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1. The integral equation 
。。

rþ(p)=p{e -PI/(t)dt, R(P)> 0 
o 

(1. 1) 

represents the classical Laplace transform and the function rþφ) and /(t) related 

by (1. 1), are said to be operationally related to each other. rþ(P) is called the 

image and /(t) the original. Symbolically we can write 

rþ(p)듀/(t) or /(t)듀rþ(p) 

and the symbol 늑 is called ‘operaUonal’ . 
Similarly we shall denote in two variables as: 

rþ c.ψ， q) 팍 /(x, y). 

In the present paper, we shall obtain certain new correspondences between the 

original and the image in one and two variables. The methods are appIied of 

Mellin transform and of operational calculus. The notations are applied of Ditkin 

and Prudnikov’s operational calculus. we have also derived some infinite series. 

2. (a). If rÞ(P)늑:J(t) ; then 

rþ(갱)늘 녔F:/e-씬/야/(x)값 

(i) c뼈id앉 rþ(p) =핑) pr (P-α)갚(p十씨)-ν 

늑tν-1 鍵 (ιat)三f(t)

Hence from (2. 1), we get 

(2.1) 

.ý'pl . .,...-1 주 ‘ 1 1 늑 뜨- 다’-1e-xi/4tsi팬(-v0ix)dx 
r(v)μ균fd n (-v':양 --v0i)v (.ý'p +-v0i) 

- - v/2. (v-1)/2 al 

or, .ý'p (쩌-/1)-PWF+/1)-관 ι 심 e강 

.ID ν( -.ý'짧)주D v(‘/강t) 1, (2.2) 

R(v)>α 
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AIso 

or, 

or, 

Therefore 

AIso 

,.jp 
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v v-1 
2강t 2 

at 

(,.jp +이/τ)’ 7둔- 강D U(4/강T) ， 

4 I'-'-P a강 」 ’ at 
흔(2t) '2" e흥D • (-V2at) • … 11 • 

(ι/엉 +ν a)‘T ‘ . " -,,-, 

,.jp 1 
‘ v v at 

:';p 후...;a' 1 μτ 
ξ 흘 (2t)낌강D … (ν짧) 
“ v=o -v- ‘ 

‘ 

이Ip +...;a 
∞ V J. 1 “ 

εD-v-1(ν싫)(강t)강=서푸e-강“‘ 
v=o v ~ 

4/F 바흐e2atD (2/짧) 
ν영;- + 2...;a ''\J π -1 

n 00 4' V 1_ .L 

(2.3) 

슨- L:: ( -1)" (2at)강강‘“ D .. ,(,.j2at) 
•• ν=u v ‘ 

-- 휠(-1삶 

SimilarIy the following results have been obtained. 

iπ -tπ l 

(ii) ,.jp D 1 (싸e "4 )D 1 (,.jp e 4 )늑(1十 4t 2) - τp-; 

AIso 

-ν一강 -v-강 -'2" 

R(v)> -울. 

Z그 E。 p ,/-=i 。
=0 ιu -흥이11十 4tZ 

ι 

-

=μ균(1+4tι)4 

If we take t=융tan (), we have 

00 _ 'J11 ‘ 

침웰-홍(cos ()) =,.j π sec 6 

(iii) ,.j p V vC2νIp " 0) 늑 
sin(vπ)r(융 

2π캉，.j t 

R(v)> -1. 

e 4t r ν 1- :: , 2 ’ 
1 
4t!' 

l 
，.j과링2 

/ 

(2.5) 

(2.6) 

(2. 7) 

(2.8) 

• 

‘ 

‘ 

‘-
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(iv) 갱Jv(갔다)Kν(~장념)늑짧감oF2(1-융， 
2 

JL+1--으 
2 ’ 16t 

v+1 

aT/-Lt-T t “ 

+..."ι 1 」 ‘ , Jj1+• i-, t!+l ; 
2“ 1 “μFr(Zl+1) U 4 ‘ i 

O>R(ν)> -1. 

2 
a 
16t J' 

(2.9) 

(b) If Ø(P)늑f(t)， then 

1(t 2)늑-휴F 
。o _02 

-2 4X'1 , 2 x e x ￠(x )dx. (2.10) 

(i) Consider f(t) =tu-le-운늑2a갯1-융Ku(2a4/뀐태(p). 
Therefore from (2.10) , we obtain 

m
ω
 
% 

G 
u 

-4 
a 
-
ν
 

상2
 -균
 

L--e 
4 

4 
a2p2 3:U , 1+」L. 1-」L

2 • ~ 2 

or, 
a' ν-1 u+l O3 

-".2 a " t e ‘ 콕---「7TT ti 
ν rc /-1 -30 

4 1. v 3 , v -‘. _. --r- _____ • 

a2p2 r 2 ’ 2 ‘ 2 (2. 11) 

Writing 윷 for ν and summing with respect to v from 0 to ∞， after multi-

하
 

σ
 
b 뼈

 

” v 

-‘ 

--

‘ 
! ’ 
; 
i 

•4 

-
어
 

v 
“ 

L u . 

때
 

v 
V 

-1 
-A 

n r 

e-t-뚱느-양-응 (-lf 
. 2이/둔-u=펴 "rëV후1) 

2a \융 ,,03 

P J -30 
4 

a2p2 
1 ν 3 , ν 
τ’ τ1τ， 

l ν 

2 4 J" 

But -풍느4L GO3/『휠=--11 ， 
.- 2.vïr ~30\ “ y 

3 1 
τ’ τ ， . 

or, 
n' 

-(-꿀L Eξ= GO3 L-표 I • 3 

30 ‘a-(p+1) 

Therefore, we can write 

훌짧hl% 융 ,..03 I 4 
- 30\ a2p2 1-풍， 3 , v 

2 ' 4 ’ 
l 
2 

ν 

4 

d 3 

30 
r3--r|1, 

a-(p+1)-

l 
2/" 

(2. 12) 

SimiIarly the foIIowing resuIts can be obtained. 
‘ 
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‘(ii) 
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l -v 
강 

1 1 " 
-중’ X ’ ) 

ln particular, if v=O, then we obain 
_ 2 

J/f)늑팍휴 
(1) , .2 ，~， TT(2) , ,2 H';' (p-18)H'í' (p-18). 
"4 "4 

{iii) t-2u -장D r a e u. 1.I +2v-ll-:강호f-

3ν-5/2p 

二二二r꺼.，-

/πa 

강p2 

16 
0, v-웅， v J. 

a' 2k+ 1 
-2k -」」 ab O3I A 

21' 'UT μ2/42)4-」쓴←_ G:~( _쓴←一 11 +k, 1 十μ， 1-μI . 
μ 2“’ μ갚 

.3. Rule. If F(p)듀f(x)， -∞ <R(p)<∞， then 

-1_-ITT/.~. r (À.)þ 
"Consider t. -e . U(t)늑-스스2쓰 

(l+p) 

Hence from (3. 1), we obtain 
À À-1 

뜨띤E낀 
π"'!uv 

∞ 1~(1+ .l 

-0。

-l<R(þ)<∞， R(λ)>0. 

흥/ 、--5- ut, / 1 

I _ •• ‘ • -•• D ,( "j캘~)U(μ)U(v)， 
μlþ +,.;q +1) ,( π(μ +v)융 _,(''i 十

R(λ)>0， R(p, q)>O. 
]n particular, if À. =2, we get 

2μu 

3 

μ죠(u+v) 강 

uv 

e U+Z’ Erge μν 

μ+v 

Similarly the following results in two variables have been obtained. 

(2. 13) 

(2. 14) 

(2.15) 

(2. 16) 

(3. 1) 

(3.2) 

U(u)U(v). 

(3.3) 

二/끓 =- [log(강+강)+c) 該끓파logf잭젠 IU(κ)U(ν) 

where c is Euler’s constant. R(þ, q) > O. 

ν끓 허nlλ tan-l/F+3ε+a) 
- - λ 

[(,.,!p +‘/강+a)ι+bι] 강 

•• z랭-1(UU)굉 e잎등얹풋U 
π(μ+v)흥 

(3.4) 

• 

• 

-

• 
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. 鍵D-λ (a+ib) 魔] -e-總D -À. (a-ib) ，魔!U(μ)U(ν) ， 
R(Â., p, q)>O. (3.5} 

v'pql융 -c iνF솥『)2 +.v.혜웅-sf{쩌칸껴 )2 2 

= 떠n기짧)U(μ)U(v) 
π24/값 •• • R(P, q)>O. (3.6} 

4/Pq n n ‘ Rin b λ tan-1/「=으 
[(μp+~q)-+a-l “ 

auv H r. I ./2uvl pl - .，';..-，-←-IW~ •. I-aμ “~.I-D"， , Ia 2(u+v) J t .... 2À.-ll ~'\j μ+vJ .... 2À.-l 

R(λ)>-융， R(P, q)>O. 

= 2x-3Z sec (Xπ)(μψ)x-5 
. . ‘/죠-r(2λ) (u +U) x 

2Ul’ 
u+v 

U(μ)U(v)， 

(3.7} 

2λ tan-1L=우/ 11 ........ 

À.-용 x-4 
:: 2 ‘ cosec (Â.π) (uv) ι 

이/πr(2λ)(μ+ν) À. 
‘/pq---""一τ거 cos 

[(~p 十이/q)-+a-j 

2 

x expl-걷짧v) 환깐 I+D~. _I-a u+vJ . -2À.-ll ~ 

R(λ)>0， R(p, q)>O. 

2μν 
U(μ)U(v)， 

μ+ν 

(3.8} 

‘/월[(이/F+/궁 +a)-22+(4/F+ν1-a)-22] 

팍 2:폈;f 양p 짧1] {D-2X(-aJ靈. +D_2Ã. a짧) fU(u)U(v)~ 
R(λ)>0， R(p, q)>o, R(P)> lal , ~굽+~q>lal. (3.9) 

『 ’ , "•• h l -X | a2μV I 。
aA~끓tν/도+ν/고 +,v (~p +~도)+a‘J .!-'.exPl-칸강후꾀J T _ r a;t.uν 

. _ 2 2 윷 iτ ~1í(감v) .I. 융 L2강펴 
[(v' p +~ q)-+a-l ι 

xU(μ)U(v)， R(P, q)>O, R(À.)> -1. (3.10) 

4 /pq(v' P +v' q )aa 
2 21 Ã.+급 

(~p +~ q) 十a-I ‘ 

、
”

K 
、
”폈

 

뼈
-
써
 

-…… C
ν
 
-v/jv 

냐
‘
 -
잃
 

λ
 ’ -+ 

‘ 

U
ι
-
-
A
 

화
 -
π
 

-
-
π
 

-
ν
 

”-; 

R(Â.)> -1, R(P, q)>O. (3.11) 
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• ‘ 

aλ C야 (Aπ).v'.뀔 
..yI' //_r /_ ι ι. , ι 21-'-(.v' q +ν q )-十a-μ/P+‘Iq+ν (.v' p +.v' q )-+a 

.v'.감 L/ P +.v' q +.v' (μ'p +이/7)2+a2 .. 
’ -•• 

eXPl-鋼꾀 
.v'n(강주ï.i) 

ax sin Xπ.v'(ν둥 +4/1F)2+a2 

~ I Åπ \ n 

‘ z ‘ secl ~ J • .:; 

낀프-)J， (부호뜨-)+-」츠」 K- ra걱v .. ,\) ~U(μ)U(v)， ’ 융\ 2(μ +v)/ π 강2(u+v) 

R(λ)> -1, a>O, R(P, q)>O. (3. 12) 
• 

-.2 2 μ+.;. 
[(νP+‘I q )- +a-j ι 

22μr μ+η+웅 
;τa πr(2η+1)r(2μ+2η+1) 

.v'pq p-2η 

μ Lν(Ji「+/꾀2+ a2 

이/ P +.v' q 

i 

(uv)μ-융 
(μ+v)μ 

exp 1-

2 

때
 싫
 

.M 
μ，깨 

? 

auν 

μ+ν 
U(μ)U(ν) ， R(μ+η)>-융. (3.13) 

_ 2 2 μ+上
[(ν'P +.v' q)-+a-j ι 

.v'끓 r(2μ+2η+1) p-2Ti{ .../p+ .../q 
tan (2rpc) ‘ 2f.L ~.v'， ,. . , ,2 

‘ ( ... νIp+아νI q )-+a 

7 “ n- __ _ 

.. 2‘이μvf 2 

aπ(u+v)μ 
T(2μ-2η+1) 02η/ ‘/p+ι길 - 밍n 2777r ·;2μ ν(μP+μJ)2+ar l l ; 

2 
% 

짧
 

빼
 

T(μ+η+÷ 
X~ “ 

r(2η+1) cot [(μ-η)π] 

2 
Af { a ztZl 

μ，미 μ十ν
-sec(μ-ν)π 

.W 
2 

a μv 
μ，Ti\ u+ν 

U(μ).U(v) ， R(μ±η)>-웅， R(P, q)>O (3.14) I 

n n μ+ 

I(.v'궁+γ/7) +a ]τ 

ν짜껴 --, 건μ-1r(떻브)r(k￡±1 
. ..2 2/ "τ πa[’(μ-η+1) sin (μπ) 

(.v' p +.v' q )-+a ’ 

’ 

f.L-l 。

.sin [(μ+η)π] 갱약즈" exp (훨깊l 
f.L ~~y \ 2μ+v)/" _ fJ Ti 

(u+v) 2 .. 2 ’ 2 

R(.v' P +ι q )>a>O, R(μ±η)>- 1. 

2 
m 
-% U(ν)U(ν)， 

(3. 15) 
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/ 

μ뀔C객十껴)k-μ-1exp[ (객 ￡껴)기W k+3μ k-[ (νFf껴)2 
- 2 •’ τ「

-2μ-￡ 
1+짧「 ι 

. 강μ+k-1r 2μ+웅 

π.，..; uv r( 4μ+1) • • 

‘ 1 o :>.F112，μ+τ， μ-k+τ ; 2μ+1 ; “ I •• 싸A .... IU(μ)U(v). 

R(μ)> -울.Rφ. q)> O. (3.16) 

4. Consider 
。。

λ-1 -ι/at -pt - T(2λ) -x 3-
e . dt=객irp e 2P D-2A 

O 

À-1 -강at _ -pt' -" r(2À.) L-λ 숭 ( Iτ 
dt= , •스쓴2p e 7 D n1( ‘/듀=-- 1. 

2… -““ P 

Writing @q)-융 for p and mul뼈ying both the sides of (4· l) by p-융 (Pq)1-u 

(4.1) or. 

and then interpreting. we get 

(πy)-융 (4Xy)흥-융ft22-%-2ν a tI2u-1 [(64×y)융t]dt 
... , 0。

0 

•• 
2X r 、r닝 / v ‘ -2À (4.2) • 0 

-융 1-v+융 .../apq 
or. p ~ (pq) . ~ e D n ,(2-V' 2 (apq)웅)팍 y.그'2" (xy ) '2"객 • 

ι^ , _ 2(λ-v+1) / , . , ，A.-v+τ 
이/π 2--"-'(ν요十-V'xy) ‘ 

pl-2v 

2À-2v 

--4 
a 

• R(λ)>0. (4.3) 
-v'죠+-V'xy 

By considering the following integrals: 

1 

、‘ , / 때
 냉

 
π
 

@ 
• ” e 

U 
a 

래
 

λ
 권

 

l 
? L -a 

A 
t 
-+ -4 

I ‘ 
얘
 

’ 
n e 

c 

J v n 
U 

∞e-(P+ 승)1 tλ-1dt= M 
{ 

핍a
 

0 



128 R.S. Dahiya 

경-Pttu-홍Ct+2)융-v냥-2U(1+t)dt 
o 

-~-v一4 4• -2v 
P ‘ "'2 ‘ 

rlμ+강+웅 rψ-μ-웅 
E싸2ν+웅， 2v-μ- 웅’ 운 +v+움 : 

2v+윷; 2P) , 

∞_M u-l rlμ+ν+上1 -” -」L
e-y‘( 2 J2/2쩌)dt= 샤F(zy+§1i p Fe 2캠” AMf〈κtμfJ.， v(

0 
• 

∞
 f
μ
ι
0
 
- 2I’(λ+μ+띠)aμ+ lJ.) J:;' rμ+ω+ 융， μ+ω+1， λ+μ+ω : 

λ+μ+ω 3까 3 
r(2，μ+1)r(2w+1)cp+b) 나 L2μ+1， 2ψ+1， 2μ+2ω+ 1 : 

‘ 4a 
bτt-P J" 

-pt 2v-1 r(2ν) ___ rn •. .t. __ -

s (at)dt=7앓떨-;; COS [2v tan -(aIP)] , 
0 

2-μ-차{μ+λ+上.) f"+λ+￡ μ-k+윷 
r즈스.F 

1 \μ+Ä+융 ι l|1 41 • l 
P十걷~l ~ L.;μ+1 

∞-(Þ+추jq一1 
M 

-μ 
0 

∞-(P+ 융)t }-lrrr /_.'\~._ r(μ+λ+웅 r λ-μ+융)aμ+융 
t Wk, μ(at)dt= 

0 
À+1I+1 

r (Â. -k+1)(p+a) .. ι 

‘ 

몫1(λ+μ十웅， μ-k十융 : λ-k+1 : p 
p주a-J' 

‘ 

∞ .. a ~ 1 

e-PI- 후I t一흥Jv-융 (「￡tldt = 
0 

r(2ν) 
-경.강 

P+」F-l +l-4 J ' 16 

n '2- v 

’ ‘ I 4 1 
흥"1" 4 

v-

강 

P+좋 
서 i2- 강 ” 

P十 :J +二-4 J '16 
~. 

and 

∞ l 
-ptY-τ 

t η 1 (at)dt= 
0 

v-

강 

I ’ (2v) cot ν-윷lπ 냉
 1
-강
 

l

강
 
ι
v
 

p p -l 
-4 + U 

흥
 

% 
/ n “ + @ P2十a2
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1 \~l D융-v ( P \ 
-cosecllν- <) )πI./:'- 1 ( r투투l 

“ I ....1 v-강 

we arrive at the following results. 

a \ 
-ν， 갱(jJ 득 
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1
-
4
」

一
π
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J1 

-
π
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-

n“ 
-

--4 
-
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-

n
ι
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1 -À- ~ 4 
1 

-

3 7 v- ""X"' v-
용y 용 F , (2v: 2a.v꾀)+ 0- 1 

lz 

-

-
-
π
 

a
•2 

/
ν
 

U

흥
 
5-2 

x 

-
」

훤
-
↓
 

+ 
-U 매

 -
왜
 

1
강
 
--

--+ 4 

-
α
 

냉
 Ur 

2 

-a 

, λ , 
·y-T강-‘ lF2(1 ; 2u-λ-홀， -2λ-웅 : 2aι꾀， 

-송>λ>-흥. (4.4) 

4-u+1 
( pq) ‘ = 

‘ .• 

(a+.v굶) 
U 

a 

O/

>

、
‘l
/

써
 
껑
 

2 

-
π
 

e감 윷-1 -a펴118 "0_ / ___ .' 

llfx 4 (2a4/xy), 
-v.v- ...... 

π 

P 

R(v)>O. 
1 μ-V ， 5 

P -2 (pq) 2 다E(μ+2ν+융， 2v-μ-융， 

(4.5) 

μ 1 . 0 .. ' 1 . 2 :::+ν+ : :2ν+-- --2 'v , 4 , _v , 2 ’.v야 

2 
. . π 

ν 312 
응 (4Xy)2-학K 1 [강(4xy)4] ~ 
y ‘ μ+ 호 

(4.6) 

b s 
째
 

p
ν
 

-
”

ν
 

• 

一1
τ“j

Jy-

-
ψ
 

/
l
느
 

A
μ‘
 

l

츠
 
μ
q
 

hvL 

n
나
‘
 

a 

2(b+ ~ 
.v끓 

M!I .V 
a 

b+꿇 

븐(πy) -강(4Xy)강-윷 exp -a펀쩍~)Iv • (4.7) 

(πy)-τ(4Xy)ν감2λ十ω+μ+v-융 : 2μ+1， 2띠+ 1, 2v: ab, 1, 2bν꾀 
-4 산란보_"..L 1 j ， αj “ 

.. 2T(건土f1.+쁘IgRL . P ι (pq) 2 .. -b“.f-'.ω 

.. T(À+μ+ω+v -웅) (b+쩌λ+μ+ω 

jμ+ω+ 융， μ+ω+ 1, λ } μ+띠 : 

.3F3H 

2μ+1， 2ω+1， 2μ+2띠+ 1 : 

4ab，/ψq 

b+γ/굶 

「r ‘ , I 
l (4.8) 
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-"1'\ V- ，γ I ') 

(πy) ι (4Xy) ι cos rιπ- 숭이Ixy 

.. r(2U)a%-융 (pq/-V 
‘ 2. llU 
a +-:-.-, pq 

cosl2v tan (a~pq) 1. (4.9) 7; 

1 v , k ， μ 5 

(πy) -'2 (4Xy)강TXT뚱-용 exp (-2~꾀)Wα β(4ιxy) 

.. .. - ‘ 

-섣몽...:.+""v _홍 I 3v+1 \ / 
2 ~ 4 T( vv 2 ~ ) 끼μ+k+τ 

r(2μ+1)ν'p (2+ 이Ipq) 2 

v 5 
(pq)강T 4 

• 

‘ 
3v+1 

D ( 2 • μ-k+τ -
2- 1 

2μ+1 : 

ιEε ， 
2+~굶! (4.10) 

‘ 

vhere 2α=k-3μ+2ν-윷， 2ß=k+μ-2ν 

-융 v-흉 카+μ+융J ì~-μ÷융 : 2 -
(πy) (4× y) %F2“ν 1-k+2 : -7/xy 

.. 
-‘ 

aμ-，1+융r(2v)(Pq)l-y 
1_ )，1 + μ+숭 
pq/ -

R(v)>O. 

2
F

l 
--m 1 , 

i 

-1 

ι
 
ν
 

-+ 

1 

강
 

+ 4 
μ
 

1 

강
 

+ 
μ
 

+ x 

.. 
,1-k+ 1 : 

(4.11) 

4(πy) -강 (4Xy)효-4 

~ a2 +b2 
exp 1- ‘ 繼-

짧
 

J ) 
v-τ 繼} 짧

 
l 

-;-;- r/' ~ \2 ,,2 1 .J. ,,-1.. 1, 1/-, -~-\2 ], 2 ’ 1 . a b I’-강 I a \4 , b 
~섣+ 4 + 16 J ~ '-\1 \';pq+ 4 +16 

R(ν)>0. (4.12) 

‘ 
、, / -

찌
 

t 

& / . , 
、

1 

강
 

U 

H 
1 
-4 

U 

강
 

、‘ / / 
v 
“ 

× A 
4 
‘ 

/ , ‘ 
、

l 
E 

찌
 

/ ‘ 
、

v--}-) π , l 2 r 1..강-v 

μE(Pq)u-「Y-융 
a 

2 
a +pq 

f"(2v)cot과웅) πau-흥 
-. --- -

(a "'+pq) 2 ’ 4~p CPq)흥 x 
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~-ν 

.p- 1 
ν-강 

a 
,,;'_2 ’· 

a +pq 
(4.13) 
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