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By D. V. Thampuran 

It is welI known (see Császár [1) , Smirnov [2]) that the topological space of a 
proximity relation is completely regular and that every proximity is generated by 
a unifOImity; quasiproximities have similar properties. The object of this paper is 

to prove the analogs of these properties for quasiregular relations. 

Let X be a set. Fora subsetAof XwritecA=X-A. If bC2x X2x then (A , B) 

E b will also be denoted by (A , B) ε cb; if A , B consist of single points x,y we 

will write x, y for A, B. 

DEFINITION 1. PC2x x~ is said to be a quasz"neighborhood relaUon for X and 

(X ,P) a quasineighborhood space iff for all x in X and all subsets A , B , C, D of X 

1. (X, Ø), (Ø, X) 르 cp 

2. (A , B) ε p, ACC, BCD imply (C, D) ε p and 

3. AnB~ø implies (A , B) ê þ. 

A quasineighborhood relation q is said to be a quasiregμlar relation iff 
4. (AUB, C) ε q implies (A , C) or (B, C) ε q; (A， BUC)ε q implies (A , B) or 

(A, C) ε q and 

5. (x, B) ε cq implies (x, S) , (cS, B) ε cq for some SCX; (A, x) ε cq implies 
(A, cT) , (T, x) ε cq for some TCX. 

Let q be a quasiregular relation for X. For a subset A of X define kA={x:(A, 

x) ε q, x ε X} and k' A= {x: (x, A) ε q, x ε X}. Obviously k , k' are Kuratowski 

closure functions for X. 

DEFINITION 2. With k , k' as defined above, (X , q, k , k ’) is said to be the bitopo

logical space of q. 

It is easily seen that the bitopological space of a quasiregular relation is regular. 

Let A be a subset of X and UCXXX , Write AU= (y: (x， y)ε U for some x εA} 

and UA= {y:(y, x) ε U for some x 든 A}; if A contains only one point x we 
will write xU, Ux for AU, UA. We will also write xUU for (xU)U and UUx for 
U(Ux). 
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Let zt be a family of subsets of XxX such that for x in X 

1. (x, x) is in each member of Zt 

2. U in zt implies there is V in zt such that xVV 그 xUand VVx C Ux 

3. U , V in zt imply UnV is in zt 
4. Uc V CXXX and U in zt imply V is in Zt. 

DEFINITION 3. Zt, as defined above, is said to be a quasiregμlarzïy for X. For 

subsets A , B of X take (A, B) ε q iff AUnB -::p rþ for each U in Zt. Then q which 

is quasiregular, is said to be the quasiregular rela#on of Zt. 

DEFINITION 4. Let (X,P) , (y, s) be two quasineighborhood spaces and 1 a function 

from X to Y. Then 1 is said to be an n-jiμnctz'on iff (A, B) E P implies cf A , IB)ε s. 

If 1 is an n-function from a bineighborhood space (X , p, g , g') to a bineighborhood 

space (Y, s, h, h') then it is obvious that 1 is continuous. 

Let N = {1, 1/2, 1/3, ...... , 이. Define a distance function e for N as follows. 

For all μ， ν in N 

lν-μ if μ <w <v for some w in N 
(μ， ν)=~ 

lO otherwise. 

For subsets A , B of N take e(A, B) =inf {e(u , v): μ ε A , ν E B}. Define the quasi

neighborhood relatz'on n for N as follows: (A, B) ε n iff e(A, B) =0. Let (A , B) ε 

n' iff (B, A) E n. 

Thampuran [3] has proved the following result. Let q be a quasiregular relation 

for X. Then 

1. (x, B) ε cq implies there is an n-function from (X, q) to (N, n) such that 
I(x) is 0 and 1 is 1 on B and 

2. (A, x) ε cq implies there is an n-function from (X , q) to (N , n') such that 
I(x) is 0 and 1 is 1 00 A. 

THEOREM. Let q be a qμasz·regμlar relatz'on lor X. Then there is a qμιsz--

regularz'ty z! lor X such that the quasz'regμlar rela tz'on p 01 Z! has the properties: 

1. qCP 

2. (A , x) , (x, B) ε q zfl (A , x) , (x, B) ε p and 

3. P and q have the same bzïopologz'cal space. 

PROOF. For each (x, B) ε cq there is an n-function 1 from (X , q) to (N , n) such 

that I(x) is 0 and 1 is 1 on B and so there is a d for X defined by d(x' , y')= 

eCf(x'), I(y’)) for all x' , y' in X; let D be the family of all such d. For each (A , x) 

ε cq there is an n-function f' from (X , q) to (N , n') such that I(x) is 0 and 1 is 1 
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on A and so there is a d ’ for X defined by d ’ (x' ,y')=eCf(y') , f(x')) for all x' , y' 

in X; let D' be the family of all such d ’. Take E=DUD’. 

For d in D and r>O take V(d, r)={(x, y): d(x, y)<r, x ,y in X}. Consider a 

U = V(d , r) and let x be a point of X. Let B=c(xU). lt is easily seen (x, B)ε cq 

and so (x, S) , (cS, B) E cq for some S C X. Hence there is an n-function f from 

(X , q) to (N , n) such that f(x) is 0 and f is 1 on S. For y, z in X take a( y , z) = 

e(f( y) , f(z)). Let V = V(a, 1/8)) and t in xV. Then a(x, t) <118 and so f( t) <118. 

Also u ε tV implies f(μ)<114 and so μ e cS ζ cB. Hence xVV C xU. Similarly we 

can prove that V'V' x C U x for some V' (a ’ , 1/8) , a’ eD’. 

Let ~ be the family of all subsets U of XxX such that U contains the inter 

section of a finite number of the sets V(d, r) for d in E and r>O. lt is obvious 

that ~ is a quasiregularity for X. 

Let (A, B) ε q and take a U=V(d, r) for d in E and r>O, Since d is obtained 

from an n-function it is obvious that AUnB=/=-rþ and so (A , B) ε 양. Next, (x, B) ε 

cq implies there is a d in E such that U=V(d,1/4) implies xunB=rþ and so (x , 

B) 르 cp. Similarly(A, x) ε cq implies (A, x) E cp. Hence p and q have the same 

bitopological space. 
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