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1. Introduction 

The object of the present paper is to employ Fox’ s H-function and generalized 

Legendre associated functions to solve the fundamental differential equation of 

the diffusion of heat in a cylinder of radius a when there are sources of heat 

within it which lead to an axially symmetrical temperature distribution. According 

to Sneddon [8, p.202 (166)l , the fundamental differential equation is of the form 

aμ k jj I 꺼 l 
(1. 1) τ-:."-=수 τr (7견쏟) +(j(r, t). 

If we assume that the cylinder is infinitely long and the rate of generation of 

heat is independent of temperature, then the variation with z may be neglected. 

In addition, we suppose that the surface r=a is maintained at zero temperature 

and initial distribution of temperature is also zero. 

1n particular, we suppose 

(1. 2) (j(r, t)=-흙f(r)g(t)， 

where k is the diffusivity and K the conductivity of the material. 

Sing1e function f(r) can represent both sources and sinks embedded in the system. 

Whenever the product f(r)g (t) gives a negatiγe va1ue, it shou1d be treated as 

a sink. If g(t) >O, then the inner circular cylinder will enclose sources, while 

the vo1ume between two concentric cylinders will contain sinks. If g(t) <0, then 

sources and sinks will interchange their ro1es. 

1n [4l , Kuipers and Meu1enbe1d have defined generalized Legendre associated 

functions P앙’ n(z) and Q~' n(z) as two linearly independent solutions of the differ

entia1 equation 

(1. 3) (l-i)짧-2z짧+빼+1)-
a 

j::-- - -」L-- }zι=0， 
2(1- z) - 2(1 +z) 

at all points of the z-plane in which a cross-cut exists a10ng the rea1 axis from 

1 to - ∞ and in [6l , these functions have been defined for the rea1 va1ues of z 

on the cross-cut for -1 <z <1. 

The H-function has been introduced by Fox [3, p. 408l and its conditions of 
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validity, asymptotic expansions and analytic continuations have been discussed by 

Braaksma [1]. Following the definition given by Braaksma [1 , pp. 239-241] , it will 

he represented as follows: 

nr I{a"a'}l 1 
(1. 4) H ’ | z | l = r . 

þ, q l.- I {b., ß.} 

n r(b;-βi;orrr (1 -a;+α';') -
i:l J ‘ i-l h J J z4dZ, 

i; rrr(1 -b;+βζ) rrr(ai-α';0 
j=m+l ‘ “ j= I'I+I .l ., 

where {(fr' η)}， stands for the set of the parameters (꺼， rl)' …, (f" η). 

2. In this section, we establish an integral which is required in the development 

()f the present work. 

The integral to be established is 

(2.1) Ixq(l-상환e-2u:J:p"!’ nc강-l)H짧 z.깜l:짧짧|값 
0 

=2편보숭j객캘:)N 
N=O 

a , β+2 r I (윷-q-N， μ) ， (-흉-q-N， μ). {(ar. α'r) } 
XH"_' ~ J zl 

r+2.ò+2L- {(bð.ßð)}. (흉-q+l-N. μ). (흉-l-q-l-N. μ)J' 

where μ> 0, Re(m) <1. Re(q+ 1 +μ아껴)>웅 I Re nl 안1 ， 2， ''', 잉， 
δ r ß r α δ 

우(ßj)- 우 (와) 르 o. 추(αj)-홉1(αj) + 2F (gj) -앓 잭j)드ø>o， larg zl <웅￠π. 

PROOF. Expressing the H-function in the integrand as Me1lin-Barnes type 

integral (1. 4) , interchanging the order in integration, which is justifiable due to 
.the absolute convergence of integrals involved in the process, then evaluating the 
inner integral with the help of the result [7, p.288(14) ], with x replaced by 
.(2x-1); that is 

.(2.2) 
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l where Re(m) <1, Re(q+ l) >τz-lRe x| ; and appI3ring (1.4), the definition of the 

H-function, we get the result (2.1). 

3. Finite Hankel transforrns. Let the finite Hankel transform of f(r) be [8, p. 831 
a 

(3. 1) J[ f(r)] = I κf(r)Jo(r，않dr=!j(Çi)' 
o 

where 화 is the root of the transcendental equation 

(3.2) JO(a 용i)=O. 
In (2.1), putting a=I, β=r=0， δ=2， b1 =b2=v, βl=β2=1， μ=1， 

'l ...2 ~2 

x=ζ， z=j깎- and using [2, p. 434(3) &, p. 싫9(3)] ， we ob빼: 

t 

m 2ur' 

(3.3) JI r-’ , -‘(a--r-) ‘ e a‘ P, \ 2-
a 

r(1十v-좋+q+N)r(l+v+씀+q+N) - ”등쓰-1 2q+2v一m+2오 
=ι > a ? 

- N간 r(l+v-뽕+q-/+N)r(2+v-쯤十/+q+N) 

× (-2u)N F | 1+u-흉+q+N， l+v+좋+q+N 
}단， 2'" 31 

· ’ 1, l+v-흉+q-/+N， 2十v-뽕+1+q+N 

where Re(m)<I, Re(q+l+ω>웅 I Re nl. 

(3.3), with μ=0 gives 

혈a2 
• 
’ 4 

‘

" 

m 
1 

안
 

(3.4) 

η一m-2

2 2 2q+2u-m+2r I+LI+q- ~ nJr’ l+v+q+ 2 n
i 

r ηz r ηz 
l+v+q-l- 2+v+q十l- 2 2 

버-흉十q， I+LI+q+융% 

1, l+v+q-/-윷m， 2+v+q+l-웅m 

where Re(m) <1 and Re(1 +q+ω>웅IRe nl 

흥?a2 
4 X2F 3 - -- ’ 

By virtue of the inversion theorem (8, p. 83] , from (3.3), we get 
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m 2ur' 。

정.5) 1'2/.1+강(a2 -， 강:) -"2" e-τ「pX’ n( 2쭈-1 
“ a 

쓰二쓰 n n ∞ r( 1+ l.I+q+N +쉰)r(1+l.I+q+N - ~ n 
=2 :l aιq 十 :'::;1J- mε ε / ‘ --←--------~~~， 

i N=O r(1+V +q-I+N-숭m)r(2+V+q+l+ N-융m 

、 N r1+v+q+N-운n， 1+v+q+N + 섬 
×→람퓨맺31 1 1 ; -펴 

I 1, 1+v+q-I+N-흐m， 2+v+q+I+N-호% -
JO(1' 좌) 

×파값D1←2 , 

where the sum is taken over all the positive roots of (3.2). 

The result (3, 5) will prove usef띠 in the verification of the solutions. 

4. SoIutions of the problern. 

We apply finite Hankel transfonns (3.3) and (3.4) to obtain solutions of (1. 1). 

By [8, p. 2031 , solutions are 

‘ 

‘ 

(4.1) 
n-m 

μ (1'， t) =2 2 a2u+2q-쌓F 옳。판꼼)N 

x r(1+ν+qfN+융께r 1+ν+q十N-윷% 
r(1+ l.I+q- l+ N - 윷m r 2+v+q+ l+N- 츄% 

1+v+q+N-웅n， 1+ l.I+q+N +융% 
X 2F 3 --

혈:a2 

4 
1, 1+v+q-[+N-웅m， 2+v+q十I+N-윷m 

I。(1' 흥i) 
‘ "12h(~i' t), [h(a흙)]2 

• 
:and 

\ 

(4.2) u(r, t)=2 뜰뜨a2/.1 +2q-m호g 
- , 

T(1+l.I+q+웅n r 1+v+q-웅% 

r( 1+v+q-l- 융써r(2+u+q+1- 웅m • 

X 2F 3 

1+v+q-환， 1+v+q+융% 

1, 1+v+q-l-융m， 2+v+q+l-울m 
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I。(r텅 
zh(fi' t), [Jl (a fi)) " '-"2 

where the sum is taken over all the positive roots of (3.2): and 

(4.3) h(흙， t) = Jg(T)않p{-텔α -T) }dT 

5. Verification of the solution. 

11l 

With the help of (4. 1) and [5, p. 100(5. 2. 4) & (5. 2. 5)) , we get the value of 

-종 꿇 (r뽕): using (1. 2) and 염 5) we have the value of 6(r, t) and from 

(4.1) we can obtain the value of 

see that the equation is satisfied. 

현 . On substituting these valu않 in (1. 1) , we 

The boundary condition μ(a， t) =0 is satisfied, as Jo(a 휠 is zero and it is present 

in every ter 1Il of μ(a， t). The initial condition is satisfied as h(fi' 이 = 0. 

As (4. 1) converges uniformly when t> 0, so the function μ(r， t) given by i염 is 

,continuous when 0:드7드a. 

The term by term differentiations are justified as the values of ~ 
:and 뿌 are uniformly convergent for t> 0 and 0략<a. 

7 

6. Heat source of general character. 

Let 
m 

(6.1) o -흥 -Tz r.m η /2T g(T)=goTq(t-T) % Zpl ’ ( <-;-
xHα， βfλTμ Far-ar )} 1 

r, δl'~ IWð.ßð)} J" 
Substituting the value of g(T) in (4.3) and using (2.1) , we get 

(6.2) h(당，t) =2 뜸쓰go t1+q-줬-찍t 종갱 혈듀zi t" 
h=O κ: 

-IL I ‘증-q-ι μ ， (-씀-q-h， μ) ， 
i1.t ,.. 

{(ar, αr)} 

a I aμ 
ar ~r경r 

기 

a.ß+2 
XH 

r+2. δ+2 
{(bδ， βδ)}， 쯤 -q+l-h， μ ， (쯤 -q-I-1-h, μ 

, 

where Re(m) <1, Re(q+1+μ인껴)>융IRe nl (j=1, 2, "'， α) ， μ>0， 
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δ r ß r a a δ 

융￠π. 

(6.3) 

Using (6. 2) in (4. 1), we obtain 

m 
μ(r， t) =2n-ma2u+2q-m t l+q-강go홍 g 증 중 (「2?)E一

~.n. i N=Oh=O lV! 

× 

X 2F 3 

1 1 __ \ n 1. ,., ,>T 1 
rt1+ lJ+q+N + 2 n)rl1+ lJ+q+N - :2 n 

l\n/~" ",.. l' rl1+ lJ+q-l+N - 2 m)rl2+ lJ+q+ l+ N - 2 ’n) 

l十 lJ+q+N-환. l+lJ+q+N+융% 

1, l+u+q-l+N-융m， 2+u+q+l+N-웅m 
. --

.e一k한t 

혈:a2 

4 

XH~.ß_+:. J λ 
r -f 2.δ4 끽 tμ 

좋-q-k， μ. (-융-q-h， μ) ， {(ar， αr)} 

{(bö' βö)}' l흉-q十l-h， μ/ , 쓸 -q-l-l-h. μ ‘-

I。(r 흥상 

X [1!(a 휠)]2 
Obviously μ(r， O)=α 

(k혈 _Z)h 얀 
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• • 

Holkar Science College 

lndia 

I 

‘ 

‘ 

• 



Use o[ GeneraUzed Legendre associaled Fμχctions 113" 

REF’ERENCES 

[1] B. 1. J. Braaksma, Asyηzþtotic exþansions and analytic contiηztatiroηs for a class of 

Barnes integrals, Compos. Math. 15, pp.239-341. 1963. 

[2] A. Erdelyi et. al. , Tables of 갱tegral trans[orms, Vol.IL McGraw-Hill, New York, 
1954. 

[3] C. Fox, The G and H-functions as symmetrical Fourier kernels, Trans. Amer. Math. 

Soc. 3, Vol. 98, pp.395-429. 1961. 

[4] L. Kuipers & B. Meulenbeld, On a generalization of Legendre’ s associated differential 

equation I and II, Proc. Kon. Ned. Ak. V. Wet. Amsterdam 6, pp.436-450. 1957. 

[5] N. N. Lebedev, Sþecial functions aηd their aψþlications. Prentice-Hall, Inc. , Englewood 

Cliffs, N.J. 1965. 

[6] B. Meulenbeld, Generalized Legendre’s associated functions for real values of the

ar양ement numerically less than unity, Proc. Kon. Ned. Ak. V. Wet. Amsterdam 61. 

pp.557 563. 1968. 

[7] B. Meulenbeld & H. S. V. De Snoo, lntegrals involviug generalized Legendre fiμnctions. 

Jour. of Engg. Maths. Vol. I. pp.285 291. 1967. 

[8] I. N. Sneddon, Fourier transforms, McGraw-Hill, New York, 1951. 


