‘ -2그 F; 
j=l J j=l J j=l J j=m3 +1 J j=l J j=η，+ 1 J 

largδ1< 

q3 

zF1<0, 
p, p, q, q, p, P3 q, 

j린Aj+쯤1ζ-쯤견-쪽l작<0 : j흰싹+즌lEj-은l욕-

j=1, 2. …,1Z2 ; k = 1, 2 •...• 1Z3’ <0. +hj잠 R(λ±ν+h으 Re(α)>0. 

q1 +q2>P1 +Pz Q3>n3>0. Q2>n2>0, Q1>0, P3>m3>0. Þ2>mι>0. Þ1>O. 

(aPl, APl) : (bql, Bql) 

and q1 +Q3>P1 +P3. 

[g:, &] 
dx βX2h. òx2h 

(c. , C
‘ 

) : (d , D ) 
1'2 1'2 t,/ l t,/ 2 &2」강;， 렇 -n，) 

co 
~p-1 

K (αx)K (αx)H 
μ ν 

(2.3) 

」(e
‘ 
.E

‘ 
) : (f • Fe ) 

l-'~ 1'3 q3 OJ;\ (P3책;， 깜-nJ 
0 
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i (단쁨. h). (날간.h). (P+원.h). (P-띔. h). ! 
(aPl, APl) : (bql, Bql ), (p, 2h) 

[pl,4,qL] 

(c C):(d , D) 
þ,’ þ~' .. Q2' Q2 (p，잖， 찮-n2) 

=2P- 3α-PH 

(e ‘ .E‘ ) : (1.. F.) 
P3 P3 ... , '1 3 

p, q, m, p, n, q, 
- L:A,- L:B,+ L그C，- L: C,+ L그D，-L그 D; 

j=l J j=l J j=l J j=m,+l J j=l J j=짜+1 J 

, 

2h .... 
O 

(P.찮， 캉-nJ 

2 
α 

2hβ， 
4 

」α
 

largβ1< that provided 

, π 

2 

p, q, ，시8 Ps nS q3 
- ξ::;A，- L:그B，+ > :E,- L: E;+ 2.:그F，- 2.:그 F; 

j=l J j=l J j=l J j=m.+l J j=l J j=II.+1 J 

largδ< 

Pl p, ql q, p, P. q, q. 
Z그A.+ Z그C.-Z그 B.- Z그D;<O: L:그A，+ L:E ,- L:B;- 2.:그F ， <O， 
j=(-J. j=( J j=l-J j=C J ,- • /~l.--J . j"=CJ j~ r'-J j"-{ J 

(j=1 ,2, "', 1Z2:k=1 , 2, …, n3) , >0, 
J. 

+2h하 
k 

R(p:!:μ±ν+2h확 Re(α)>0， 

q1+ q2>Þ1+Þ2 q3>n3> 0, Q2>n2>0, Q1>0, þ3>m3>0, þ2>m2>O, þ 1>0, 

and Q1+Q3>까+Þ3. 

r [짜 gl] ! (aPl, APl) : (bql ’ 린) 
lp-1 R-r-n l ‘ 1 

(l-xf . ZF 1(-n , β ; r ; x)H1 (p2J앓， 짜-，싸cPI， ch) : (dq2, D”이δx" ， (J dx (2.4) 

(p，~앓， 캅-/씨 (epa, Eps) : (지a， Fqs) 

ro. 0 1 I (a‘ .A‘) : (b . B ) 
lP.. q,J I P , Pl q 

0 

HI( ’”2+1, t2+2 ]|(1-p,k), (Cpa, c”), (T-p, h) : l 
\p,-m,+ 1. q,-IZ,J 1 (T -p+n, h) , (r-β-p， h), (dq1, DqI) 1 

r(r)TCβ-r+l) 
T(r+n) 

(e. , E ‘ ) : (f , F- ) 
P3 J.' 3 '13" 

ηr:-nJ ( mg, 
Þs-ma. 

π 

2 ’ 

q, m, p, n, q, 
X그B.+ Z그C.- Z그 C,+ L:D,- L: D, 
j=l J j=l J j=m,+l J j=l J j=윈 +1 J 

p, 
-εA;

q=l J 

largδ1< where 

π 

2 ’ 

Pl q, η'ZS P8 n3 lfs 
-2.:그A.- Z;B.十 Z그E‘-2.:그 E.+ Z그F，- L:그 F; 
j=l J j=l J j=l J j=m,+l J j=l J j=n,+ 1 J 

larg 띠 < 

Pl p, q, q, Pl p, 
X그A.+ Z그 C?- Z그B.- ξ그 D;<O :2.:그A.+ X그E;- z:B.-Z그F ， <O. 
j=l J j=l J j=l J j=l J j=l J j=l J j=l J j=l J 
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j=1.2 • ...• n깡 >0. 
d. 

n=0.1.2. …: R(p+h n J R(β-r)>n-1. 

q2>n2>0. ql>O. P3>m3>0. P2>m2>0. -2 .... : P1>0. 
1 
l 4 r~O. 

q1+ q2>P1+P2 and q1+q3>까+P3. q3/-n3>0. 
‘ 

β: r: x) xP-1 (1-x)8-p-l2Fl (a, 
Q 

(2.5) 

! (aι • A.): (b_ ’ B_ ) 
Jl I Pl ’, y 

[g:, gl] 
dx 

δxh 
(1-x)h, v 

(c ‘ ’ C. ) : (d , D ) 
p~ P2 ’, ., 

(κ ， E‘) ; (/_, F_) 
PS Jl3 '1 3 '1 3 

(pzJZ;;, 짜-nJ 

(Þ.꿇;， 강-ηJ 

XH 

(a
p‘, APi) : (bql· 힌‘) 이

 꾀 
I 

’ 
l 

m 
M 「

σ δ， 
(CP2, CPi)(T-p, h) : 

(7-a-p, h), (dqi, Dqi) 

(1-p. h). 
(ß-p, h), ( ”rz+1, ”2+2 ) þ ,-m,+ 1, q,-n, - r(r) , H 

, 

’ 
π 

2 

(eps, Eps) : (낀·’ Fqs) 

p, q, η'l2 pz nz qz 

-:L그A;- ~二B;+ Z그C.- Z그 C.+ Z그D;- :L그 D. 
j=l J j=1 J j=l J j=m,+l J j=l J j=n,+1 J 

(Þ.-쳤’ ;;3-ηJ 

largδ1< where 

π 

2 
þ , q, 1113 Þ3 n, q, 

- L:A，-:L그B，+ Z그E，- X그 E.+ :L그F，- Z그 F , 
j=1 J j=1 J j=1 J j=m.+ 1 J j=1 J j=n,+ 1 J 

larg 0' 1 < 
þ, þ, q, q, p, P3 q, q. 

Z그A.十 Z그C.- Z그 B.- X그D， <O: :L그Ai+ Z그E，- ~그B.- Z그F， <O. 
j=1 J j=l J j=1 J j=l J j=l J j=l J j=l J j=1 J 

Re(r-α-β)>0: r~O. -1. -2, …, 

m 2) : P1>0, P2>m2>0. ψ3>m3>O. (j= 1, 2, ---, 

>0: (j=1.2. …, n2). 

<0, +2 
Cj-1 
C 

1 

d 
Re(p+h~년 

R(p-β+h 

q1 +q2>P1 +P2 and ql +Q3>P1 +P3. Q3>n3>0. Q2">n2>0. Ql>O, 

PROOF. In order to prove the results (2.1), (2.2), (2.3), (2.4) and (2.5) , 
first express the generalised function of two variables from (1. 1) in the integrals, 
change the order of integrations and interpreting the results on evaluating the 

inner integrals by virtue of the results (1. 2), (1. 3), (1. 4), (1. 5), and (1. 6) 

respectively, we obtain the main results. 

The change of order of integrations 
vergence of the integrals involved in the process. 

we 

absolute con-the to justified [1] due are 
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3. Particular cases: 

On setting P1 =q1 =0. we obtain a number of particular cases by using the 

property [6]. 、

이
 이
 

, 
, 

n U 
n U 

r ’ ’ 
l , . ‘ --

(3. 1) H (p，파， 강-ηJ (a .• A.):(b , B_) /x, 
P2" P2 

y 

bsJg;;, 저-ηJ I (c p,’ Cμ) : (dqa, Dq3) 

… … ~ I (κ , A. )~ … ~ I (c.. C‘ ) 

=H찍!”2|x| pa yi| × Hns,ay: ps psl· 

z, q2 L | (bqi’ 옥1)」 &, qs L l (dqa, Dh) ’ 

'í11. n 
where H ’ Ix 

þ, q 

(ap, AP) 

(bq’ Bq) 
is Fox’s [4] generaIisation of Meijer’ s G-function [5] ~ 

Thus the results (2. 1), (2.2) and (2.3) reduces as follows: 

(3.2) 

。。

?--1 
x K(αx)H 

u p , 

n , ηz 
, '1 ,., 2" 

bX 
q 

(c ‘ ’ c )_ 
1'2 P2 I H U3J 

7#
3 1 δx2ll 

(dq2, D q2)」 P3, qs . 

(e. , E ) 
Ps' P3 

σ , F )Jdx 
fl. 3 q8 0 

[3; 8] I (댐， ,,), (깜， h) : 
?--2 -?

=2 α H (p，꿇;， 갚-nJ (c. , C.) : (d _ • D ) 
P2 P2 1ii 2 q 

증) 2"ß. 증) 2"δ 

where 

(psJ;:;, 강-ηs) l (eps, EK) : 찌， Fq3) 

1 m, p, 원 q, 、~

largβ1<( εC;- 2::: C 十 Z그D，- ξ D.l~느 
‘ /=C) /=:m,+l-)'j'=Cf j-=~， +l~f/ 2 ’ 

π 

j=l J j=η'， +1 J j두l J j김，+1 4 ’ 
PI q, p, q, 
-εc1- gD.<0 ; ξEi- ~F;<O. Re(α)>0. 
)=1 - )=1 - )=1' )=1 “ 

d. 

D -A 

P2>m2>0, P3>ηZ3>0， q2>n2>0, Q3>n3>0, Q2>P2’ 
and Q3>P3, 

>0. (j=1. 2 • .... 1Z2 ; k=l , 2, .... 113). 

(3.3) 
h 
f 

H 
、

찌
 

α
 

/ , ‘ 
、u 

K @ 
n e 」‘ 

‘ A ∞
 X 

n u 

이
 니
 

’ 
’ 

。‘ 
n 
U 

F 
i 
l --L 

n ， m~ /(c. , c.)_ … … I 1"1 h I P2 P2 I TrTt3, 7Il 3 

bX 1 111 
인 C j (dq2, Dqj)」 Pa, qs 

(ì.+ u,h), (?--u,"): (ì.+응 ， h) 

(e. , E. ) 
δxh | .a Pj |dx 

(강a， Fqa) 

H -
α
 
-
캘
 

(p，~앓， 짜t!J (e , ci ) : (d , D- ) 
V2 P2 ν， "' 

β 

” ’ (2α) 

δ 

(2α)h 
(psJg;;, 갚--ηJ (e þ ,’ Ra) : (fqa, Fqa) 
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π 

2 ’ 

Pa na q2 
largβI < (2::C;- t::; c;+εD- g D. 

}=m,+l “ j=l' j=n,+1 ' 
where 

'1'T' Þ2 q2 
2 -, Z그C. - E그D;<O， 

j=l J j=l J 

m, p, η， q, 
largδ 1<( 2::E;- 2:: . E;+ 2::F ;-2:: F; 

‘ j=l J j=m,+l J j=l J j=n,+l J 

)0 ; 十h렇 
q?>n?>O, P3>nz3> 0, 

R(λ i: u+h효 
P2>nz2>O, 

Re(α)>0， 
p, q, 
Z그E;- "EF;<O, 
j=l J j=l J 

(j=1, 2, "', n2 ; k=l , 2, …, n3)' 

Q2>P2 and q3>h q3>n3>0, 

2h 
01 

2 
α 

증) 21zß, 

(c. , c ‘ ), .. … 
p2 p2 IH’'l3, Tf~31 δx2h 

(dq2, Dq2)」 P3, q3 

。。

Lo-1K (α;c)K (αx)H칸’ 씌3x2Il 
μ V P2, lf2 

0 

(3.4) 

η'l .， f).. η， 0 ’ ‘ -
largβI < r 칠C，- ε . c; + .t;D; -.Ë .D ;)-운， 

}=1 ‘ 1=nZz+l ‘ }=1 ‘ }=까+ 1 " ‘ 
that provided 

π
 
-2 . η" p, ’Z3 q3 

largδ1<( εE;- 2:: E;+ εF.- Z F , 
j=l J j=m,+ 1 J j=l J j=n,+ 1 J 

Q2>n2>0, P3>nz3>0, 
P. q, 

2::E;- 2::F;<O; P?>nz?>O, 
j=l J j=l J ‘ -

p, q, 
Z그C，- Z그Ð;<O， 
j=l J j=l J 

Q3>P3’ Q2>P2’ Q3>n3>0, 

(j=l, 2, "', n2 ; k=l , 2, …, n3). 

the generaIisation 01 

(2.4) (2.5) and results 

which themselves are 

of our @
써
 

떠
 

fi a 

J 

”
때
 

n 
n a p 

원
 

W O I 
이
 

.4li 

The interesting resuIts of Rathie 

Shanna’ s [10] results, 
when P1 =Ql =0. 

known obtain a we A , =B. =C , =D. =E , =F _ =1. p, ~ q, - p, ~ q, - p, ~ q, ’ 
if we put h=l, (2.2) , In 

the results (2.1) and (2.2) reduces then 

where 

‘ 
a h •••• a : b,o •••• b -, , 

Þl -. • 
'lL 

result due to Sharma [9]. 
Again if AA=Bql=CP2=Dq2=EPs=Fqs=1, 

to Sharma’ s [9] results by virtue of [3] , 

L~，파，，0 qJ 
X, Y C •• ….c :d, ..... d -, , 

Þ:J 
-•• q2 (p，따;， 강-n，) S 

e" ….e :/11 •• ',/ 
ÞJ '1 3 

(p，꿇;， 찮-1ZJ 
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iis the generalised function of two variables introduced by ShaI1na [8]. 

/ 
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