
SUBSTITUTION FORMULAE FOR MEIJER TRANSFORM 

By R. S. Dahiya 

1. Meijer integral transforms are of great value in solving differential equations 

{)f the Bessel type. 

They are defined by the integral 

(1, 1) rþ(P) =.I~ooμ광 ku(px) f(x) dx, 

where 깐(x) is Macdonald’ s function. The inversion fonnula takes the form 

(1. 2) f(x) =감과많尤깜u(pxν굵뼈)dp. 
Many formulae have been caIculated by different authors. In the present paper, 

1 have obtained a theorem by using the property of Laplace and Mellin transfor
mations. 1 have used this theorem to evaluate some integrals involving Meijer 
transfoull, not easy to tackIe otherwise, in a neat form. The results are given 

in the form of a table, which are believed to be new. 

Through out this paper the notations given in integral transforms and operationaJ 

calculus by Prudnikov & Ditkin have been followed. 

2. THEOREM 1. Let 

(i) rþ(P)늑f(t-n) 

(ii) Þμ 란(찌늑g(x)， 
then 

(2.1) 
rþ(p) 

당(도따r= 

1 ∞ 
ñ" ,. 

g r...x 
0 、 / -O,n+l 

pnx 
n 

% 
αμ-1， μ-1+웅， ---, n-l 

(2π) 2 

μ-웅)dx， 
provz"ded g(x) z.s bounded and absolutely z.ntegrable z"n (0, x) or z"n (0, ∞). 

PROOF. we have from (i, ii) 
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116 R.S. Dahiya 

or, tn-써1f(t一n)=Je- t 'xg(x)dx. 

c。 。。

(2.2) :. rþ(p) =엔 tnμ-n- 1e-pt d선 e-t-·x g(x)dx 
o 0 

On changing the order of integration, which is justifiable, we have 
00 0。

(2.3) rþ(P)=p{ g(x)dxl tημ-n-1 e-pt- t-.x dt. 
o 0 
。。

(2.4) Let 1= J tnμ-n-1 e-pt- t-.x dt. 
O 

Apply the method of Mellin transfonn to solve the above integral (2. 4). 

'. 1= ~~. (c+ i∞ r(n(l-μ)-s) x n 
-걷rr:i j c-i∞ p까(μ-1)-s ·-강-r(-s/n)ds 

or, 1= pn(1-μ)상(μ-안융 
n-l 

2πi (2πz') 2 

Clrω r(μ-l+s) r(μ-l+s+숭) ........ . 

.. ... ... πμ-l+s+강닫)격Lds 
“ ’ Þ"’ X 

or, 1= þn(1-μ)nη쉰2-단2효풋.r( -s) r(μ-l-s) r(μ-l-s+숭 I • … 
2πi (2πi)-걷- n 

… r(μ-l-s+줬1 )ds 

bn(l-μ)깐(μ一 1)-융 ，.，n+μ ( pnx I 
(2.5) 1 =1' •• n-1 ~ (70. ~~ 1 ~강~- 1 0， μ-1 ， μ-1+x， ---， μ ψ • 

(2π) 2 •• 

Now using (2.3) and (2.5) to get the desired result (2.1). Thus (2.1) is 
proved. 

3. COROLLARY. 

On putting η=1， μ=m+1 in (2.1), we get 
00 

(3.1) 옮뼈)=~하x흉Km(2짧)g(x)dx. 

4. EXAMPLES BASED ON THE COROLLARY. 

펀짝ι늑견~r-1+책휴E1og감ι텐흐 

pmf(p)=pm+1H1 (aφ)느 싫2 t1一r、 1F4(1 : 효 효 1-
'3rr:r(2-m)r "\~' 2 ’ 2 ’ 

Hence from the corollary, we get 

2, 2 m 3-m. a<-t 
2 ’ 2 ’ 16 =g(a). 

’ 

• 

‘ 

•• 



117 Substitu#on Formulae for Meijer Tranξform 

dx 

。o ... 
1-뚱 / <'\ 7:' (.. 3 5. m 3 - m _ a2x2 

x ‘ Km(2-./ ψx)1F4(1- - -- 1--- --- - -m'-'V .1''''''/ 1- Ii\’ 2 ’ 2 ’ 2 ’ 2 ’ 16 ‘ 
n 
U 

U 
-

i 
n 
1 

/ 
I ‘ 
、

R(p)>융· 
- 3r(2-m)pmj 2 r 얘각감 a+강갑감 
- ( 2 |--r---1og h -1 

ι a L “ r 

In a similar manner, the following formulae have been obtained. 

: R(m) <2, 

1 m a。흐L 
rþ(p)=2pl-τ f X 2 Km(2μ광) 

xg(x)dx 0 

g(x) No. 

v+l~! v " \ ,, !v+1 
2것-r(-~ +l)rr ;, .L 

l 2 - / l 2 」eP/2D-”-1
“ ’ ‘ 

r(m+숭 

x(-./.짧)， R(νJ> -2, R(ν -2m)> -2. 

、
잉
 

/
，
‘
、
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1 
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” 
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-

-m L 4 
av 

4 
v 

-
상
 

(4.2) 

r(?)e썩 D _'J，，(-./2a/P τ. 
2V-1 pV-l “ 

R(v)>α R(ν-m)>O. 

상-m- 1 1않-1 (2.‘/짚) (4.3) 

r(v)2i’ av/2 p eap
' D_V(2,,/aP) , 

R(ν)>0， R(v-m)>O. 
xv- m-γg-m-1(x2/8a) (4. 4) 
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ax 
2 J 

! . 1 3 
xv-m-흥 OF2~v-m+ 응’τ : (4. 5) 

• 

2μ-m+lsin(μπ)r(μ-νTl)P 

-./11:밍n[(μ+v)π] (p2-a2)g±l 

×힘(감월순)， R(μ :t v)> -1, 

R(μ:tv-m)> -1, R(p)>융· 

, , -v-1 
2 

, 

ax 
4 ) 

“ ___ ! v-1 
… … . -

X~ Ll 2~ 2 

m-μ-1 

2 
• 
’ 

(4.6) 

-
r(ν)ar쁨LP [(P-a)-u - (P+a)건 , 
R(v)>O, R(v-m)>O, R(ψ)>Rlal. 

x 갤二L [Iν_m_l(2-./값)-]ν-m-l 
(2ν값)J 

(4.7) 

-

-
-r(v)r(v-m)pl-v [rþ(v) -logPJ , 
R(v)> 0, R(v-m)>O. 

xv- m- 1 [rþ(v-m) -logxJ (4.8) 

• 
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• 

xv-π-11F2(1 ; v- ηg 

2 
, v-m+1 • 

2 

윷r(m+ l)p [(p+ z')년-1 
- (P- z') -m-tJ , 

R (m)> -1, R(p)>웅 

F(β+n+1)r(α+1)[’(β -m+1) 

r(α+n+1) pß+n 
(P-1)η / 
u- 二ι-X 2Fd-n， α-β ; -ß-n: 

P 
p-1 J' 

πp V vC2p, O) r(v-m) cosec(νπh 

R(ν)>0， R(v-m)>α 
“ 

(4, 9) bei(2./ x) 

(4.10) 
Xß- m 1F2(-n; α+1， β-m+1 ; x), 

R(ß)> -1, R(ß-m)>- 1. 

(4. 11) 
。
“
*

” 4 

(4. 12) 

-m ~ 11 _ 1-m ‘ m 
x … 11' 21강-u;-검，.:.:.::...， 1 -강 ’ 

2 x 
4 

X [Hf)(P)-Yν(P)J ， R(m) <L 

(4.13) X1- m l F J1; 1-....!깐- 효=깐 
1- 2\ .1-' ... 2 ’ 2 - -’ 

f r(2-m)a2 p [ci(ap )cos(ap) -sz'(ap) 

sin(ap)J. R(m) <2. 4aι 

1-m; -좋 

1 v 1 v 
21-2K a강-"'T(1 -m) p흥一A 

XS2K， 2μ (2ιap) ， R(m) <1. 
(4. 14) 

X-
m

2F 1 (웅-K+μ， 웅-K-μ : 

xv+μ-m， F，， (v+~ ;2v+1， l+μ一m1 L' 2 \ V I 2 

r(l+깐)r(l+μ-m十v) 
μ+1 μ-1 

aV2- V(p十2a)-호 p-걷-

XP;;V( /쪽추느=)， R(v+μ)> -1, 
“‘’ ·ι +2ap 

R(v十μ-m)> -1 , R(p)> J2aJ. 

t 
(4.15) +v; 2ax 

, 

rr μ十ν十융 r v+μ-m+융 ‘I • 

(4.16) 
XV+μ一m-응 oF싸+μ-m十웅， 22ν+1 aV+ 융 pμ-1 

Xe一a껴Mμ， u(a/P) ， R(1)十μ)>-융. 

R(v+μ-m)>-축. 
2v十1; -ax 

-
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xß-m-11F3( -n : α+1， β， ß-m: ÀX) 

R(v+μ-m)> -1. 

π y 2v+l("'/굶갖) J 

π J 2v+ 1 (.../.짧) 

XV+μ {.,-1..- 1 V+μ-m+1 -%F3(u+1, 2 

v+μ-m+2 _ a2x2 
(4.17) ，→효，--요一 I , 

(4. 22) j x 2 [L(2ν갈)-Lν(2.../랴)J 

,T-m-1 l:' f ... _, " •.• _. I 1 
1ι 

(4.19) 
j r ,r-

-

1 … 2ν-후 
X4"'-νP f 

2ν-융\ 

x -tfsin (ν十융 
(4 20) j +cos[v+융 

R(ν+μ)> -1, 

Xν-m-l 

(4.23) 
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1 T.r ••• 1 0.. 1 
X1F2t2 -K-μ :1-2μ， "2-μ+v Rrv-m::t μ+ a >0. 

-ηz:ax 

-
(x+a/- 1 a흥 

μ

r(l+μ-v) 
(4.24) S2v_μ-1， μ(2γlap)， 

2μ-2v-2p융-1 

nz=μ-v， R(μ-ν)> -1. 
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